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1 Introduction

In the paper we deal with the polar decomposition of a complex nonsingular
matrix A € C"*"

A=UH, U —unitary, H € HPD, (1.1)

where HPD is the class of Hermitian positive-definite matrices. If A is real
then U is the orthogonal factor for A.

The factorization (1.1) can be computed from the singular values de-
composition of A. However, the iterative methods are alternative ways
to compute (1.1) (see for example [3, 5, 6, 7, 9]). From among iterative
methods for computing the unitary factor U, the scaled Higham’s method
[6] is distinguished because of its efficiency and good behaviour, even for
ill-conditioned matrices A. This phenomenon, confirmed by extensive nu-
merical experiments, is the subject of our interest in [12].



In Higham'’s scaled method [6], denoted by HS, one constructs a sequence
of matrices

1 1 _
Xk+1 = 5 (Vk‘Xk‘ + %Xk H)? XO = Aa V& > 07 (12)

convergent to U (U is the common unitary factor of all Xj). There are
several rules of the choice of scaling parameters 7, which increase the speed
of convergence (see [5, 6, 11]).

If matrix A is badly conditioned then the condition numbers of X} de-
crease very quickly for £ =0,1,... (see [6, 11]). This advantage is burdened
by a fear that the roundoff errors produced by an algorithm for computing
Xy ! can cause inaccuracy of the computed U. Such a loss of the accuracy
in the computed X1 from (1.2) could appear especially in the few initial
iterations when the condition numbers of X} are large. In all cases when the
numerical HS algorithm converges a good unitarity of the computed U = X;:

|UPU - I||3 < e0. (1.3)

is achieved (all &5 in this paper are of the size of v, the computing precision).
The problem is whether U is an acceptable unitary factor for A, that means,
whether the following conditions

~ . ~df 1
IUH = Allz < ef|All2,  H = S(

URA+ AHU) e HPD  (1.4)
hold.

Theoretical analysis of the numerical HS-process was presented in [12].
Our initial intention was to present in this paper only the numerical exper-
iments illustrating these theoretical results and experiments yielding some
information on problems, which we were unable to solve theoretically. But
soon it turned out that we need a further extension of the theory [12] to ex-
plain the phenomena we observe in our experiments. We present this further
developed theory in sections 2 and 4. In section 3 we present our experi-
mental tool: the HSTEST program. The experimental results (and relevant
discussion) are divided in three groups of problems:

(i) the problem of the quality of matriz inversion in the numerical HS-
process. In section 4 we present the theoretical background (an exten-
sion of the theory to the case of the matrix-inversion of worse quality)
and the results of corresponding experiments.

ii) the problem of too small scaling parameters. Our analysis in in-
ii) th bl ft 1 scali t O lysis in [12] i
dicates the possibility of considerable losses of the accuracy resulting



from this source. May be the experiments could answer whether such
a danger really exists? In section 5 we present the corresponding ex-
perimental research.

(iii) the problem of the switching criteria. For the convenience of the the-
oretical research we assume in [12] that the sequence {conds(Xj)},._,
is strictly decreasing. To put this assumption on a safe ground we
introduced there two switching criteria: (1) the switch from (1, 00)-
scaling to the unscaled process, (2) the switch to the last-step mode. In
section 6 we try to answer the question whether these “new criteria”
have any practical advantage.

Section 7 contains final conclusions from both, the theoretical and the ex-
perimental research.

In the next sections HS means: the numerical HS-process (to distinguish
from (1.2), where the theoretical HS is defined).

To simplify the reference to concrete formulae in [12] we add the "1/
before the section number. Thus, for example, ... see (13.9) means: ... see
(3.9) in [12]. The reference to formula in appendices (A, B, C, D, E, F) in
[12] are left unaltered. Thus ... see (D.7) means: ... see (D.7) in [12].

2 The theory of HS, the numerical Higham’s method

In subsection 2.1 we recall relevant elements of our numerical analysis in
[12], using essentially the same notation. The only major difference is the
interchange of the role of the symbols: X}, and Xj,. Contrary to [12] here X,
means the computed iterate and X, is the matrix defined by the conditions
(2.5) below. (In general neither X} nor X, here is identical with X}, in (1.2),
though both these matrices would tend to X from (1.2) when v — 0).

Subsection 2.2 contains: theorem 2.1 (a stronger version of theorem 3.1
in [12]) and theorem 2.2, an essential supplement to theorem 2.1. Both
theorems constitute our basic tool for explaining some phenomena observed
in experiments.

We use both, the spectral, || - ||2, and the Frobenius, || - ||, norms of
matrices. An eventual transfer from one norm to another will be expressed
by the function p : C"*" — [n_1/2, 1]:

\I] df 1 When \I’ = O, 2 1
p(®) = \‘\“\II”"\‘; otherwise. (2.1)

We are using this transfer-function explicitly only in a few points, where it
seems to have some importance.



The next reserved notation is connected with the function f : (0,00) —
[1,00):
df 1

ft) < 5(t +t71), (2.2)

playing a special role in the description of the HS-process. These reserved
functions “produce” a series of derivate symbols (fx,pk, p+,...), the values
of f or p on concrete arguments.

Another reserved notation is connected with the following presentation of
the norm of the sum of matrices: ||B+D|| = ||B||+0||D||, where 6 = (B, D)
is the mean-value parameter for matrices B, D (defined uniquely when D #
0) satisfying the bounds: max{—1,1—2||B||/||D||} < 0(B,D) < 1. We will
introduce such “0”-parameters (6,,6’,0s,...) not always defining explicitly
the corresponding matrices B, D, but always assuming the following bounds
on b+ 6d (when b > 0,d > 0):

max{b—d,d—b} <b+0d < b+d. (2.3)

Any “0” appearing in another context satisfies only the bound: || < 1.

We assume that the computations are performed in the floating-point
arithmetic with the precision v and that neither under-flow nor over-flow
occurs.

The epsilons (g, 4, . . .) are modest multiples of v. Not all of them must
be positive. We signal it writing, for example, |e}.| < €. The only exception
(see section 4) are “false epsilons”: £, &y, ..., the quantities which ought to
be the true epsilons (and sometimes are) but (due to breaking in experiments
of the basic assumption (2.5)) can be much larger than could be normally
accepted as a modest multiple of v. Usually these false epsilons satisfy
&] < 1.

Let us formulate already now the following general assumptions (natural
for a process with effective numerical matrix inversion):

n < 100, € conda(A) < 1, e <123 <1074 (2.4)

for € specified in (2.7), (2.5). Our analysis is hence valid also for the weakest
contemporary arithmetic with v ~ 107%; but in our experiments we use the
standard-double arithmetic with v = vy ~ 2.2 x 10716,

2.1 Main definitions and relations

Let us consider a nonsingular matrix A € C"*" and the sequence {X k}ﬁczo
of matrices (1.2) computed in HS, X := A.



Let 75 be the chosen scaling parameter in HS and G, the computed
inverse of X;. We assume that there exists a nonsingular matrix X}, such
that the following relations hold:

G = X; '+ A, Xi = X+ Ay, ||ALF <egll X l2s [|AlF < el | Xgl2-
(2.5)

This defines (not uniquely) X}, for k < [. Let us extend it to k = [, assum-

ing X; & X. ~{Xk} and {X’k} are neighbour sequences and all important

properties of X are close to those of Xj. It is convenient to describe the HS
in terms of the sequence { X} }, since this sequence imitates well the relation
(1.2), see (2.6), (2.7).

The assignment-statements Gy, := Xk_l,f(kH = (f(k * Vg + GkH/’yk)/Q
and (2.5) imply the equality

113

1 _
Xit1 = Zgt1 + Prg1,  Zrta <’7ka + %Xk H) (2.6)

N | =

and the bound, compare (4.17), (4.18),

. df .
| ®riallr <éfi o = 1Zrpalla, € =260 +e4+3Vnr+0(7%).  (2.7)
Let us consider the SVD of Xj:

X, = Pkdiag(agk), . ,ng))QkH, Py, Qp — unitary, (2.8)
and define di, the distance of X} from the unitarity:
dy, & max |ai(k) — 1| = max{c®) —1,1— Ur(xlfi)n}’ (2.9)
where
otk A max ng), Jr(r’fi)n & mzm ogk). (2.10)

The efficiency of HS depends on how quickly the “errors” {dk.}i,:l decrease.

