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Models of matrix inversion

Let G — computed inverse of nonsingular X

Numerical correctness — NC property

G+AG=(X+AX)"

I1AX]| < ex[X]],  |IAG]] < &gl|G]
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Numerical correct algorithm for A~}

Byers, Xu (2008) — rounding error of
bidiagonal reduction-based algorithm

o compute A = UBV" where U, V unitary,
B bidiagonal

e solve BY = U"

o compute G = VY.

too expensive
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Models of matrix inversion — continuation

Numerical stability

1G — X7H|r < elIX]]2lIG]l2

Left and right residual stability

16X = I[|F < el X[L2]|Gl]2
IXG —I[|r < el|X]2[| G|

Combined properties — ALT and CONJ

A1t LIRS or RRS, (left or right residual)

Conj 4 LRS and RRS, (left and right residual)
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NC = Conj = Alt =—> NS

16X — 1]l
IXG — 1][F

X[ 2] Gl[211XG — 1[F
X[ |2l Gl[2l|GX — 1|

NN

cond(X) = [|X]| [|X~1]]

Remark. For small ||X||2]|G||2, say < 10, NS implies NC.
Hence all listed properties of G can differ distinctly only when
cond(X) is large.
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Artificial example

X = diag(c,v6,1), G=X1+A, |A|<Z |

/ 3

c>1, ecxl, €=
1—=¢c

For the properties NC, LRS, RRS, Conj of G we obtain the
following upper bounds Z on elements of |A|:

c ¢c c 1 Ve ¢
Zis=¢ | c c c|, Zus=¢|1 c c|,
c ¢c c 1 Ve ¢
1 1 1 1 1 1
Zpps = g’ \/E \/E \/E ) ZConj =& |1 \/E \/E
c ¢ ¢ 1 Ve ¢
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Artificial example — continuation

Numerical correctness — NC property

G+AG=(X+AX)"

IAX]] < exl| X[, [[AG]] < egl|G]

Ex tEgtexeg < e

ZNC =

~1/2 1 g
e c Ve | +

[HE Gy T G T
[HE Gy T G T
[ HEE Gy T G T

1 1
1 e
Ve ¢
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Inverting matrix

J.J. Du Croz, N.J. Higham, Stability of methods for
matrix inversion, IMA J. Numer. Anal. 12 (1992), 1-19.

A= LU, X =A1
Method A: solve
Ax;=¢, j=1,...,n

Method B: compute U~! and solve
XL= U1

Method C: solve UXL = [.

Method D: compute L~ and U!,
form A=t = U111,
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GEPP — Gauss elimination with partial pivoting

Wilkinson

Wilkinson explained that computed via GEPP
inverse G has NC-property (numerical
correctenss) provided the triangular systems
involved in GEPP are solved to high accuracy.

This happens frequently, but not always.

A-method
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GAUSS with complete pivoting

G inverse of X computed by B-method via GECP

Then there exist A and A’ such that
G+A =(X+A)T, [|A']] < g|G], A < exl|X]|

where ¢, is practically modest multiple computing precision
(theoretically it depends on 2", n order of X).

AK, PZ, KZ, Higham's scaled method for polar
decomposition and numerical matrix-inversion, Report P-045,
Wroctaw, July 2007.

QR with column pivoting
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Polar decomposition
A= UH

A€ C™"  nonsingular

U - unitary, H - Hermitian positive definite
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Higham's method for polar decomposition

1 1
X1 = 5(’Vka +—X. ), Xo=A
Yk

vk — scaling parameters

Interpretation (for v, = 1):

Newton's method applied to scalar equation 1 — s? = 0 with
initial points sy = 0;(A) singular values

N.J. Higham, Computing the polar decomposition - with
applications, SIAM J. Sci. Stat. Comput. 7 (1986),
1160-1173.



Scaling parameters

Optimal scalmg
(opt)
K Voma( Xk)Umin(Xk)

Practical scaling

-1 -1
Se0) 4 [ X 1 e
k Xl TXiloo
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R. Byers, H. Xu, A new scaling for Newton's iteration for
the polar decompositionand its backward stability,
SIAM J. Matrix Anal. Appl. 30 (2008), 822-834.

New scaling

Kietbasinski 1996-1998
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W-conjecture

If computed via GEPP inverse G of X has
CONJ-property, then G has, probably,
stronger property NC.

