Wroctaw University of Technology
Institute of Mathematics and Computer Science

Higham’s scaled method

for polar decomposition
and numerical matrix-inversion

Andrzej Kielbasinski, Pawel Zielinnski, Krystyna Zietak

Report 118/2007 /P-045

Wroctaw, July 2007



Higham’s scaled method for polar decomposition
and numerical matrix-inversion

Andrzej Kielbasiriski', Pawel Zieliiski? and Krystyna Zietak?

L University of Warsaw, Institute of Applied Mathematics and Mechanics,
02-097 Warsaw, Poland

2Wroctaw University of Technology,
Institute of Mathematics and Computer Science, Wybrzeze Wyspianskiego 27,
50-370 Wroctaw, Poland

E-mail: pawel.zielinski@pwr.wroc.pl  krystyna.zietak@pwr.wroc.pl

July 3, 2007

We present the theory (and illustrating experiments) of the numerical
Higham’s scaled method for computing the unitary factor of a nonsingular
matrix. We show how the quality of the computed inverses of matrices
influences the accuracy of the computed polar factorization. In particular:
the inversion via GECP-factorization and reasonable scaling guarantee a good
quality of the computed polar factors (with GEPP-factorization the computed
unitary factor can be unacceptable). Some problems of scaling and switching
criteria are discussed and experimentally investigated.

Keywords: polar decomposition of a matrix, Higham’s method, rounding-
errors analysis, numerical matrix-inversion

AMS subject classification: 65G50, 65F30

1 Introduction

We deal with the polar decomposition of a complex nonsingular matrix
A e Crxm,
A=UprHp, Up — unitary, Ha € HPD, (1.1)

where HPD is the class of Hermitian positive-definite matrices. Up is the
unitary factor of A (the orthogonal factor of A € R™*™). Matrices {Ua, Ha}
are the polar factors of A.

The factorization (1.1) can be computed from SVD, the singular value
decomposition of A. The iterative methods are alternative ways to compute
(1.1), see for example [1, 3, 4, 5, 7].



In Higham’s scaled method [4, 7], denoted by HS (referred also as Newton’s
scaled method), one constructs a sequence {X}}72, of matrices:

1 1 -
Xo=A, X1 = 5 <’Yka + %Xk H) , e >0, (1.2)

convergent to Uy, the common unitary factor of all X;. There are known
several theoretical or practical rules of the choice of scaling parameters g
which increase the speed of convergence, see [3, 4, 7].

Let {X’k}szo be the sequence of iterates computed in the numerical HS-
algorithm. In all cases when this algorithm converges a good unitarity of

the computed unitary factor U df X, is achieved:
[UHT - 1|2 < eo (1.3)

(all g5 in this paper are of the size v, the computing precision). We can now
compute the Hermitian factor H of A:

B :=U" « A; H:= (B + B))2. (1.4)

The problem is: whether the computed polar factors {ﬁ JH } of A are accept-
able? That means: whether the following relations hold:

H € HPD, |[UH — Allz < e1]|All2 7 (1.5)

In [8] we try to explain how it happens that the computed by numerical
HS polar factors are acceptable? We reveal also two main dangers: the poor
quality of the computed inverses and using of too small scaling parameters.

Our further research is presented in [9]. We explain there all phenomena
we were able to perceive in our experiments. Therefore the experimental
results play in [9] rather only the role of illustrations.

This paper is a concise version of [9]. We skip here the proofs, theorem
2.2, the estimation of the accuracy of experimental results and many detailed
remarks. We concentrate on the most important problem of the quality of
the matriz-inversion in the numerical HS-algorithm.

The theory is presented in sections 2 and 4. Section 3 explains how to
read experimental results. Sections 5 and 6 present briefly some problems of
scaling and switching criteria. For final conclusions see section 7.

We add the appendix presenting the proof of the NC-Property of the
inversion by B-method, via GECP-factorization, see [2].



2 The theory of HS, the numerical Higham’s method

Here and in all next sections HS means the numerical HS algorithm (to dis-
tinguish from (1.2), where the theoretical algorithm is defined).
Let X} be the computed iterate and X} the matriz satisfying the condi-
tions (2.3) below. Neither X, nor X} here is identical with X} in (1.2).
Let us define the following two functions

. rnxn ~1/2 df 1, when ¥ = 0,
p: C — [ p(P) {H\I’HQ(H\IIHF)_l, otherwise,
1 ~
J:(0,00) — [Lo0),  f(B) S5 (t4+17). 2.1)

These reserved functions “produce” a series of derivate symbols (f, pg, P+, - - -)
the values of f or p on concrete arguments.

We assume that the computations in HS are performed in the floating-
point arithmetic with precision v and that neither underflow nor overflow
occurs.