The near-unitarity of the computed U df X; depends on the limiting accu-
racy:
df ..
d =lim sup dy (2.11)

of the conceptional infinite sequence {dj}3,. The last iterate X, = X,
constructed in HS, should be the first one reaching the level d; < d.
To describe the behaviour of the sequence {dj}, let us define further
quantities:
df Ur(xlfgx (opt) df k) (k) \—1/2
Ck = CondQ(Xk) = O Tk P = (O—I(na)xxamin) / ) (212)
min



2 1
o & ( T ) ; 7 £ max {pk,*}- (2.13)
Pk

'YI(COPt)
The parameters pg, 7 “measure the distance” of v from vlg,om), the optimal
scaling parameter, see [6]. From (2.6) and (2.8) it follows
o . (k) df
Ziwr = Piding(61”,....6)Q 6V S 50w, (214)
Hence the bounds (see (2.7), (2.12), (2.13)):
1<6® < fo=r6™), O L o7 (2.15)
hold. This implies further bounds (see (2.6), (2.7), (2.9)):
1-éfe<obin?), (1=9fi <o) <A+, (216)
(1—8)fe—1<dp1 <A+8)fr —1, (2.17)
A fr(1+8)
€fk < kLS TR (2.18)
For a given matrix Xj (hence for fixed ¢; and 'yl(fpt)) T, depends only on

the choice of v,. When ~; is close to 'y,(fpt) then 75, and fi decrease, hence

the bounds on dg1, cx41 improve (and dgi1,cxy1 tend to decrease). The
best case (1, = 1) is, when 7, = ’y,gOp t), what justifies the used terminology.
The minimal reasonable condition on the choice of {7} (hence on {74}) can
be formulated in terms of the sequence {6y}, see (2.15): £f(6p) < 1 and
sequence {5(*) 2:0 decreasing and approaching 1. This yields in particular
upper bounds (2.18) on {c;}. But for fast reduction of errors {d}L_, and
for good near-unitarity of U = X; some stronger upper bounds on {7} are
necessary. Computing of ’y,(:pt) is expensive. Practical scaling guarantees,
see (12.26) and (12.27):

" < minfy/m, e+ (ex — 1)V} (1+e,),  for (1,00) —scaling (2.19)

Tk(:F) <min{vn —1,¢c (1 +&7), for (F') — scaling. (2.20)

With the assumptions (2.4), (2.5) both techniques guarantee fast reduction
of large dj,ci to the level, say: dip < 2,¢r < 3. But only (2.20) guaran-
tees further fast, quadratic convergence of {di} to the acceptable limiting
accuracy level: d =lim sup di < €, see appendix C in [12].



For (1, 00)-scaling the situation is not clear. In [6] Higham suggests the
switch to the unscaled iterations (v = 1) with a switch criterion corre-
sponding roughly to the error level d; < 1072, We do not know whether
such a level will be always achieved with (1, 00)-scaling. In [12] we consider
hence another, safer switch-criterion, corresponding roughly to the error
level dj, < 2 (di < 1 when n < 50). Unscaled iterations guarantee quadratic
convergence of {d} to the limiting accuracy level: d < £. Practical scaling
will now mean: either (F')-scaling or (1, 00)-scaling with a switch to unscaled
iterations in a right moment to guarantee monotonic decrease of {C}k}szo-

In some experiments presented in sections 4 and 5 we modify the normal
HS-process introducing (in a few initial steps only) either matrices Gy not
satisfying (2.5) or scaling parameters v retarding the convergence. But
these modifications neither destroy the monotonic decrease of {6} nor in-
fluence the final convergence.

Assuming that also in (F)-scaling the last step is unscaled (and using
X = X'l) we obtain a better bound on d; than é&:

< %p’(ax +e4+2vnv), P T X)), (2.21)
where the matrix 9.X; is defined in (12.8). Hence (1.3) is valid with g ~
P (x + 4 + 2¢/nv). We achieve a good near unitarity of U = X;!

Let the abbreviations: AUF, APF mean: approrimate unitary factor, ap-
prozimate polar factors, respectively. We turn now to the crucial problem
(1.4):

how good is U as an AUF of A? (2.22)

Our way to answer this question is long. It consists in the following: replac-
ing U with the unitary factor U of U, answering a sequence of questions:

How good is U as an AUF of X7 (2.23)

for X = X (k =10,l—-1,...,0) and for X = A. and returning to the
question (2.22). For any H € HPD the equality

UH=X+A (2.24)

means that the matrices {U, H} are APF of X with accuracy:

INE
o(H) & :
) =X,

Alum-x. (2.25)



The accuracy of U as an AUF of X corresponds to matrices H € HPD
minimizing the error 9(H):

H-X
acc(U,X)d:f inf u

2.26
HenPD || X||2 (2:26)

Hence U is AUF of X with the error acc(U, X), but this must not mean
that in HPD exists such a H that the matrices {U, H} are APF of X with
the error (2.26). Namely, it is known, see [1, pp.214-215] that defining the
following matrices (and a number):

1 By, — BHY
2 2[| X]l2

(2.27)
we obtain the excluding alternative: either H,, € HPD, then acc(U, X) =
W(Hyy) = 0y and Hy, is the unique minimizer of ¥(H), or H,, ¢ HPD,
then acc(U, X) > 0y, and 9(H) > Oy, holds for any H € HPD .

Let us consider hence only the case: H,, € HPD. U is AUF of X with
the error §,;. U is the better AUF of X the smaller d,, is. U is a good
AUF of X if d,, is a modest multiple of v (the highest quality of numerical
computation). The same terminology will be used for matrices {U, Hy,} as
APF of X.

Remark 2.1. We chose the Frobenius norm in (2.25), (2.26) since there
exists constructive matrix-approximation theory in this norm, yielding the
minimizer H,,. If we choose, instead of (2.25), the definition:

d || All2

9y (H) L , AYyn-—x (2.28)
[1X1]2

of the relative error, then the matrices {U, H,,} are APF of X with the error

PuzOuz, Where pya df p(Buz — qu{c), see (2.1), (2.27). But in general H,, is
not a minimizer of ¥o(H) in HPD.

Let us define for £ =0, ...,[ the following matrices and numbers:

ar 1

X, —UH
B, Lutx,, Hk:§ at || Xn — Uil kHF

H

For good numerical behaviour of the HS-process U should be a good AUF for
all X5, 0 < k < I(Hy € HPD, d;, a modest multiple of v). The same holds



for the neighbour-sequence {X’ k}izo. Considering the polar decomposition
of U we find: )
U=UH,, H =H,eHPD, §=0. (2.30)

This is a good start for BIT, the backward-induction theorem (see the next
section). Assuming Hy.1 € HPD we give there (in terms of: g1, pi, Ck, €):
an explicit formula for d; and a condition, sufficient for the positive definite-
ness of Hy. This opens a way to get some a priori idea about the relevant
properties of the sequences {Hy}, {0 }.

We must be prepared that U can be a worser AUF for X}, than for Xy i:
0 > Ok11, since the rounding errors in computing G and X k41 can partly
spoil the information on X}, transferred to Xj,; (hence also to X; = U).
Our research in the next sections depends on indicating the “benign rounding
errors”, such that Jy is at most slightly larger than 511, and on revealing
“dangerous rounding errors”, such that d; > ;11 can succeed.

Let us close this section with an answer to the question (2.22), given
in terms of the pair {dog, Hp}. We present the following lemma, skipping a
banal proof.

Lemma 2.1. Let us assume that (2.5) is satisfied for £ = 0 and let us
consider the computed APF {U, H} of A:

U:=X,, B:=U"«A, H:=B+B"))2. (2.31)

(i) If Hy € HPD and conda(A) * (dp + 2¢’) < 1 holds, &’ ~ £, + v/n, then

H, &L (UHA+ AHU) /2 € HPD and the bound |acc(U, A) — &| < €
holds.

(ii) If Hy € HPD and condz(A) * (podo + €1) < 1 holds, see (2.32), then
H € HPD and the bound

UH- A ) e
|||A||2||2 — Podo| < e1 & 24 + g4 + vm(y/n), po = p(UHy — X)),
(2.32)

holds where m(t) is a modest polynomial in ¢, depending on the way

of computing B in (2.31).

Remarks 2.2. Lemma 2.1 is valid also when g is not a modest multiple of
v. If Gy is not satisfying (2.5) then the quantities e;, e, in lemma 2.1 should
be replaced with (g, see theorem 4.1. Note that H = H holds, see (1.4), if
arithmetic operations in (2.31) are performed exactly.

10



Conclusion 2.1. U (or U) is a good AUF of A iff {U, Hy} are good APF of
Xo and the matrix A is sufficiently well conditioned. The same holds for
{U, H}, the computed APF of A.

2.2 BIT4, the backward-induction theorem

Let U be the unitary polar factor of U = X; = X; and let us define the
quantities

. df , df , df ar T

G ENCrnllr, =G &= Tl 7= (el (2.33)
where (see (2.6), (2.7), (2.29))
df df
Vi1 =UHk1 — Ziy1, Ye = Xk (2.34)
Theorem 2.1. (BIT4) If the relations
& <1, Hgy1 € HPD (2.35)

are satisfied then there exist non-negative numbers: xx, (g, K, Ak €ither all
equal to zero or fulfilling the inequalities:

e <xe <1, k<1, X <1, (2.36)
and such that the following two relations:
0k = 9 (xk + OkkinCe)ri, (2.37)

192,\/% + 92/\ka’7’ka <1 implies Hy € HPD, (2.38)

hold where

32+ 2)¢
Ck d:f CODdQ(Xk), Ck d:f (\2[_—::/)€k
k

Proof. We present here only a main idea of the proof. We are using the
index-free notation as in appendix D in [12]. Let us introduce the matrices:

(2.39)

Y =Xvy="PQ", X=diag(o;), X*=diag(a}), (o} =f(0:)),

D,,D,,Dy, L =%*DID, = DED,+ D;, DY see (D.19)-(D.23) and (D.29).