Our numerical experiments with Higham's method

for computing U from polar decomposition A = UH
seem to justify W-conjecture.
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Purpose of numerical experiments

G computed inverse of X

Alt-only property:
[|XG — I|| or ||GX — I]| small, but not both

CONJ-only-property:
||XG — 1|| and ||GX — I|| small, but condition
G+ AG = (X + AX) ! is not satisfied.

Remark. Rounding errors in computation of G with
ALT-only or CONJ-only are dangerous in
Higham's method for polar decomposition.
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Numerical experiments with Higham's method

Double sweep-process

@ In the first sweep we compute X, for k =0,1,...,/— 1.

o U=X, computed in the first sweep, will be used in the
second sweep for computing

1 Xk — UM || 1 /=7 TP
5 = W0 — ZTklIF H:—(UX+X U)
X AN
@ In the second sweep we compute also
¢k = condp(Xy) or ¢, —1

w _ I = GXillr Ry _ I — XkGillF
P AT AT R TRV i
[1Xi[21] Giel |2 [ Xkl|2] Gkl 2
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Examples — Alt-Only property

GEPP,

A= L8R,

n=10

L, R — random lower, upper triangular

Ck—].

AR

o

Ok

O ~NOO1T B~ WDN R O X

8.74e + 14x
1.66e + 06
7.56e + 02
1.19e +01
1.17e + 00
8.38e — 02
1.51e — 03
7.0le — 07
2.46e — 13

3.10e — 17
3.28e — 17
5.90e — 17
1.07e — 16
2.97e — 16
5.08e — 16
5.74e — 16
5.35e — 16
484e — 16

8.72e — 09
1.96e — 15
7.52e — 16
1.44e — 16
2.95e — 16
5.16e — 16
5.74e — 16
5.35e — 16
4.84e — 16

5.12e — 09
1.19¢ — 15
4.09¢e — 16
2.68e — 16
2.80e — 16
3.43e — 16
3.40e — 16
2.64e — 16
1.80e — 16
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Examples - continuation:  ALT-only

n =15,

A = rand(Q)qr(vand(15))

Ck

o

&

Ok

W N - O Xx

1.58e + 13
1.11e + 06
4.82e + 02
1.15e + 01

3.68e — 17x%
8.92e — 17x
1.38e — 16
2.22¢ — 16

3.91le — 14
1.65e — 14
1.21e — 15
3.0le — 16

2.13e — 14
8.23e — 15
7.12e — 16
5.47e¢ — 16

n =25,

A = rand(Q)qr(vand(25))

Ck

o

o

Ok

k
0
1
2
3

1.87e + 18!
4.25e + 08
1.10e + 04
5.26e 4+ 01

2.93e — 17
8.65e — 17x
1.15e — 16
3.47¢ — 16

1.39e — 10
1.67e — 12
6.69¢ — 15
6.38e — 16

8.55e — 11
7.67e — 13
3.75e — 15
1.09e — 15
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Conj-only property,

e,((L), e,ER) <2.7x10715

my — number of singular values of X, close to al(Xk)a,,(Xk)J

A = Pdiag(a;)Q"

n==6

{o;} = {107, /2 x 107,1,1,1/5 x 10-8,107}
k Cik (Sk my
0]1.00e+14|549e—-10| 2
1]|5.06e+06|1.0le—13]| 2
2 |1.06e+03|8.74e — 16 | —

n=20

{o;} = {10%,107,...,107,1}
k Ck 5;( my
0]9.99¢+13|7.04e —09 | 18
1[517e+06|1.72¢e — 15| —
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@ Higham's method with GEPP can fail, yielding for some
special matrices A a poor unitary factor U. This will
never occur for well-conditioned A.

@ Using v, distinctly smaller than 7,((°pt) is spoiling quality

of computed U:
Tk
Pk = /y/((Opt) .
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Higham's method — rounding error analysis

o Kietbasinski, Zietak, Numer. Algor. 2003
e Byers, Xu, SIMAX 2008

Comparison

o Byers and Xu apply the same model
of matrix inversion as AK and KZ.

o Byers and Xu — first order error analysis.
o AK and KZ — Wilkinson's analysis.
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Byers and Xu apply

AN

Xi = Xi + 0(e), Xk — computed

under assumption

c(n)condy(A)e < 1, € — machine epsilon

Doubts: 0(£2) can be skipped???

0(c) depends on  g[cond(A)]¥? for k =1
0(e) >> 1, Proof not completed???
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Open question: who is in this picture?
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Answer

Krystyna Zietak
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Thank you for your attention!! |
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