The epsilons (¢, &y, .. .) are modest multiples of v. Not all of them must
be positive. We signal it writing, for example: |} | < €. The only exceptions
(see section 4) are “false epsilons” (£, £, ...), the quantities which ought
to be the true epsilons (and sometimes are) but — due to breaking of the
basic assumption (2.3) — can be much larger than “a modest multiple of v”.
Usually these false epsilons satisfy |¢| < 1.

Let us formulate already now the following general assumptions:

£condy(A) <1, &< v?? <1074, (2.2)

where £ is specified in (2.6), (2.3).

2.1 Main definitions and relations

Let us consider a nonsingular matrix A € C™*" and the sequence { X} }2:0
of matrices (1.2) computed in HS, X := A.

Let v be the chosen scaling parameter and Gy, the computed inverse of
X.. We assume that ezists a nonsingular matrix X}, satisfying the relations:

Xp=Xp— Ay, Gr=X;'—Aj, (2.3)

where || Ag||F < 2| Xk l2, ||AL[F < gg]| X t]2- This defines (not uniquely)
X, for k < I. Let us extend it to k = I: X; = X;. The sequences { X}
and { Xy} are neighbour-sequences and many important properties of X are



close to these of X;. We describe the HS-process in terms of the sequence
{X}} since this sequence imitates well the relation (1.2), see below (2.5),
(2.6).

The assignment-statements

Gyi= X7 Kenr = (K + G /) /2, (24)
and (2.3) imply the equalities

£
Xiy1 = Zpp1 + Ty, Zpi1 =

N |

<7kxk + %X,;H> (2.5)
and the bound
ITklle < Efir fr S | Zkpallzs €= 260 + 24 +3Vav +00?).  (2.6)
Let us consider the SVD of Xj:
X, = Pkdiag(ayf), e ,J,(lk))QkH, Py, Q. unitary

and define dy, the distance of X} from the unitarity:

d, & max \agk) — 1| = max {ar(fgx -1,1- folfi)n} , (2.7)
0¥, Lmax{o™}, ot Lmin{oM}. (2.8)

The efficiency of HS depends on how quickly {dk}ézl decrease, the near-
unitarity of the computed factor U = X, depends on the limiting accuracy
d ¥ lim sup dy, of the conceptional infinite sequence {d}32,. The last iterate
X, constructed in HS should be the first one reaching the level d; <d.

Let us define further quantities

af o), (opt) df (k) \ /2
cr = condp(Xy) = —, "% PY) = (O'(k) o ) ,

(k) ? max™~ min
min
df t) 1) 2 df _
o & (50 L e S max{on o) (2.9)
The quantities pg,7r “measure” the distance of ~y; from ’yliOpt), the optimal

scaling parameter.
In [9] we show the following relations, see (2.6),

fe=f(Vermk), diri= 0 —ep)fi =1, |eg] <&, (2.10)



Ef <1 implies cppy < (14+8)fir(1—éfi) " (2.11)

The assumptions (2.2), practical scaling (1, 00)-scaling [4] or (F')-scaling
[7]) and appropriate switching criteria in HS guarantee that the sequence
{fk}f,f_:lo is strictly decreasing and the bounds éf; < 1,7, < y/n hold. We
find ultimately in [8] that the bound (1.3) is satisfied with

cor~ 2, <&l Loy +ey+ 20/ (2.12)
Remarks 2.1.

(i) In the case of the standard double-precision computations and HS with
practical scaling in most cases | < 10 holds.

(ii) In some special experiments (see sections 4 and 5) we modify the normal
HS-algorithm introducing (in a few initial steps only) either matrices
Gy not satisfying (2.3) or scaling parameters -y, much smaller than
’y,(:pt). But these modifications neither destroy the monotonic decrease

of {f} nor influence the final convergence of {X},}. Hence the bounds
(2.12) and (1.3) remain valid.

We need some further notions to discuss the acceptability (1.5) of the
computed polar factors {U, H}.

Let the abbreviations AUF, APF mean: approzimate unitary factor, ap-
prozimate polar factors, respectively.

Let us consider any matrices X, U € C™*" X-nonsingular , U-unitary. If
df q

Hup = $(U¥ X+ XHU) € HPD then we will say that U is an AUF ({U, Hys }
are APF) of X with accuracy (relative error):

df [|UHyz — X||F
aCC(U,X) = W

Let us fix now U as the unitary factor of U = X; = X,. Hence the polar
decomposition of U is, see (2.7), (2.12),

- . 1
U=UH,, H,€HPD, |[U-Ul|l2=d < 55’. (2.13)
Let now define for k = 0,...,[ the following matrices and quantities:
ar 1 H H df -1
Hk:i(U Xk‘i‘Xk U)7 5k:HXk_UHkHFHXkH2 . (2‘14)

Evidently the following implication holds: Hy € HPD implies 6, = acc(U, X).
In particular, see (2.13), H, = H, € HPD, 6; = acc(U, X;) = 0.