Let us introduce also the matrix 2 = [Z;;] 'p, - D,

11



From (D.16), (D.17) follows that the relations (2.37), (2.38) are equiv-
alent to: d; = ||S_||F(20max) "' and [|S¢|l2 < 20min implies H, € HPD,
where omax A max{o; }, Omin A min{o;} and S_, S are defined in (D.25).
The case: x = 4 = k = A = 0 succeeds iff 2 = 0 holds. Otherwise we
obtain explicit expressions for these parameters applying the mean-values
presentation to the F-norms of the matrices

+) - df + — +
Si =Wz + @y, @ L] - WES),
df df
where 11 = [l1;j] € D DI — DDy, F®) = [FS L [pju(L); + pijLij],

+) df £o; — 05 df agj

wz(J ) = *Z *J’ pﬂ = ’ :

o; +0; 0+ 0j

(=) (=) L

In particular, with w o max{|w,; |}, we obtain: x = x¥(E)dz, where (&)

;
1w =)o/ @IIEIF), d= £ ||E]7/(2]|D:|F). O
Remarks 2.3.
(i) The assumption (2.5) implies (2.6), (2.7), hence
0y, = |0kr1(1+€;) +erly el <&, (2.40)

holds since, see (2.29), & = Op41||Xit1]l2 + 04| Pr+1||F. In section 4
we apply BIT4 also in cases, when (2.5) is not satisfied (this happens
only for large ¢; and modifies in (2.40) only the bound on |e}]).

(ii) If (2.5) is satisfied then the following relations:
* df
V), <%, & = prbi < Pk pE = P(Trp1), (2.41)

hold, where ¥y, §, are defined in (13.9). The quantity rj in (2.33) is
identical with 7 in (13.9), hence

ri = max{1, (cx + pr)(ckpr + 1) '} (2.42)

(iii) The bounds (2.36), (2.40) and (2.41) show that BIT4 implies theorem
3.1 in [12] (the old version of BIT).

(iv) The inequalities (2.36) cover all special cases for the parameters g, tk, Kk, Ak
(provided not all are equal to zero). But the construction of these

12



quantities in the proof shows that in most cases stronger relations can
be expected (provided xj > 0 holds):

e << xe <1, rp<l, A<1. (2.43)

Closer information on xy (its dependence on X}, and py) will be pre-
sented in theorem 2.2.

Usually the quantities {§,’§}2;10 are initially fast decreasing until they
reach the level . In the normal realization of HS (practical scaling, all
matrices Gy, satisfying (2.5)) the potentially largest quantity &) ~ pold1 +
eb| f(y/como) is small, is at most of the order (K7 + 1)e'/2, K3 df 01/€.

In our normal experiments typically &) < 1077 holds. In experiments
with modified scaling the values | are larger, but never exceed 1073, Only
in experiments with matrices Gy, not satisfying (2.5) larger &, close to 1 or
even larger than 1, appear (but for k > 0 all &, are small, say: &, < 107%).

Corollary 2.1. In the case when & < 1 holds, the following simplified
version of BIT4 can be applied:

e If Hyyy € HPD then there exists real number x; € [0,1], such that
the following approzimate relations hold:

Ok ~ V) XkTk» (2.44)
opcr <1 implies Hy € HPD. (2.45)
e If matrices G, Gy satisfy (2.5) then we have

O ~ ’5k+1 + 5;@‘Xkrka ‘82‘ <é. (2.46)

Remarks 2.4.

(i) The implication (2.45) has an informative character. Due to (2.43)
Hy € HPD is quite probable even when dxcg > 1 holds (for example,
say: drckp ~ 10). On the other hand we have not succeeded to prove
rigorously that dxc, < 1 implies Hy € HPD (though we suppose this
might be true in HS).

(i) When ¢ is large the relation ¢ < ¢y for k& > 0 is typical for all
“normal” realizations of HS. Hence for k£ > 0 the implication (2.45)
yields usually Hy € HPD provided 0 is a modest multiple of &, see
(2.4). This means the continuation of the backward induction while oy,
are modest multiples of £. (When ¢g is “small”, say: ¢y < 30, then all
i are modest multiples of €, all H € HPD, see further discussion).

13



The conclusion 2.1 makes it clear that we can be satisfied with the com-
puted solutions {U, H} only if Hy € HPD and & is a modest multiple of
v (a very modest multiple of £). To be on the safe side it is reasonable to
expect the same for all {Hy, ¢}, k > 0.

In the initial steps: £k =1—1,1—2, ..., s of the backward-induction, when
ci, are only slightly larger than 1, the additive character of the recursion
(2.46) prevails and the bounds 0y < dpy1 +€ S (I — k)é (s < k < 1) hold
(see (2.30) and note that - due to: rp = 1 or 7 only slightly larger than 1 -
Xere S 1 holds).

For k < s {c} are already distinctly larger than 1, r; can be even close
to pgl (when pp < 1), hence the multiplicative character of (2.46) can
prevail in some steps of the backward induction, acting destructively when
XgTE > 1 or soothingly when xprr < 1 holds.

The multiplier xj acts always “soothingly”. Theorem 2.2 shows that for
fixed X xx tends essentially to decrease with py, if py is sufficiently small.

Theorem 2.2. Let us assume: §, < 1, Hy41 € HPD and 1, o || @il fi
1, see (2.6). If x; > 0 then there exist the numbers di, € (0, 1], depending
only on matrices U, X41, Zk+1, and wy € (cgl, ¢k), depending only on ma-
trices U, X}, (hence independent of py), such that xx can be presented in the
form:

X = diXn + 0(&), (2.47)
where:
dk+1 > M implies di, > \/1 - (nkékjl)Q, (2.48)

(Clzl + pk)wk’ . 1
Xp € | ———— min{l, (¢, " + pr)w ] 2.49
Xk 1w {1, (c,” + pr)w} (2.49)
Proof. We present here only a main idea of the proof using the same index-
free notation as in appendix D [12] and in the proof of theorem 2.1.

The relation (2.47) follows with (see the proof of theorem 2.1) dj, =

—_ ~ df —
dz = |12l1r/CID.Nlr)s % L 1l Wil e/ @l W le), where (see (D.27))
W =E-Q=7%"Dy+ D,X* = [(0] + 0})Djj|, Dy, = [Djj], DDy, +
DED, ||Q||r = O((€%)?). Let us note that, see (2.8), (2.12), (2.13), o; =

’ykagk) = \/pr0i,0; = 'y,iom)agk) and Y can be presented in the form

(e g Ol lp .o -
e Hkakk-FNkHF’ T, L (6, +6;)Dy), N L (67" +671)Dyy).
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The quantities {d;}, the matrices D,, T}, Ny depend only on X, U (are not

depending on 7y, or pg). We find further that y; decreases with pp (at

least for sufficiently small pj) and satisfies the bounds (2.49) with wy o

Tkl /|| Nkl |-

The relation (2.48) is a consequence of the orthogonality of the matrix =
to the matrix D, —i—Df in the space C"*" of matrices with the inner product
(D,B) £ tx(DEB) (see that D, = (I + D,)¥ + PH(X — 2)Q = ¥ + R
and @ — W[ W]l = 8,][Xla(= G fr) and |[Rllr = [IX — Z|| +

Remarks 2.5.
(i) The construction of the quantities xx, wg, in the proof, indicates that:

e X} is an increasing function of py (decreases with py).

e wy < 1 happens probably when the majority of {Ji(k)} is smaller

distinctly than g & \/algfgxal(fi)n, see (2.8), (2.10).

e wy; > 1 happens probably when the majority of {al(k)} is larger
distinctly than ay.

(ii) When 541 < nx then both factors, d), and Xk, can contribute signif-
icantly to the eventual smallness of xx. When dx1 > m; then dj is
close to 1 and the eventual smallness of y; can result only when yy is
small.

(iii) When ¢, is large, pr < 1 and 541 > 1 then the ability of xx to
reduce significantly the multiplier rg,r; > 1, depends only on wy:

Wi

v <K ~ < 3
~ XkETk = XkTE S MDA\ T, W g
1+ wepr ~ % X {re, wich

All this means that with the danger, that in the backward induction
large rp would appear, exists an uncertain antidote for it: a chance (not
guarantee!) that yprr < ri holds. Unfortunately, this antidote not always
acts sufficiently effectively when frequently large rp appear.

In practical scaling pr € [n~%2,n'/?] holds, see (2.19), (2.20), (2.13).
From observation, the frequency of the cases py close to n'/2 or close to n=1/2
is small. When ¢y is large then initially {cx} decrease very quickly, hence
large ry, (close to \/n) could appear only in a few last steps of the backward
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induction, say: for k = 4,3,2,1,0. Regarding the soothing influence of the
multipliers x, the following conclusion seems to be justified:

Conclusion 2.2. In HS with practical scaling and good matrix-inversion
(2.5) there are fair chances that all {05} will be modest multiples of £.
Hence Hy € HPD for k > 0. Also Hy € HPD if cyé < 1 holds. Otherwise,
the positive definiteness of Hy is probable but not sure.

Till now all our experiments confirm this optimistic hypothesis. This
does not eliminate the theoretical danger that for some, not detected yet,
matrix A (probably cond (A) and n large) the multiplicative blow-up in
the last few steps of the backward-induction would succeed yielding dp of

1

the order én? with ¢ distinctly larger than 5. There are some arguments

contradicting this pessimistic warning, see section 5.

