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A=UH

A —n Xn, complex, nonsingular

U - unitary

H - Hermitian positive definite



Algorithms
Xg=A
lim X, =U
k— 00

1
H=U"A= Q(UHA+AHU)

Bjorck - Bowie 1971

Higham (Newton) 1986

Higham - Schreiber (schulz) 1990
Gander (Halley) 1990

Higham - Papadimitriou (1994)

(parallel)



Singular value decomposition

A=PrYX0". nxn

P, () - unitary

> = diag (o)

U=rof, H=020"



Higham 1986

Xo= A
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(a) n = 20, A - close to orthogonal
matrix;
o1 = 1.0001, o9 =1;
(b) n = 20,
=1fori=1,...,10,
= 2 for ¢ = 11 .20,

(c)n:2 o; =1
(d) n =20, o; =1
(e)n=20, o;=2"

(f) n=10,A = QR®
(g) n=10,A = LR®

(h) n =20, A - Hilbert matrix.

(f), (g) - Du Croz, Higham



condition numbers
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1.60 x 10°
5.24 % 10°
6.40 x 1013
2.17 x 1014
1.43 x 1018

1.0

1.0

0.66

1.18 x 1071
3.33 x 1071
3.12 x 107
6.84 x 10°
5.76 x 1017

Herm. factor is well-conditioned

cond(A) = || A5 |41

k(U) =

2

Un—l(A) T Un(A)

two smallest singular values




numbers of iterations for HS-G
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1,
1 = Xyl < 0.01



Error analysis of Higham’s
method

Acceptable factors
from polar decomposition of A

|UHT 1) < &

N

1 - N
HA = Q(UHA-I—AHU)

H 4 - positive-definite

A~ UH 4|l < «1]A]

1
X = i(y +Y ™) > Xpy

Y =y Xy,
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Under some assumptions if an unitary
matrix U and

1 A N
Hy = 2(UHX + X0
are exact polar factors for a matrix close
to X

X = ;(Y +y—H)
then U and
Hy = ;(UHY + YD)
are exact polar factors for a matrix close

to Y.

Reverse induction

11



model of matrix inversion

G - numericaly computed Y 1

AN AN

G=Y '4+F Y=Y+E

1El <ellYl], [[F]] < e|G]
right, left residuals

YG = I|] <e|[Y]] |G
|GY — I|| < eq|[Y]] |G

1EIl < e[Vl |[F]] < el [Y]]
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HS-G - Gauss elimination with partial
pivoting

HS-QR - ()R decomposition

HS-QRP - ()R decomposition with

column pivoting

1 1
Xpg1 = i(Vka + %Xk )
X = QL

| 1y
Xp+1 = QQ/@[’W@R/@ + %Rk ]

7}({1,0@) — R instead of X}
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. Allr
(e) o =2 n = 20
HS-G 5.63 x 10710
HS-QR 7.53 x 10710
HS-QRP 8.64 x 10710
(f) A=QR° n = 10
HS-G 2.34 x 10707
HS-QR 1.64 x 1078
HS-QRP 4.58 x 10710
(g) A — LR8 H was not positive-def. T) =— ].O
HS-G 1.51 x 107Y7
HS-QR 2.44 x 107
HS-QRP 5.29 x 10710
(h) Hilbert n = 20
HS-G 1.59 x 10713
HS-QR 8.35 x 1071
HS-QRP 8.17 x 1071




N

H;=(1/2)(U' X; + X U)

aj = ||X; = UH||p/|| X F

c; = conda(X)

|| Xk Gy = 1||F

- _ NGrpXy = Il|F
GlF 11Xkl

NGl 1 XKl F

L
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Additional results for matrb%%
A = QR® and HS-QR with 7™

Ck

QO

Tk

Ly

1013
100
102
3.81
1.68
1.03

1.6 x 107U
4.2 x 10716
3.5 x 10718
4.4 x 10716
3.3 x 10710
3.4 x 10716

4x 10~

1.6 x 1017
1.5 x 10717
2.3 x 10717
2.8 x 10717
2.2 x 10718

1.5 x 10798
1.2 x 10718
8.3 x 1018
1.8 x 10717
3.4 x 10717
3.2 x 10718
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Additional results for matrix A = LRS

and HS-G with

)

a;

Tk

i

1014
109
102
101

1.5 x 107Y7
4.0 x 10714
5.9 x 1010
1.8 x 10716
2.1 x 1016

8.9 x 10~ 1Y
1.7 x 10717
1.8 x 1017
3.5 x 10717
9.2 x 10717

1.6 x 107Y7
2.1 x 10~ 14
1.4 x 10710
7.3 x 10717
9.2 x 10717

REMARK. Computed Hermitian fac-

tor of the matrix of A is not positive
definite.
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AN

C' = max{p, 1/p} condy(Y")
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Mz}in lemma
If U - unitary, X, Y - given

Y =Y 4AY, [|AY|[r <el|[V]]

X =12y +v1)

Hy = (U X +X"0) —psd

1
2

1X — X||F < &9l |X]]2

|X — UHx||F < e3][X]]2

[51 + €9 + 53(1 + 52)0] <1

€9 + €3 < 0.004
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Umm(Y) = max{l, /0}0_1/2

then

1 . .
ffyf::2(lf§/}{%—}flf[{) is positive def.

Y — UHy||p < egl|Y]]

g N g9+ e3(1 4 &9)
- 1—e; min{l, p}(1 —ey)

4 X

114 3(eg +e3+ 8283)\/6]
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AN

U:=X;, X;— computed by HS

N

1 -« N
H, = Q(UHXkJrX,fIU)
k=11-—1,....0

Reverse induction
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