The following lemma shows that the properties of the pair iHo, do} are
decisive for the acceptability of the computed polar factors {U, H }.

Lemma 2.1. Let introduce the quantities pg df p(Xo — UHy), €1 A 2.5, +
eg+vm(y/n), where m(t) is a modest polynomial in ¢ (depending on the way
of computing B in (1.4)). If (pgdo + e1)condz(A) < 1 holds and Hy € HPD
then the following relations hold:

|A—UH||,

H € HPD,
[|All2

—podo| S €1

Remark 2.2. Lemma 2.1 is valid only when Gy satisfies (2.3).

Conclusion 2.1. The computed polar factors {ﬁ JH } are acceptable iff
Hoy € HPD,dy is of the order v and A is sufficiently well-conditioned, since
the following bounds hold: [pody — e1| < ||A — UH||2||All5" < podo + e1.

In the next subsection we present an explicit expression of §; in terms
of: Og+1, Pr,Cr, €, see (2.17)-(2.20). This opens a chance for “theoretical
transfer” from §; = 0 to the important quantity dg.

We must be prepared that acc(U, Xi) > acc(U, Xj41) holds since the
rounding errors in the computation of G and Xk+1, see (2.4), can partly
spoil the information on Xk transferred to Xk—i—l (hence also to U= Xl).
The same concerns the neighbour-sequence {Xk}szoz the relation 0y 2 Op+1
can be expected!

We should recognize benign rounding errors in (2.4) — such that Jj is at
most only slightly larger than ;11 — and dangerous rounding errors — such
that g > dr4+1 can occur.

2.2 BIT, the backward-induction theorem

Let us introduce the matrix, see (2.5),Wy A UHjy11 — Zi+1 and the quanti-
ties, see (2.6), (2.1), (2.8),

df df — df
& = [ Wkll2, Ok = (1]l S mz(fki’;. (2.15)
(Omax V)
Theorem 2.1 (BIT). If the relations
& < 1, Hy, € HPD (2.16)



are satisfied then oy = Ok |xk + krCx|Tk, Ck A (3v2 +2)(2 — &)~ ¢,
k% + MeCrlre <1 implies Hy € HPD,

where X, tik, Kk, A\p are real numbers, either all equal zero or satisfying in-
equalities:
0<pr<xe <1, [rel<1, |M\|<L. (2.17)

Remark 2.3. Theorem 2.1 is valid also in cases when the matrices Gy, G411
are not satisfying (2.3).

Corollary 2.1. The quantity 7, see (2.15), satisfies the relations
rp = max {1, (cx + pr)(crpr + 1)~} < max{1,p, '} (2.18)

If the matrices Gy, Gi41 satisfy (2.3) then

df .
& = P [0k (L4 €)) + k] fi P = p(®h), el <&, (2.19)
and — provided (2.16) holds —
Ok = |0k (L + ) +er| Ixw + mrlelre, el <é (2.20)

This allows us to simplify the backward-induction rule: if £ < 1 and Hy1q €
‘HPD holds then

6k & |kt + k| Xamh,  leRl <& Xk €[0,1], (2.21)

k(01 +E) (1 + 7€), <1 implies Hy € HPD.

Remarks 2.4.

(i) In double-precision computations the approximate equality (2.21) de-
scribes adequately the behaviour of the sequence {0}, since in this
case all {{;} are very small (the only exception can be & when G is
not satisfying (2.3), see section 4).

(ii) With optimal or practical scaling the relations xirry < 1 can be ex-
pected, see section 5. But in the general case the rounding errors in
the computations of Xj,41 in (2.4) can be dangerous when pj, < 1 and
cr > 1 holds: this implies 7 > 1 (Theorem 2.2 in [9] shows that x
tends to decrease with pg, but we can not expect that always yxprr < 1

holds, see section 5).



(iii) Optimal or practical scaling and inverses Gy, Gi11 satisfying (2.3) guar-
antee 0 < g1 + €. Hence in this case the rounding errors in both

~

operations of (2.4) are benign.

(iv) If any of the matrices G, Gi+1 is not satisfying (2.3) then the bound &
on |e;| in corollary 2.1 must be replaced with a much larger quantity:
the rounding errors in the computation of such inverse are dangerous.
We deal with such cases in section 4.

3 Introduction to examples of numerical tests

In sections 4 and 5 we present examples of numerical tests illustrating
relevant fragments of the theory. All our tests were performed for ma-
trices A € R™" 6 < n < 35, in the IEEE standard double-precision,
v =14~ 22 x 1071 (with cummulation of “inner products” on standard
extended-precision variables, v = v, ~ 10719).

In most cases we present the computed results with at least two correct
leading decimals. The results marked with a star (x) have probably only
one correct leading decimal. In results with exclamation mark (!) even the
first decimal is doubtful.