Corollary 2.2. The pair {X],v;},

X Ex 1 = B, S (2.50)
see (2.8), plays in (2.7) “symmetrically” the same role as the pair { Xy, v}
Hence theorems 2.1, 2.2 and corollary 2.1 can be used to express explicitly
also the accuracy ) of U as an AUF of the matrix X, 4 x I H This means
that theorems 2.1 and 2.2 can be tested on both matrices, X and GkH.
These experiments show good consistency with the theory. In the following
we will report only the behaviour of the computed sequence {dy}.

3 Tools for numerical experiments

Our experiments were performed only on real matrices, A € R"*" n < 35.
Some modifications of scaling allowed us to simulate the behaviour of the
HS-process for larger dimensions, say 35 < n < 100.

3.1 Numerical arithmetic, the epsilons

Our experiments were performed in MATLAB, which has a unit roundoff
v =1v4~ 22x 10716, We apply systematically the cumulation of “inner-
products” on variables of the extended-type, v = v, ~ 10719, what reduces
distinctly the cumulation of errors “on the level 10716” and allows to com-
pute some relative residuals with the errors not exceeding 10718, The com-
putations with higher accuracy were done by means of MATLAB SYMBOLIC
MATH Toolbox.

16



In the evaluation of the HSTEST-results a main role play the epsilons:
€x,€4, €, €1, see (2.5), (2.7), (2.21), and the bound &:

|X — PEQY]l2
|1 X] |2

<es, X eRVM (3.1)

where P, Y, (Q are the factors obtained in the numerical SVD of X. All these
epsilons correspond to 0(n?)-operations processes. The observations of the
computed values of the quantities {dy, 0}, e,(gL), e,E:R)}, see (2.29), corollary 2.2
and (3.6), seem to indicate the relation: eps =~ /n10716, for an average
bound on the errors in such processes as GEPP or GECP matrix-inversion.
Only &, is probably distinctly larger: €5 = eps * z (we chose z = 2). This
influences the bounds ¢, ¢, (consequently also €) only in the subsection 4.5:
Er R Eg S Z*eps.

3.2 The HSTEST-program

For given matrix A € R™*™ and the chosen number eps HSTEST performs the
double-sweep process, computing in both sweeps the same iterates {X’k}izo
(Xo := A) (that means: using the same computed inverses G, the same scal-
ing parameters v; and the same stopping criterion defining the last computed
iterate: X; = U) In both sweeps essential quantities are computed and
(eventually) printed, presenting only three leading decimals in each printed
result.

In the first sweep {ar(rlfgx,agf.)n,’yk}, k=0,...,1 —1, are computed (and
stored to be used also in the second sweep). After finishing the first sweep
the quantity A, d | X X; — I||F is computed and printed. (If some other
tested stopping criterion indicates X, I < 1, as the final iterate then also
Ay is computed and printed).

The matrix U = Xl, computed in the first sweep, will be used in the
second sweep for computing the quantities dj, d;, (see corollary 2.2).

In the second sweep in each step (k =0,...,l — 1) the quantities: ¢ —
1, al(fgx — 1, pg, e,(CL), e,(gR), i, 0}, are computed and, according to the chosen
option, eventually printed, see (3.6).

Remarks 3.1.

(i) If the matrix H, see (2.31), will not pass the Cholesky positivity-test,
then this test is repeated for the matrix Hy = H + (Soafggxn_l/z)l.
The result of the first or of both tests is signalled.
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®) ) o

(ii) For computing of omax, 0y, SVD of X}, is performed, yielding the

computed values: &Eﬁx, 5(k) If a( ) < 1000eps *a,(n )X holds then also

mln min
the SVD of the matrix G}, is performed, yielding the corrected value of
s(8) . (k) Gl
Omin* min = H ||
HSTEST leaves several options to the user, in particular:
— choosing the GEPP or GECP in computing the inverses {G}}, guaranteeing
LRS, RRS or NC-Property of Gy, see section 4.1.

— choosing the inversion guaranteeing only the Conj-Property of Gy, see
section 4.1.

— choosing the stopping criteria ( the used and tested ones).

— choosing: (1, 00)-scaling, (F')-scaling or optimal scaling (with or without
some special modifications).

— choosing the switching-criterion for the transfer from (1, c0)-scaling to
unscaled iterations (for remaining iterations: k =r+1,...,1 —1).

Remark 3.2. The printed results allow to obtain further information on
the tested process. For example, see the following relations (see (2.40)):

o) S €S G + ek o (3.2)

‘5k+1

3.3 The accuracy of the HSTEST results and their presentation

Let now b (ZN) > 0) mean: the computed value of the quantity b, rounded to
three leading figures. This notation is not always univocal since sometimes
b can be considered also as the computed value of some other quantity b.
Regarding the rounding to three leading figures we can present the full error
bounds in the form: |b—b| < 5 x 10730 + v(b), |b— b] < 5 x 1073b + v(b),
where v(b), v(b) mean, say, the basic error-bounds. If in the majority of
cases |b— 5| < 1072b holds then we will present b as b, signaling the eventual
exceptions by marking b with the star (b) if 1072<|b— b| < b holds or with
the exclamation mark (b!) if there is no bound on |b — b|. In most cases bx
means that b has at least one good leading figure.

The basic global bound on the error of the computed value A; of A, df
|[UHU — 1||p is: v(A;) ~ q(n) x 10719 ¢(n) < n?. We assume that in all
our experiments v(4;) < 1078 holds since for larger n practically always
q(n) = n? yields an unrealistic over-bound. Similar relation will be assumed
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in the following whenever the computation of b involves the matrix * matrix
multiplication.

Let us assume that g, & €s¢, < 0.5 holds, where ¢y, A condg(f(k) and g,
is defined in (3.1).

Let us consider the computed values Iy, i of zy df |]Xk||2 and gg df
||Gk|l2. The basic error bounds are, see remark 3.1 (ii),

£s,  if g >5x 1073,

qk, otherwise. (3.3)

v(xy) = es®r v(gr) = QrGr, Gk = {

But Z, g can be considered also as the computed values of Z, df || Xk|l2, gk df

11X, ]2, see (2.5), with basic errors bounds
U(&k) & (s + €2) Tk, V(Gk) = (dk + €g)Tk- (3.4)

The quantity ¢ := Zx * g can be considered as the computed value of both:
¢, = cond(Xy) and ¢ df conds (X 1) with basic error bounds

v(ck) = (es + €2+ Qi +€4)Cky V() = (€5 + k) Ch- (3.5)

Similar bounds (as for ¢;) can be presented for the computed values pg, 7
of pg, Tk, see (2.13), (2.42).
For the computed values ég“), é](cR) of the relative residuals

0 dt [T = GiXille () ar |1 = XiGil|r
k. ) == s

3.6
TrGr K Trgr (36)

the basic error-bounds are:
v(e) & (eo + d)el™ + 1078, u(el™) & (e, + go)e™ + 1078, (3.7)

The quantity oy := ||Bx — Bf||p/(2 * &1.), By := U % X}, can be con-
sidered as the computed value of both: & (see (2.29)) and dy, d 1By, —
B,?HF/(%%), By, & UH X}, The basic error bounds are here, see (2.21):

V() A eV 4 es+ex+ 10718 w(0p) R evn+es+10718 (3.8)
See that &), = acc(U, Xy,) if H, df %(Bk + Ef) € HPD.

Remarks 3.3.
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(i) If the matrix G, is not satisfying (2.5) then the quantities €5, &4 in (3.4),
(3.5), (3.7), (3.8) should be replaced with ¢y, see section 4.3.

(ii) The expressions (3.4), (3.5), (3.7), (3.8) yield in most cases serious
over-bounds on actual error. This would imply categoric declining
decision in situations when there are still good chances that the com-
puted result b is sufficiently close to b or b. Therefore presenting b
as b or choosing the exception-mark (x or !) we will accept an opti-
mistic rule: the mazimum instead of the sum. For example, v(cg) ~
max{es, €z, Gk, €9 }Ck, U(Cx) = max{es, G } €k (€4, €4 eventually replaced
with @r).

(iii) The Cholesky positivity test of the computed Hermitian factor H of A
can be trusted at least when the bound (eps + dg)conda(A) < 1 holds.

Conclusions 3.1.

(i) The quantities ¢, p, T can be presented as cg, pg, rr when
 df - _3
q;, = max{es, P }ép < 5 x 10

holds (¢r = eps/3 when Gj, and Gj4q satisfy (2.5), see section 4.3).
The exceptions will be marked with % or !, according to the cases:
5x1073 < ¢f < 0.5 0or 0.5 < gj.

(ii) The quantities é](CL), é,(CR) larger than 10716 can be presented as elgL), e,(CR).

Otherwise they will be marked with * (due to the skipped term 10718).
(iif) The same (as in (ii)) holds for the quantities dy, o, provided ¢ < 0,01

holds. Eventually d; will be marked with * or !, according to the cases
0.01 < ¢ <0.10r 0.1 < @g.