For each example we present the matriz A, the information on matriz-

inversion and scaling in HS. We present also the quantity A Nd:f ||(~]Tﬁ —
Il|F,U = Xj, and the result of the Cholesky-positivity test of H, see (1.4).
Then we present for several iterations, £k = 0,1,... some of the computed

e L) [R) ¢z .- }
quantities: cx, pg,Tr, €, €y, O (eventually also some other auxiliary quan
tities), where

df > _ df by _ df || o
eliL) = H[— GkaHkal, e](gR) = "I—XkaHkal, Wg = "Xk"QHGkHQ,
(3.1)
fodf o A = A 1 = =
o LUK — URIRIRAG!, e S5 (U7 R+ XTU)).

Remarks 3.1.

(i) Let po A p(Xo — UHyp). Then §ody is a close approzimation of ||A —
UH|J||Allz -

(ii) oy is a close approzimation of 0y, see (2.14), provided Gy, is satisfying
(2.3).



Example 3.1. In table 3.1 we present the computed results of the HSTEST-
program (see section 3 in [9]) for the 10x 10 matrix A; = tril(rand(10))3rand(U),
see [2], Ag = 5.14 x 107'®, applying (F)-scaling and the GEPP-matriz-

inversion. Matrix H passed the positivity test.

Table 3.1
k cp — 1 Pk eg“) e,(fR) Sk
0 8.74e +14x 0.930% 3.10e — 17 8.72¢ —09 5.12¢ —09
1 1.66e+06 0.708 3.28¢—17 1.96e —15 1.19¢ —15
2  T7.56e + 02 1.00 5.90e —17 7.52¢e —16 4.09e — 16
3 1.19e+01 0.732 1.07e —16 1.44e —16 2.68¢ — 16
4 1.17e+ 00 1.07 2.97e —16 2.95¢ — 16 2.80e — 16
5 8.38¢ — 02 1.03 5.08¢ — 16 5.16e —16 3.43e¢ — 16
6 1.51le—03 1.00 5.74e — 16 5.74e — 16 3.40e — 16
7 7.0le — 07 1.00 5.35e —16 5.35e — 16 2.64e — 16
8 2.46e — 13 1.00 4.84e¢ — 16 4.84e —16 1.80e — 16
Remarks 3.2.
(R)

(i) The value of ey’ shows that matrix Gy is not satisfying (2.3).

(ii) The quantity ||A—UH]||2||Al|7*, see (1.4) and remark 3.1 (i), cannot be
smaller than don~ 12 ~ 1.62x1079. Hence the computed polar factors
{U, H} are not acceptable. Tt is the result of breaking the assumption

(2.3) for k =0, see section 4.

(iii) The results presented in table 3.1 for £ > 3 are typical for all our
experiments. In next examples we will present only the relevant part
of experimental results.

4 The quality problem of the matrix-inversion in
the HS-process

Some contemporary standard procedures compute the inverses from the
Gaussian triangular factorization with partial pivoting (GEPP) of the inverted
matriz, see [2]. Using these procedures in the HS-process yields frequently (but
not always!) acceptable results (see example 3.1). The inversion via trian-
gular factorization with complete pivoting (GECP) yields practically always
acceptable results in HS with practical or optimal scaling.
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We should recognize the properties of the computed inverse G, of Xy
not impending the good numerical behaviour of the HS-process and those
properties which can seriously spoil the quality of the computed unitary factor
U of A.

4.1 Properties of computed inverses

Let G be the computed inverse of the nonsingular matrix X. We introduce
auxiliary quantities z d | X]l2, ¢ d l1Gl|2, ¢ d condz(X) = z[|[X ||z and
consider the following four eventual properties of G:

1G = X[ < ege, (4.1)
IGX —I||r < gz, (4.2)
| XG = I||r < gz, (4.3)

IN A GHA =(X+A)7Y A <egg |Allp <epr. (4.4)

The same relations define the properties of inversion procedures as fol-
lows: Let M be a subset of nonsingular n x n matrices X. We say that an
inversion algorithm Inv is numerically stable (NS) in M if for each X € M
the computed inverse G satisfies (4.1). In the same way:

— (4.2) defines the left-residual stability (LRS) of Inv in M,
— (4.3) defines the right-residual stability (RRS) of Inv in M,
— (4.4) defines the numerical correctness (NC) of Inv in M.

We shall use the same notation: NS, LRS, RRS, NC for the properties (4.1)—
(4.4) of the matrix G (no matter what is the “official property” in M of the
algorithm which computed G).