Example 3.1. In table 1 we present the results of the HSTEST-program for
the 10 x 10 matrix A; = tril(rand(10))8rand(U), see [4], applying (F)-
scaling and GEPP matrix-inversion. The first sweep yields the computed AUF
U = Xy of Ay, Ag = 5.14 x 1076, The computed factor H, see (2.31), of
Aj passed the positivity test.
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Table 1

k cp — 1 Pk e,gL) e,gR) O

0 8.74e + 14x 0.930x 3.10e — 17« 8.72¢ — 09 5.12¢ — 09%
1 1.66e+06 0.708 3.28¢— 17« 1.96e —15 1.19¢—15
2 7.56e+02 1.00 5.90e— 17« 7.52¢ —16 4.09¢ — 16
3 1.19¢e+01 0.732 1.07e—16 1l.44e—16 2.68¢— 16
4 1.17e+00 1.07 297¢e—16 2.95¢e—16 2.80ec — 16
5 838e¢—02 1.03 5.08¢—16 5.16e—16 3.43e—16
6 15le—03 1.00 5.74e—16 5.74e—16 3.40e—16
7 70le—07 1.00 5.35¢—16 5.35e—16 2.64e— 16
8 2.46e—13 1.00 4.84e — 16 4.84e—16 1.80e — 16

Remarks 3.4.

(i) The quantities marked with * have probably still at least one correct
leading figure. In the case of cg, pg it is implied by additional infor-
mation on conda(A;) gained in other experiments (judging only from
this experiment ¢y should be marked with !).

(ii) e ~ 8.72x 1079 indicates that Go has only the LRS-Property (see the
next section for the definition)). This is the reason why U is a poor AUF
of A: if H is really positive-definite then acc(U, A) x5y = 5.12x 1079,
The computed polar factors {U JH } are not acceptable. See subsection
4.5 for further discussion.

(iii) The computed values for k > 3 are typical for all our experiments and
fully consistent with the presented theory. In the following we will
present only the relevant part of the experimental results, skipping
the trivial part of them.

4 The quality problem of the matrix-inversion in
the numerical Higham’s algorithm (HS)

Contemporary standard matrix-inversion procedures use the Gaussian tri-
angular factorization with partial pivoting (GEPP) of the inverted matrix,
see [4]. Using these procedures in the HS-process yields frequently (but not
always) acceptable results.

We will show experimentally that for some special matrices A the quality
of the GEPP-inversion is not sufficient to guarantee the acceptability (1.4) of
the unitary polar factor U computed in the HS-process.
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Some other (more expensive) algorithms compute always inverses with
sufficient quality not impending the good behaviour of the HS-process (for
example the inversion: via triangular factorization with complete pivoting
(GECP) or via Householder gr-factorization with column pivoting (QRCP)).
We should recognize the properties of the computed inverses {Gj} not im-
pending the good behaviour of the HS-process and those properties which
can spoil the accuracy in this process.

4.1 Properties of computed inverses

Let G be the computed inverse of the nonsingular matrix X. We introduce
auxiliary quantities

df df df —
=X, 9= ||Gll2, c¢Zconda(X) (=a|[X7Ml2)  (4.1)

and consider the following four eventual properties of G:

G — X H|F < ege, (4.2)
IGX — I||F < egz, (4.3)
IXG —I||r < ega, (4.4)

NN GHA =X +8)T IAlF<egg, NAllF <esz. (45)

The same relations define the properties of inversion procedures as fol-
lows: Let M be a subset of nonsingular n x n matrices X. We say that an
inversion algorithm Inv is numerically stable (NS) in M if for each X € M
the computed inverse G satisfies (4.2). In the same way:

— (4.3) defines the left-residual stability (LRS) of Inv in M,
— (4.4) defines the right-residual stability (RRS) of Inv in M,
— (4.5) defines the numerical correctness (NC) of Inv in M.

We shall use the same notation: NS, LRS, RRS, NC for the properties (4.2)—
(4.5) of the matrix G, no matter what is the official property of the algorithm
which computed G (for some matrices X € M the computed inverse G can
have also some stronger property than the property guaranteed by Inv for
the whole subset M).

We define also two combined properties of G:

A1t £ 1RS or RRS, Conj ¥ LRS and RRS. (4.6)
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Assuming e, +¢e4 +¢e,64 < € and exg < 1 we find the following implications:
NC = Conj = Alt = NS (4.7)

and the bounds
IGX —I||r < c|[XG = I|[p, || XG = I||p <c[|GX —I]|p. (4.8)

Let us note further that for small ¢, say ¢ < 10, NS implies NC with A = 0
and ¢, = 10e (provided 10e can be accepted as a quantity of the order v).
Hence the listed properties of G: NS, LRS, RRS, NC, Alt, Conj can differ
distinctly only when ¢ = condg(X) is sufficiently large.

Further definitions: We will say that G has only the property LRS (or:
G has the LRS-Property-0nly) if G has the LRS-Property but has not the
RRS-Property. In this case, due to (4.6) and (4.7), G has the A1t-Property
(hence also NS) but has neither property Conj nor NC. In the same way, using
the term: to have only (or: Property-0Only), we define other eventual highest
properties of G in the hierarchical system defined by (4.6), (4.7).

Let us note at last that the NC-Property is really the highest general
quality (which can be achieved) of an inverse G computed in a constant
finite precision. According to the formulation of W. Kahan, in this NC-case:
G is a slightly wrong inverse of a slightly wrong matrix  X. We show in
our experiments that only the NC-Property of matrices {Gy} guarantees
good behaviour of the HS-process. The considered hierarchical system of
properties does not include of course all possible properties of computed
inverses. For example we do not consider here the elementwise properties,
see [4]. The only exception is the following example 4.1, where elementwise
bounds allow to visualise the relations between considered norm-properties.

Example 4.1. Let us consider the matrices: X = diag(c,/c,1),G = X1+
I''T' = (7)) with ¢ > 1 and ec < 1 and their norms (compare (4.1)):
e T X|2 = ¢ = conda(X), g L ||Gll = 1 + 0y, where v & [|T||» =
BHIT||F, 1 < B < V3. We want to give realistic (closely achievable) upper
bounds on |y;;| for 4,5 = 1,2,3: |I'| < Z = [2;] for G with considered
properties (4.2)—(4.6). Due to (4.7) the weakest property (4.2) is always
fulfilled, hence the bound ||T||r < ecg = ec(1 + 637 Y|T'||r) holds, what
implies

,df € 1 <1

<|IDNlp <éle, €= < )
v<|l|[F <€e e T30 <951"
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For the properties NC, LRS, RRS, Conj of G we obtain hence the following
upper bounds Z on |T'|:

1 e ¢
3 ZLRS — 5, 1 \/E c 5
1 e ¢

C
ZNS = E/ Cc
C

o O O
o O O

1 1 1 1 1 1
Zms=¢" | Ve Ve Ve |, Zemj=e |1 Ve e
c c c 1 \ﬁ c

For the NC-Property of G' with e, + ¢4 + ;64 < € the bound is

- b V2o - 1
Dve = 1 —xa c 12 1 ve |+ 1 —gec !
v 1 Ve e 1

—_ =

1
1
1

Hence
1 1

1
Zye < o 1 1 \/E
1 e ¢

Let us note that each individual bound |;;| < z;; is realistic. The elemen-
twise bounds |I'| < Z are qualitatively equivalent to corresponding norm-
properties. For example, |I'| < Zgs implies ||GX — I||p < 3¢/(1 + ec)gz,
compare with (4.3). For all other considered properties similar implications
hold.

4.2 Wilkinson’s conjecture

There are several versions of computing the inverse G from the GEPP-triangular
factorization of matrix X, see [4], which are either left-residual or right-
residual stable in a broad subset M of n x n matrices. Hence such GEPP-
inversion algorithms guarantee the Alt-Property of computed inverses, see
(4.6). For well-conditioned matrices X, say ¢ < 10, it means practically
Conj-Property of G, see (4.8). But also for badly-conditioned matrices
X we can check directly that quite frequently both computed residuals
|GX — I||F and || XG — I||F are small, are bounded by exg, see [14], [4].
This means that G has the Conj-Property, in spite of (4.8) with large c.
J.H. Wilkinson explained this phenomenon in [14], pp. 110-111, showing
that the matrix G (computed via GEPP-factorization) has the NC-Property,
provided the triangular systems - involved in the computation of G from

24



GEPP - are solved to high accuracy. This happens frequently though not
always, see also [13]. Let us formulate this as follows:

Wilkinson’s conjecture. If an inverse G, computed via GEPP-factorization
of X, has the Conj-Property then, probably, G has also the (stronger)
NC-Property.

We do not know whether the GEPP-inversion can produce the computed
inverse G with Conj-Property-0Only.

The experiments given in subsection 4.5 show that the smallness of
both relative residuals {e,(CL),e,(CR)}, see (3.6), (the Conj-Property) is not
sufficient to guarantee good behaviour of HS. In all our experiments with
GEPP-inversion, subsection 4.4, the good behaviour of HS (smallness of {dx})

succeeds iff both residuals {e](CL), e,(CR)} are small. This is our experimental
contribution in justifying the Wilkinson’s conjecture.