We define also two combined properties of G:

A1t L LRS or RRS, Conj & LRS and RRS. (4.5)
Assuming e, +¢4 +¢e,64 < € and exg < 1 we find the following implications:
NC = Conj = Alt = NS (4.6)

and the bounds

IGX —I||r <[ XG = 1l|lF, [[XG —=I|lr < c||GX = I|r. (4.7)

11



Let us note further that for small ¢, say ¢ < 10, NS implies NC (for example:
with €, = 0,64 < 10e). Hence all listed properties of G can differ distinctly
only when ¢ = condy(X) is large.

Further definitions: We will say that G has LRS-Only-Property if G has
the LRS-Property but has not the RRS-Property. In this case G has the
Alt-Property (hence also NS-Property) but has neither the Conj-Property
nor the NC-Property. In the same way, using the term: to have the
Only-Property, we define other eventual highest-properties of G in the hi-
erarchical system defined by (4.5), (4.6).

Let us note at last that the NC-Property is the highest general quality
(expressed in norms of matrices) of an inverse G computed in a constant
finite precision. According to the formulation of W. Kahan, see [6], in this
NC-case: G is a slightly wrong inverse of a slightly wrong matriz X.

4.2 The W-conjecture

There are several versions of computing the inverse G from GEPP-triangular
factorization of X, see [2], which are either left-residual - or right-residual-
stable in a broad subset M of n X n matrices. Hence such GEPP-inversion
algorithms guarantee the Alt-Property of computed inverses. For well-
conditioned matrices X it means practically the Conj-Property of G. But
also for badly conditioned matrices X we can check directly that frequently
both residuals ||GX — I||p,||XG — I||F are small (are bounded by exg), see
[2], [10]. That means that G has the Conj-Property in spite of (4.7) with
large c.

J.H. Wilkinson explained this phenomenon, in [10, pp. 110-111], show-
ing that the matrix G (computed via GEPP-factorization by A-method, see
[2]) has the NC-Property provided the triangular systems — involved in the
computation of G from GEPP — are solved to high accuracy. This happens
frequently but not always. It seems probable that this is the only reason why
happens the Conj-Property of inverses computed wvia GEPP-factorization.
Let us express it as follows:

W-conjecture. If an inverse G computed via GEPP-factorization of X has
the Conj-Property then, probably, G has also the (stronger) NC-Property.

The experiments of subsection 4.5 and all our experiments with GEPP-
inversion seem to justify the W-conjecture.

12



4.3 HS with inverses not always satisfying (2.3)

In (2.3) we postulate in fact the NC-property (4.4) of all computed inverses
Gy of X,k =0,....1 — 1. Hence , see remark 2.4 (iii), the NC-property
of all {Gy} is sufficient for good behaviour of the HS-process with practical
scaling.

The problem is whether the inverses Gy not satisfying (2.3) can spoil
(and how much?) the quality of the computed unitary factor U?

We will consider only the case of G with Alt-Property (this includes
the Conj-Property and NC-Property as special subcases). Let us incorpo-
rate these eventual deviations (from the normality of (2.3)) into our general
description of HS.

Let assume hence the relations

Xk:Xk—l-Ak, Xk_lsz—FA;g (4.8)

and let us introduce the quantities (in general: false epsilons): éggk) df

_ (k) df _ _
ALFIXelSY e S (1aglel X"

Let us assume further the relations: ¢, > 1, eé, < 1, ¢ df condg(f(k).
We present below a simplified version of theorem 4.1 in [9], using an approz-
imate equality a ~ b (a,b nonnegative) meaning any of the following three
possibilities:

la —b] < O(¢g), |la—b| < O(eé) max{a,b}, |a—0b| < O(é,;l) max{a, b}.

Theorem 4.1. The only minimizer Ay of the linear functional

X GL - X tAX !
(,Dk(A)g max HéHF,H k k k k HF
AeCnxn ||Xk||2 ||Gk||2

defines in (4.8) the nonsingular matrix X}, and the matrix A} such that the
following relations hold:

df o . . L df
¢, = condy(Xy) =~ ¢k, sg’“) ~ Eék) ~ Qr = pr(Ax).
Introducing the quantities, see (3.1):
5](€A) 4 1nin {e,iL), elgR)} , é,iA) A nax {e,iL), e,iR)} , e](:) = e]gL)e,iR),

we specify ¢ according to the assumed property of Gg:

13



(i) If Gk has the Al1t-Only-Property then ¢ = @,&Alt) where

Ly < g < 1 o 12 ¢ 1) (4.9)

<A
2k \/_ V2 F

A(c i)

(ii) If G has the Conj-Only-Property then ¢ = where
1 ~(Con I df
56l(f ) < 4,0( 3) < \/_ ( ) 1/2 E}({) df eé). (4.10)
(NC) (NC)