4.3 HS with inverses not always satisfying (2.5)

In (2.5) we postulate in fact the NC-Property (4.5) of the computed inverses
G} of X}, in the whole HS-process, k = 0, . .., [—1, see below remark 4.1. This
implies the essential relations (2.6), (2.7) in our description of HS in section
2. But in some experiments in this section we obtain (in several steps only,
when ¢y, is large) the computed inverses G having only the Alt-Property
or only the Conj-Property. To interpret the results of such experiments it
is convenient to incorporate such deviations (from the normality of (2.5))
into our general description of the HS-process.

The first step is to uniformize the description of the computed inverses.
We are doing this par force, assuming (4.9) with false epsilon &j:

_ 1 ;oL df | AkllF |A§J|F}

X = Xp + Ayp, X, Gr+ AL, &g max{ Xl HX/;1||2 . (4.9)
If Gj, has NC-Property then & is a true epsilon, otherwise & is distinctly
larger than could be normally accepted as a modest multiple of v. We want
to keep € as small as possible. We will see that in the considered cases
exist such matrices Ay, A} that (4.9) holds with & smaller than 1. Let us
now learn how this quantity can exceed the admissible level € of the true
epsilons.

Remark 4.1. (4.9) implies the NC-Property of Gy, if /(1 — &%) < € holds.
The NC-Property of G} implies (4.9) with &, < ¢/(1 —¢). Hence (2.5) is
practically equivalent to the NC-Property of Gy.
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Let us assume that cp is large and ecpy < 1 holds. We present be-
low a simplified version of theorem 4.1, using approximate equalities a ~ b
(a,b non-negative), meaning some of the following possibilities: |a — b <
O(e),|a — b| < O(eck) max{a, b}, |a — b| < O(c;, ') max{a, b}.

Let G, be the computed inverse of X}, and e,(CL), e,(CR), see (3.6), the relative
residuals, and let us define the quantities

e Lpinfe™ ™y M L pax{el™ ™ o & condy(X3). (4.10)

Theorem 4.1. (simplified version). Let Gy be the computed inverse of
Xy and let (4.10) hold. If G}, has at least the Alt-Property (hence 5,(CA) is
a true epsilon) then we can choose such matrices Ay, A} in (4.9) that the
following approximate equalities are fulfilled:

at [|Akllr g at [[ALllF

6

= 4.11
AT P

Ex = éék) ~ g'ék) ~ ¢, where 5

and the quantity ¢y is specified according to the assumed property of Gg:

(i) if G) has the Alt-Property then

1 _
on =g~ seVaMey, BN € gt 1), (4.12)
Loy o a1 ().
26 S9r S\ 5%k Sk ok (4.13)

(Conj) [ —1/2 ]

(ii) if Gk has the Conj-Property then with ﬂ L

(COHJ) 1 (COH_]) (Conj)cl/Q (A) < COHJ) < \/ (L

(4.14)
iii) if G3 has the NC-Property then
perty
. R 1.
Pk = SOI(CN ) max{sx, 5g} + 7/\/> g (415)

Proof. We present here only a main idea of the proof. Let use the fol-
lowing index-free notation (not identical with such notation in section 2):

x 4 X, G df G, c df conda(X), sA = (A) df E'ECA). Not lessening the
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generality of considerations, let us assume: x df || X||2 = ¢, what implies
(with P, @ unitary and pg df p( X~ —@)): X = PXQ,Y = diag(o;),1 <
o <¢g o |G|l2 = (1 + Oopoca)~!. The quantity & o £k, see (4.9), can be
presented hence in the form:

iy & @7 1R41ia 1A
5:<p(<I>):max{ ,—— }, v=(X4+®) -G,
I+ @2 |G+ |

where & & PEAQ, G & QiGP, ® df Q" A’P, and, under the assumption

G = Co(®) L min{||S1® |5, ||®X 1|2} < 1, we have G+ ¥ = (D +&)~! =
YL onTleY 1 4+ Z(®), || Z(®)||2 < /(1 —(2). Minimizing the linear part

©*(®) of H(P):
P r-stex-! -
(p*(q))d:fmax{u HF7|| ”F}7 I‘d:fE_l—G,
c g
we obtain the minimizer ®* such that the equalities
I
c 9
hold. Specifying T for the cases: (i) and (ii) we find that in both cases, for
®* = @}, and P* = <I>*Conj, |[>71®*||F < eac holds. Hence ||Z(®%)||F <
O(ec)? and (with A = P®*QH A’ = (X + A)~! — G) we have conda(X +
A) = conds(G + A’) ~ c¢. This means that c at conds(X%) =~ ¢ o

conds(Xy). Ultimately the quantities ¢f" " £ 3(@%,), " E G( @)

satisfy the relations (4.11)—(4.14). (Only the proof of (4.13) needs some
more argumentation). The case (iii) needs no proof. O

L min o (®
© mqgnsﬂ()

Remarks 4.2.

(i) (4.13) is valid also when G}, has the Conj-Property. Let us notice that
both (4.13) and (4.14) imply the same bound: g&,(ccom) < e(ep/2)V2.

(ii) When Gy, has only the Alt-Property then the upper bound on @IEA“)

in (4.13) is pointless as an a priori bound. But can be useful (and
often is) as an a posteriori bound, if effectively computed quantity

(A) (A)
k

g, is much smaller than ¢; “c,. A very generous way (in the proof)

of obtaining this bound indicates that in the case of é,(CA) distinctly

larger than € we can expect the relation
PN =N 2> 05 (4.16)

with a modest number z: z < 17,2 < 37,....
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(iii) With large ¢ the quantities ﬂkAlt ,ﬂ,(gconj) in most cases will be much

smaller than 1. Let “g close to 17 mean: [ € [0.05,1]. Then the

(Alt) ,(Conj)
k

construction of Bk , in the proof suggests that:

B ﬂ(AIt)

. close to 1 is probable (but not warranted) when a significant

part of pairs {651{), 6J(-k)} of the singular values of X, is close to
{5 k) ~(k)

O min» 9max

- ﬂ,(ccom) close to 1 is probable (but not warranted) when a significant

part of {U )V is close to ay 2 (5 I(Ii)n&r(ngx)lﬂ-

(iv) Comparing in example 4.1 the bound-matrices Zigs, Zrgs, Zconj With
Zxc we obtain essentially the same information as in (44). See that

¢’ ~ e, + ¢4 in this example corresponds to é&k) + éék) ~ 2.

From (2.6), (4.9), (4.11) we obtain upper bounds on |®;1| and ||Pri1]|r:

/ v T
(|Ak’":/k|Gk|) ]+(

1 ~ -
[@ert] < 5[ (1A + VI ZeDe + [Brp] + 1%l

(4.17)
[l < 5[0+ v+ EEEE (e 4,
(4.18)

df df —
where z; = || Xp||2, v, = ||X;, |2 Due to xp41 ~ fr > & max{zyyg, v/}

the relation |[®y41||r S fué, €5 df 20k + @11 holds. (We are skipping here

the vy/n-terms when é;k),éék) are not true epsilons).

Conclusion 4.1. If the computed inverses {Gj} in the HS-process have:
the Alt-, the Conj- or the NC-Property then the main relation describing
the process can be presented as follows:

Xpt1 = Zit1 + ®r1, [ Prtallr S Epfe, & =20k + Pp1 (4.19)
(Zk+1, fr defined in (2.6), (2.7), quantities {¢y} defined in theorem 4.1).

Theorems 2.1 and 2.2 remain valid, but if the matrix Gy or Gg41 is
not satisfying (2.5) then € should be replaced with &5 in (2.40), (2.46). In
particular, assuming Hy41 € HPD and §, < 1, we have

Ok 2 [0p1 + eplxure,  lek] < & = 20k + Prpr. (4.20)
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This means that G or Giy1 not satisfying (2.5) can spoil seriousely the
quality of U as an AUF of Xj: 0 > dp+1. The experiments in the subsections
4.4 and 4.5 show that this can really happen.

4.4 Experiments with inverses having only the Alt-Property

In the experiments of this section we apply in the HS-process the optimal or
practical scaling and we use the matrix-inversion via GEPP-triangular decom-
position of the inverted matrix. It is essentially the B-method, see [4] and
[8], completed eventually with some transpositions of matrices, to yield ei-
ther the version guaranteeing the LRS-Property or (with transpositions) the
version guaranteeing the RRS-Property of the computed inverses. For some
spectal matrices these computed inverses have only the Alt-Property and
only in such cases we can observe that this quality of inversion is not suffi-
ciently good for the HS-process. In all other cases (what happens frequently)
these computed inverses have the Conj-Property, hence probably also the
NC-Property (according to the Wilkinson’s-conjecture, see subsection 4.2).

In these experiments we never have met the case of the computed inverse
G}, having the Conj-Property, correlated with an evident deterioration of
the quantity 0y = acc(U, Xx) : 6k > 41 (this could indicate that Gy
has only the Conj-Property). In this way our experiments contribute to
justifying the Wilkinson’s conjecture.

As the test matrices we choose here the matrices from [4]:

A; =QLY, Q orthogonal, random, L = tril(rand(10))%, A, = AT,

Agn) =QLY, Q orthogonal, random, L3 = qr(vand(n))T, n > 15.