(iii) If Gy has the NC-Property then ¢y, = ¢, ~ where ¢, < max{e,, g4}

If matrices G, Giy1 can have the A1t — or Conj — or NC-Property
then the bound £ in the relevant relations of section 2 must be replaced

with &: &5 dt 20k + Pra1 + 3v/nv. But for important recursive formulas
(2.20), (2.21) we should rather choose the presentation exposing the poten-
tially dominating terms. For example, when &, < 1, Hy11 € HPD and Gy,
has the A1t-Only-Property or the Conj-Only-Property, let us choose the
presentation:

O = | | + 01@k1] + 05|01 + OW)| |Xkrks 05, 0% € [—1,1],

where gpk = ||Ak7k + A~ p(2f5) 7L Closer examination of the matrices
Ay, A} shows that the following bounds (respectively) hold:

Qb]iAlt C,D ,S\/_SD (Alt) or 90 (COI’I_]) (411)

Hence in the case of distinctly A1t-Only-Property of G (when élgA) >
max{Pk+1,0x+1}) the relation

1
A) = 3 max{ek ),e,iR)} (4.12)

is inevitable, see (4.9).

Conclusion 4.1. The rounding errors in the computation of Gj with
Alt-Only- or Conj-Only-Property are dangerous.

14



4.4 Experiments with inverses GG}, having the A1t-Only-Property

We apply here in HS the practical-scaling and the computation of the inverses
G}, via GEPP-factorization of X}, (versions LRS - or RRS-stable).

In example 3.1 we presented already such experiment with the 10 x 10
matrix A; = tril(rand(10))%rand(U)), see [2].

Example 4.1. The matrices H passed the positivity test only in examples
(i), (ii) below. Matrices Ag, A4 are defined in [2].

(i) The results for Ay = AT, Ag = 6.2 x 10716 are presented in table 4.1.

Table 4.1
Ck e,iL) e,iR) Sk
8.75e + 14x 8.79¢ — 09 3.25¢ — 17+ 5.45e¢ — 09
1.86e +06 5.57¢e —15 6.12¢ — 17« 2.69e — 15
2.96e +02 6.39e —16 3.46e — 16 3.46e — 16

N = O I

(ii) Table 4.2 includes the results for n = 15, A3 = rand(Q)qr(vand(15)),
A =9.17 x 10719,

Table 4.2
Cl 6,(€L) 6,(€R) Sk

1.58¢ +13 3.68e —17x 3.9le —14 2.13e — 14
1.11e + 06 8.92e — 17+ 1.65e —14 8.23e — 15
4.82e+4+02 1.38¢—-16 1.2le—15 7.12¢ —16
1.15e +01 2.22e —16 3.0le —16 5.47e — 16

W N~ O

(iii) In table 4.3 we give the results for n = 25, 44 = rand(Q)qr(vand(25)),
Ajp =246 x 1071,

Table 4.3
Cl 6,(€L) 6,(€R) Sk

1.87e + 18! 2.93e — 17+ 1.39e — 10 8.55e — 11
4.25e + 08 8.65e — 17+ 1.67e —12 7.67e — 13
1.10e +04 1.15e —16 6.69¢ — 15 3.75e — 15
5.26e+01 3.47¢e—16 6.38¢—16 1.09¢ — 15

W N~ O
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Remarks 4.1.

(i) For example (i) see remarks 3.1 (i), (ii).
(ii) In examples (ii), (iii) Gp and G; have the LRS-Only-Property.

(iii) Notice that the relation (4.12) is clearly demonstrated for k = 0 in all
tests of example 3.1 and example 4.1.

4.5 Experiments with inverses GG, having the Conj-Only-Property

We apply here in HS the optimal-scaling and the procedure INVCONJ(X)

yielding (via SVD of X') the computed inverse G of X with Conj-Property (if

possible: with Conj-Only-Property), see subsection 4.5 in [9]. We present
(s)

below the experiments with matrices Ay = Psdiag(o; )QT € R™™ for s =

5,6,7 (Ps,Qs orthogonal, random). In all these experiments the relative
residuals e,gL), e,(CR) are not exceeding 2.7 x 107°. Hence we present only the
quantities ¢y, ci/ 2, Sk, my,, where my is the number of singular values {&Z(k)}
of X}, close to G, df (&ﬁ’fgxc}fr’fi’n> 2 (with Ay € R™ " the rounding errors in
Gy with Conj-Only-Property are dangerous only when my > 2 holds, see
subsection 4.5 in [9]).

Examples 4.2. In experiments below all matrices H passed the positivity
test.

(i) In table 4.4 we present the results for n = 6, Ag = 5.76 x 1071% and
(o™} = {107, v/2 x 107,1,1,/5 x 108,107}
Table 4.4

Ck, VCk Ok My
1.00e + 14 1.00e + 07 5.49¢ —10 2
5.06e +06 2.25e+03 1.0le—13 2
1.06e + 03 3.26e +01 8.74e — 16 —

N = O3

(ii) In table 4.5 we present the results for n = 20, Ag = 1.99 x 10~'% and

{91 = {10,107, ...,107, 1}.