That are special matrices yielding Gy with only the Alt-Property (when
inverted via appropriate GEPP-factorization). In some cases also G has only
the Alt-Property.

In all presented below experiments (with GEPP-triangularizations) the
computed U = X, cannot be accepted as a sufficiently good AUF of the
matrix 4, (p=1,2,3).

Conclusion 4.3. Alt-Property Only is not a sufficiently good quality of
the matrix-inversion in the HS-process.

Examples 4.3. We apply here GEPP-inversion; in (ii) the version guarantee-
ing the RR-Property of the computed inverses, in (i), (iii), (iv) the version
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guaranteeing the LR-Property. In (i), (i), (iii) the matrices H passed the
positivity test. In (iv) only the matrix Hy passed the positivity test, see
remark 3.1(i).

(i) see example 3.1.

(ii) The experiment “symmetric” to (i) with the matrix A, Ag = 6.2 x
10716, is presented in table 5.

Table 5

k Ck e,(gL) e,(CR) Ok

0 8.75e+14x 8.79¢ — 09 3.25e¢ — 17« 5.45e¢ — 09
1
2

1.86e+06 5.57e —15 6.12e — 17+ 2.69e — 15
2.96e+02 6.39e — 16 3.46e —16  3.46e — 16

(iii) Experiment with the matrix Ang), A1p = 9.17 x 10716, is presented in

table 6.

Table 6

Ck e,(CL) eg{) Ok

1.58¢ +13 3.68¢ —17x 3.91e — 14 2.13e — 14
1.11e+ 06 8.92¢ — 17+« 1.65e — 14 8.23e — 15
4.82e¢+02 1.38e¢e—16 1.2le—15 7.12¢ — 16
1.15e +01 2.22¢—16 3.0le—16 5.47e —16

W N = O

(iv) Experiment with the matrix Aé%), Ay = 2.46e — 15, is presented in

table 7.

Table 7
(R) o

Ck e,(fL) e,
1.87¢ + 18! 2.93¢ — 17+ 1.39¢ — 10 8&.55¢ — 11!
4.25e 4+ 08 8.65e¢ — 17x 1.67e —12 7.67e — 13
1.10e + 04 1.15e—16 6.69e —15 3.75e — 15
5.26e +01 3.47¢—16 6.38¢—16 1.09¢ — 15

W N~ O

Remarks 4.3. In (iv) we have no bound on |¢ — ¢g|, hence also no bound
on ¢p and on |dy — d,|, see (4.13), (3.8). In (i), (ii) ¢o can be larger than 0.01
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but it is probably less than 0.1, hence Jy is marked with * (in these cases
from (3.2) follows that the relation &) < 1 is doubtful). But in (i), (i), (iv)
we have the bounds on |6 —do|, see (3.8). In particular, if H(UTA,+ATU) €
HPD, then the bound |acc(U, Ay) — 5.45 x 1079| < 2.73 x 107! holds. All
experimental results illustrate well the theory presented in subsection 4.3.
See in particular the relations (4.13), (4.16) (also in the case (iv)!).

4.5 Experiments with inverses having only the Conj-Property

We use here the special procedure INVCONJ(X). This procedure computes
at first the SVD of the real matrix X:

X=Px2xQ", = diag(o;), P, Q orthogonal,

and constructs then the computed inverse G of X:

G:=Q* (X '+ W)« P, W=epsx

Omax |: Tdij ]

Omin Lmax{o;, 0;}

where {rd;;} are random numbers, |rd;;| < 1.

G has evidently the Conj-Property (both norms: ||GX — I||F, || XG —
I||r are bounded with (n eps+ e,)zg). But G has only the Conj-Property
if ¢ = Omax/0min 18 large and some o; are close to « df /OmaxOmin- (Only in
this case the Conj-Property differs distinctly from the NC-Property).

. . . ~—1 ~ df ~(k) ~(k
We will use here the optimal scaling: v, := &, LVag S \/ aﬁlgxagfn, where
. (k . 5 . . .
{O'Z( ) »_, are singular values of X},. We need in our experiment some iterates

X, with large & A condg(f(k) and with several, say: my, singular values
close to d&y. Choosing appropriate {5;} in the following construction:

A = Xy := P xdiag(5;) * Q7, P, Q orthogonal, random, (4.21)

we obtain: ¢y large, mg = 2 and eventually also ¢; large, m; > 2. Example
F.2 in [12] explains why in real computations we must have mg > 2 (eventu-
ally also m; > 2). With my = 1 the perturbation Gy — X'O_l there could not
produce the next iterate X; with orthogonal factor Uy distinctly different
from Uy (the orthogonal factor of Xg). Hence &y could not be much larger
than §; = acc(U, X1). This correlates with theorem 2.3 in [10].

In all presented below experiments the computed result U = X, cannot
be accepted as a sufficiently good AUF of A.
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Conclusion 4.2. Conj-Property 0Only is not a sufficiently good quality of
the matrix-inversion in the HS-process.

Examples 4.2. In experiments presented in tables 2-4 all matrices H

passed the positivity test, all e,(gL), e,(CR) were less than 2.7 x 1071°. We have
generated matrices A as in (4.21).

(i) n = 6,61 = 65 := 107,69 = 65" := 1000v/20,63 = 64 := 1,Ag =

5.76 x 10716
Table 2
k Ck VCk O, My,
0 1.00e+14 1.00e+07 5.49e—10 2
1 5.06e+4+06 2.25e+03 1.0le—13 2
2 1.06e+03 3.26e+ 01 8.74e—16 —
3 1.0le+00 1.0le+00 59le—16 —

(ii) n = 20, {6%} = {10'4,107,...,107,1}, Ag = 1.99 x 10~1°
Table 3

Ck NG O, My
9.99¢ + 13 1.00e +07 7.04e —09 18
5.17¢ 4+ 06 2.27e+03 1.72¢ —15 —
1.07e +00 1.04e+00 1.74e—15 —

N = O3

(iit) n = 20, {6:}2°%, = {¢" " }20,, ¢ = 10M/19 Ag = 1.87 % 10~ 15
Table 4

Ck Vek O, My
1.00e + 14 1.00e + 07 4.39e¢ — 10
3.6le +06 1.90e+03 1.31e—13
7.27e +02 8.50e+01 6.62¢ — 15
1.35e+ 01 3.67¢+00 2.10e—15 —

W N~ O
— N N
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5 The problem of too small scaling parameters

The good behaviour of the HS-process is equivalent to the smallness of all
entries of the sequence {(5;6}2_:10,6/C = acc(U, Xi) provided Hy € HPD. If
all 8 are at most of the order £ then the computed unitary factor U = X;
is a good AUF of all matrices {X}}, {X;} (provided Hy € HPD) and - in the
consequence - also of A, see lemma 2.1.

Assuming: &, < 1,Hpy1 € HPD and the good matriz-inversion (2.5),
we can use the simplified form of the backward-induction:

. dar
Ok ~ Okt + eploe, ekl <& 2 =xwre, Xk <1

pt)) (opt)

where 7y, = max{1, (¢ + pr) /(caor + D} pr = (/%P2 I, < 9
then pp < 1 and 7, > 1. It can happen that also zp = xirr > 1 holds
(though xj essentially decreases with pg, see remark 2.5) and can result the
multiplicative increase (deterioration) of 8i: 0p & |0p41+€)|2k > dp41. This
can continue if also zp_1 = xx_17x—1 > 1 holds.

That is the problem of too small scaling parameters: the danger of a
serious multiplicative deterioration of accuracy in the HS-process if we use
the scaling parameters {y} smaller than the optimal ones. The multipliers
Xt < 1 can act here soothingly, but there is no guaranty that it implies always
2z = XxTk <1 oryields at the end dg = acc(U, Xo) ~ acc(U, A) sufficiently
small. Our experiments seem to indicate that the HS-process with practical
scaling (n_1/2 < pr < nl/Q) is immune to this danger of such deterioration
of accuracy. (We simulated also the computations on 100 x 100 matrices,
blowing-up the actual py to the interval [0.1,10].) This phenomenon of the
immunity of the practical scaling can be explained probably as follows.

Let us consider the approximate equality

~ af 1~
Xk+1 ~ By, + F,, Bp= ka'yk, Fk = 7Gk (51)
2 27k

If 7y, = 7P (X, Gk) \/ G2/ Xk |2, (v = ’Y;(COpt),Pk ~ 1) then || By||2 =

|| Fx||2 holds. Optimal scaling equilibrates the matrices By, Fy in (5.1) (in
the sense of the 2-norm). If v, < 7( °PY) then pr < 1 and ||Bg|l2 = || Fil||2pk
holds; || Bk||2 is by a factor pi smaller than || Fj||2.