16



Table 4.5

k Ck \/@ (5k m
0 9.99 +13 1.00e+07 7.04e—09 18
1 517e+06 227e+4+03 1.72e —15 —

(i) In table 4.6 we present the results for n = 20, Ag = 1.87 x 10~'% and
ol = (101191 (i =1,...,20).
Table 4.6

Ck VCk Ok un
1.00e + 14 1.00e + 07 4.39¢ — 10
3.6le+06 1.90e+ 03 1.3le —13
7.27e +02 8.50e + 01 6.62¢ — 15
1.35e + 01 3.07e +00 2.10e — 15

W N~ O
NN

Remark 4.2. The experimental results presented above are evidently consis-
tent with the bounds (4.11), (4.10).

5 The problems of scaling

Assuming: & < 1, Hyq € HPD and Gi, Gy satisfying (2.3), we can use
the simplified form of recursion, see (2.21),

O ~ |01 + ekl 2 S xares Jeh] <&

where: v, < 1rp = max{L, (cx + pe)(ewpr + 1)}, on = (y/ P2 If
Ve K Véom) and ¢ > 1 then r; > 1 holds. Though x; tends to decrease
with pg, see theorem 2.2 in [9], it can happen that also z; > 1 holds, what
implies 0 > dp+1. That is the problem of too small scaling parameters.

This can happen in one step, but also in several consecutive steps, when
z > 1,251 > 1,... holds.

In HS with practical scaling r;, < v/n holds, hence the danger is not very
serious. What’s more: all known experiments seem to indicate that HS with
practical-scaling is immune to the danger of too small scaling parameters:

the relation =z &t XeTk S 1is always observed. Section 5 in [9] proposes an
ezxplanation for this phenomenon.
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But for drastically small scaling parameters the danger of zi > 1 really
exists!

Example 5.1. For a random 10 x 10 matrix Ag we apply the HS-process
with GECP matrix-inversion and — essentially — (F)-scaling, introducing “ar-
tificially” very small v, for & = 0,2,4. The results are presented in table
5.1. We additionally compute the quantities Y df 5krl;1(5k+1 +10716)~1
(probably lower bounds on xj). Matrix H passed the positivity test.

Table 5.1
k Ck Pk Tk Ok Xk
0 9.6le+ 14x 8.21e —05% 1.21e +04%x 3.96e —13 0.0013
1 1.12¢e+09 1.12¢+00 1 2.46e — 14 0.422
2 117¢+04 127¢e—04 5.13e+03 5.85e—14 0.013
3 5.17¢e+03 1.08¢+ 00 1 6.7le — 16  0.647
4 3.15¢e+01 3.25¢e—02 1.55e+01 8&.36e—16 0.154
5 1.64e+01 1.37¢+ 00 1 1.51e — 16 0.302
Remarks 5.1.

(i) Table 5.1 demonstrates the tendency of xj to decrease with p.

(i) Very small pi (hence large 7%, (2.9)) retard the decreasing of {c}, see
relations (2.10), (2.11).

(iii) Section 5 in [9] presents more examples of this type.

Another problem is the influence of scaling on the effectiveness of the
HS-process. Both considered above ways of practical scaling have two ad-
vantages:

— for large n, say n > 10, the cost of computing of {74} is negligible (with
respect to the cost of the matrix-inversion),

— there is a chance of accelerating the convergence when there are large
gaps in the spectrum of singular values of A.

The following way of quasi-optimal scaling:
e choose positive quantities ag, by such that ag < 0;(A) < by holds,
e compute: pg = by/ao, ’y(()Q) := (ap\/fi0) !, and for k > 0

1/2 —-1/2 —-1/2
T (T Ve N L R T

guarantees the first advantage for all n; however, it does not have the second
advantage.
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6 The switching criteria in HS

In our experiments, aimed to study the problems of sections 4 and 5, we
tested additionally the criteria (proposed in [4], [7], [8]) for accepting the
last computed iterate as the computed unitary factor U. We tested also the
criteria (proposed in [4], [8]) for switching from (1,00)-scaling to unscaled
iterations. Section 6 in [9] presents the details of these tests. One of the

conclusions is presented in section 7 (iii).

7 Final conclusions

(i) Matrix-inversion in the HS-process should yield the computed inverse
G of the matrix X (the inverse of the current iterate) satisfying the
condition (2.3) (the NC-property). This property is warranted by the
inversion via GECP-triangularization of X. Using in HS the standard
inversion via GEPP, see [2], can fail, yielding for some special matrices
A a poor unitary factor U. This will never occur for well-conditioned
matrices A, say: conds(4) < 102

(ii) Using in the HS-process a good matrix-inversion, see (i), and either (F)-
scaling [7] or (1,00)-scaling [4] (with appropriate switch to unscaled
iterations) practically guarantees good quality of the computed unitary
factor U of A (the same quality, as yields the unitary factor computed
via SVD of A).