In the assignment statement: Xk+1 := By, + F} the next iterate Xk+1
“obtains” practically full numerical information on GH and only the “upper
parts” of the entries [’ykf(k](i,j) of Bj, rounded on the level Vd\Xkai’j).
Therefore the matrix U computed in the HS-process from X k+1 can be in a
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similar degree a good AUF for G| as it is for X; 1, but can be a distinctly
worse AUF for X}, (by a factor up to plzl?). This explains the presence of the
multipliers rg, 1 < rp < plzl, in the basic backward -induction recursion:
0k & [0k41 + €;|xkTk- The factor rp > 1 is here a warning, x; < 1 can
“soothe” it, if the information on X}, delivered to Xy, (hence to U) was
not so much dlsturbed as it could be supposed regarding only the formal

quantity pp = (7/7{")2.
Let us notice now that the (F)-scaling:

I|Gr||F

_ E®) v _
e =7 ( Xk, Gi) = =
|| Xkl F

equilibrates the (F)-norms: ||Bg||r = ||Fx||r and the (1, 00)-scaling: v =

AL (X, Gy) = \/<< Gj > / < X}, > equilibrates the pseudo-norms: <

B >»=< Fj, >, where < B >4 \/||Bl1]|B]||s- Hence both rules of
practical scaling also equilibrate the matrices By, Fy, in (5.1). There is no
reason to believe that one of these three rules of equilibrating is always and
distinctly better than the other two.

Working in our analysis with the 2-norm we must be prepared to ob-
tain the eventual warning: r; > 1, but if the equilibration of By, F} was
sufficiently good (that means: the matrix Xj,;, hence also U, obtained
sufficient information on Xk), then the factor xi should act “soothingly”,
yielding zx = xkrr < 1. That seems to explain the phenomenon of the good
behaviour of the HS-process with practical scaling.

There remains rather academic problem: whether using too small scaling
parameters can really “produce” a serious multiplicative deterioration of the
accuracy? Some experiments presented below give a positive answer to this
question.

Example 5.1. We are using here GECP-inversion and essentially practical or
optimal scaling. Only in several initial steps of HS-process we apply special-
scaling, choosing ~;, distinctly smaller than ~(°Pt) (X' ks Gi). This retards the
decreasing of the sequence {c} in those steps and spoils the quality of U as
an AUF of X, (hence also of X and A). In (i) A = Aj, see subsection 4.5, in
(ii) A = As random and ill-conditioned 10 x 10 matrix, in (iii) Ag, specially
constructed 10 x 10 matrix. All matrices H passed the positivity-test. In
tables 8-10 we present additionally the quantities { X%}, Xx := 0k /[Tk*(dk+1+
10716)], probably a lower bound on Y.

(i)
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Table 8

k Ck Pk Tk O Xk
0 875e+14 827¢e—04 1.21e+03 5.82¢—13 0.078
1 4.35e+08 1.19¢—03 8.99¢+02 6.09¢ — 15 0.036
2 265e+05 1.11le—03 8.40e+02 1.90e —14 0.026
3 6.00e+03 9.44e —04 9.01e +02 7.96e — 15 0.041
4 1.24e+03 1.12¢+00 1.00e +00 1.16e—16 0.431
5 1.51le+01 9.26e—01 1.07e+00 1.69¢ —16 0.720
(ii)
Table 9
k Ck Pk Tk O, Xk
0 9.6le+ 14x &8.2le —05% 1.21e+04% 3.96e — 13 0.0013
1 1.12¢e+09 1.12¢+00 1 2.46e — 14 0.422
2 117¢e+04 127¢—04 5.13¢+03 5.8e—14 0.013
3 5.17¢e+03 1.08e+ 00 1 6.71e — 16 0.647
4 3.15e+01 3.25e—02 1.55e¢+01 &8.36e—16 0.154
5 1.64e+ 01 1.37¢ + 00 1 1.51le — 16 0.302
(ii)
Table 10
k Ck Pk Tk O, Xk
0 1.00e+11 0.01 100 7.30e—14 0.145
1 158¢+06 0.01 100 4.95¢e—15 0.261
2 6.29¢+03 143 1 8.94e— 17« 0.281
3 4.63e+01 1.07 1 2.18¢ — 16 0.522

Remarks 5.1. Experimental results above demonstrate the tendency of
the quantities {xx} to decrease with {px} and the “soothing” role of x in
the eventual blowing-up of {d;} in the backward induction. Example (iii)
demonstrates the multiplicative blowing-up of {d;} in the last two steps of
the backward induction. Special choice of the singular values of the matrix
Ag yields xg, x1 not very small.

Conclusion 5.1. Using in the HS-process the scaling parameters 7, dis-
tinctly smaller than the optimal ones retards the convergence and spoils the
quality of the computed AUF U of A.
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6 The switching criteria in HS

In [12] we presented two switching criteria: criterion for accepting the last
constructed iterate X; as the computed unitary factor U := X; and crite-
rion for switching from (1, co)-scaling to unscaled iterations. Their aim was

to guarantee the monotonic decrease of the sequences {c;}!_. {aﬁﬁx};zl
and to yield the last iterate achieving the limiting accuracy A; = HXlH *
X, -1 ||lF < e. In our experiments (aimed essentially to study the prob-
lems of sections 4 or 5) we tested additionally these criteria, comparing
their performance with the performance of the corresponding criteria for
(1, 00)-scaling or (F')-scaling, see [6], [11]. More than sixty HS-test-processes
supplied appropriate experimental data (none special experiments for test-
ing our criteria were performed).

_ Our criteria depend on the sequence {Bk}ézp where the quantity G :=
| Xk —GH||p(1 < k <) is computed in the kth iteration in the same loop in
which the next iterate X is constructed (compare lemma 2.1 in [11]). In
appendix B [12] we show that: ey & aggx — 1 > ¢ implies [ ~ 2prex, Pk df
(X — GP).

The stopping criterion. We accept Xk—i—l as the last computed iterate,

I =lIn Ly + 1, provided the following both conditions hold: the kth it-
eration is unscaled or optimally or (F)-scaled and 3, < V2vnl/2. In all
our experiments X; with [ = [y was achieving acceptable limiting accuracy:
Al <e.

Let [ and [r be the indices of the last iterates indicated, respectively, for
unscaled [6] and (F)-scaled [11] iterations (k > 0, xg4+1 > xx implies Ip d k,
where z,, := || X,||F for p =k, k4 1). In all our experiments we noticed the
relations: Iy <lg <Iny+2, lp <Iy <lp+1. The relation Iy = Iy + 1 was
noticed frequently, the relation { = Iy + 2 was noticed twice. The relation
In = lp + 1 was noticed once. The HS-process with stopping criterion [6] is
performing frequently (at least) one redundant iteration.

The criterion for switching to unscaled iterations. We propose to switch to
unscaled iterations for k > r = rx provided the following both conditions
hold: the iterations for k < ry are (1, 00)-scaled and G < 1.5 or O > Br_1.

Let rg be the index of the last (1, 00)-scaled iteration according to the
criterion in [6]. The relations observed in our experiments are: ry < rg <
ry + 4. Frequently rgy = ry +3 or rgy = ry + 2. The case ry = ry + 4
was noticed once. Our proposal of an earlier switch to unscaled iterations
is a result of cautiousness. Assuming the bound (2.19) on 7, we can not
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guarantee the monotonic decrease of the sequences {cy}, {ag’fgx} in the HS-
process with (1,00)-scaling. But in all observed cases (of HS with (1, 00)-
scaling) the quantities 73, with ry < k < rgy were distinctly smaller than
the bound (2.19) , hence the mentioned sequences were nicely decreasing
(faster than for unscaled iterations). The criterion in [6] performed better
than ours. This competition between our cautious criterion and (probably)
the risky criterion in [6] remains hence unsolved. We have no experimental
proof that this criterion is too risky.

Conclusion 6.1. Our stopping criterion is performing better than the cri-
terion in [6] and equally well as the criterion for (F')-scaling. Our switching
criterion to unscaled iterations is performing correctly (guarantees mono-
tonic convergence), but is probably unnecessarily too cautious. Replacing
the condition G; < 1.5 with, say, G < 0.5 could sometimes reduce the
number of needed iterations by one.

7 Final conclusions

We now summarize conclusions.

(i) Matrix-inversion in the HS-process should yield the computed inverse
G of the matrix X (the inverse of the current iterate) satisfying the
condition (4.5) (the NC-Property). This property is warranted by
the inversion via GECP-triangularization of X. Using the standard
inversion via GEPP, see [4], can fail, yielding for some special matrices

A a poor unitary factor U. This will never occur for well-conditioned
matrices A, say: conds(A4) < 102

(ii) Using in the HS-process a good matrix-inversion, see (i), and either
the (F')-scaling [11] or the (1, 00)-scaling [6] (with appropriate switch
to unscaled iterations) practically guarantees good quality of the com-
puted unitary factor U of A. If econdy(A) < 1 holds then U has similar
quality as the factor computed wvia SVD of A.

(iii) An appropriate stopping criterion, see section 6, in most cases guar-
antees that U = X is the first iterate reaching the limiting accuracy.

With the stopping-criterion in [6] frequently one redundant step is
performed.

(iv) The formal cost (the number of arithmetic operations) of the HS-process
in the standard double precision is at most of the same order as for
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SVD (is smaller for well-conditioned matrices or matrices with large
gaps in the spectrum of the singular values).

(v) Using in the HS-process scaling parameters {~;} distinctly larger or

smaller than the optimal-ones, see (2.12), can spoil the convergence.
Using {vx} distinctly smaller is spoiling also the quality of U as an
approximate unitary factor of A. Practical scaling, see (ii), is not
involving such impendency.
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