(iii) A~n appropriate stopping criterion in most cases guarantees that U=
X is the first iterate reaching the limiting accuracy. With the stopping
criterion in [4] frequently one redundant step is performed.

(iv) The formal cost (the number of arithmetic operations) of the HS-process
in the standard-double precision is at most of the same order as for
SVD (is smaller for well-conditioned matrices or matrices with large
gap in the spectrum of the singular values).

(v) Using in the HS-process scaling parameters {7} distinctly larger or
smaller than the optimal ones, see relations (2.9) and (2.10), can spoil
the convergence. Using {v;} distinctly smaller is spoiling also the
quality of U as an approximate unitary factor of A. Practical scaling,
see (iii), is not involving such impendency.
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Theorem A1.1. Let assume that the GECP-process for n xn matrix X yields
the permutation matrices P, Pr, and lower and upper triangular matrices
L = tril(L) = [l;], R = triu(R) = [ri;], respectively, such that the following
relations hold:

PL(X+A)PL = L-R, ||A]| < e||X]||, 74 # 0,1 = 1 for every i. (Al.1)

Let G be the inverse of X, computed by the B-method via GECP of X (that
means: from the factors P, Pr, L, R). Then the matrix G satisfies the

relations:
G+A'=(X+a)", (A <glaGl, (A1.2)

where e,, €4 are modest multiples of v (the computing precision).
Proof. We will use here the co-norm of matrices: ||-|| = ||-||co. Not lessening
the generality of considerations let assume P, = I = Pg. Let introduce the

matrices
D L diag(ry;), UL DR = [uy). (A1.3)

The GECP process guarantees the relations for every 1, j:
li=ui =1, |l <1, Juy| <1,
what implies the bounds:
ILIl <, U<, (LY <277, U7 <2t (A1.4)
Let present the B-method as following two assignment-statements:
Vi=R"' G:=VsL" (A1.5)

Let v;-f, g{ be the i-th rows of V' and G, respectively. Row-wise implemen-

tation of (A1.5) amounts to solving the following triangular equations:

Tp ! T Tr L T
VZR:eZ, gZL:VZ (Z:17...,n)7

where e is the i-th row of the identity matrix. The computed solutions
v;, g; of these equations satisfy the equalities

vI(R+6R;) = el

(e

gl (L +0L;) = v/, (A1.6)

where the perturbation matrices §R;,dL; (equivalent to rounding-errors in
the solving algorithms) are bounded:

6R;| < ve|R|, |6L;| < velL|. (A1.7)
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(c ~ 1, if “inner products” are cumulated on higher-precision variable, oth-
erwise ¢ = n.)
Let rewrite the equalities (A1.6) in the form

vIR=el(I+®)!, gl(I+W,)=vIL", (A1.8)

where, with 6U; af D71$R;, see (A1.3),

& ¥ R1sRr, = tou;, W, Lsr,Lt. (A1.9)

(We assume ||®;|| < 1, since ||®;|| < ven2n!, see (Al.4), is for large n

practically always a severe overbound.)
All row-equalities (A1.8) can be presented in the matrix form:

VR=I-®, G+A,=VL, (A1.10)

where [using the equality (I + ®)~' = I — ®(I 4+ ®)~'] the i-th row of & is
equal to el ®;(I + ®;)~1, and the i-th row of A} is equal to g/ ¥;. From
(A1.4), (A1.7), (A1.9) follow the bounds

18] <er(1—e)h, JlAdl<allGll, e Even2n !, (A1.11)
From (Al.1), (A1.10), (A1.11) we obtain ultimately
G+A =(X+A)1 A < ven2™||G]], (A1.12)

where A’ & Al + & — &)1 (G + A}), what completes the proof. O

Remarks A.1.

(i) Relations (A1.1) are satisfied for any sufficiently well-conditioned matrix
X. But simple modification of GECP guarantees (A1.1) (with e, being
a modest multiple of v) for any matrix X # 0. This allows us to apply
the HS-process also for such matrices.

(ii) Let’s note that ||A’|| ~ max; ||gl 6L;L~! + el U~16U;G|| and that the
bounds (A1.4) on [|[L7!|| and ||[U~!|| are for larger n practically never
approached. Hence in most cases (Al1.12) is a severe overbound on
||A’||. We can expect that €, in (A1.2) is practically always a modest

multiple of v.

(iii) In [10, pp. 110-111] Wilkinson proves the NC-property (A1.2) of the
matrix G, computed via GEPP by the A-method, see [2], under assump-
tions that all involved triangular systems are solved to high accuracy.
Since in the case of GECP this condition is always satisfied hence theo-
rem A.l is valid also for the A-method.
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