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Matrix nearness problem

� determine formula for d(A)

� determineX=A+Emin

� is X unique?

� develop algorithms for computing / estimating d(A) andX

Higham (1989)

{ } SASEAEAd ∈∈+=    ,  Pproperty  has : min)(

TASKS:

P: e.g. symmetry, positive semi-definiteness, unitarity
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Notation

The norm is unitarily invariant iff ||||  |||| UAVA =
and for all unitary matrices U, V

� unitarily invariant norm

for all A

� normal matrices: XXXX HH =

� spectrum of the matrixX: the set of its eigenvalues -
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Notation – cont.

�(�) – the set of all complex matrices of order n
with spectrum in �

��(�) – the set of all normal matrices of order n
with spectrum in �



6

Cartesian decomposition

2
)Re(

HAA
AB

+==
i
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AC
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)Im(

−==

iCBA +=
A - arbitrary

jjj iba +=λ
H

j QaQdiagB )()( ++ =
Q – unitary

{ }jj aa ,0  max=+
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Examples of matrix approximation problems

PABA −≤− +)(

P>0
A=B+iC, normal

Halmos (1972), operator norm
Bhatia, Kittaneh (1992), unitarily invariant norms

Halmos(1974), operator norm
Bouldin (1980), cp norms,         

Bhatia (1987), unitarily invariant norms
2≥p

NAAFA −≤− )(

H
j QFQdiagAF ))(()( λ=

N   ��(�)∈

H
j QQdiagA )(λ=

A - normal

Normal approximation

∈−≤− sszzFz  ,)( �
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Examples of matrix approximation problems

( ) 2/122)( )( CIABP hs −+= η

( ){ }psdHermitian    and  :  inf)( 222/122 CIrCIrBrA −−+=η

Halmos (1972), operator norm

PAPA hs −≤− )(

0≥P

Spectral approximation

Halmos approximant

iCBA +=
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XAiCBA −≤+− +  )( )(

Re(X)>0

Halmos (1972), operator norm
Bhatia, Kittaneh (1992),unitarily invariant norms

accretive approximant

Examples of matrix approximation problems

iCBA +=
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Examples of� [ ] [ )∞== ,0or       ,       jj ba� �

� = �   �21     ×

[ ) { }0,0 ×∞� =

’the strip’

quarter

rectangular

[ ]baRF ,: →

� = �a= [ ) [ ]a,0,0 ×∞

� = �   �  = 21     × [ ) [ )∞×∞ ,0,0

� = �   �  = 21     × [ ] [ ]dcba ,, ×

( ) , 

.        

,        

,        
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Problems that are considered

XA
X

−
∈

   min
    �(�a)

XA
X

−
∈

   min
       ��(�a)

A – arbitrary

A - normal
    ⋅ - unitarily invariant norm

    ⋅ - spectral norm

Spectral approximation

Normal approximation
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Normal approximation: case�=�a

[ ] iazizzzF
++++ −−+= )(Im)(Im)(Re)(

iaICiCBAFX nl )()()()()( )()( ++++ −−+==

NAAFA −≤− )(

∈N ��(�a)

H
j QFQdiagAF ))(()( λ=

� { } 0  ,0  : ayxiyxa ≤≤≤+=

Khalil, Maher (2000)
– incorrect retraction
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Spectral approximation: case�=�a

XA
X

−
∈

   min
         �(�a)

A – arbitrary
    ⋅ - spectral norm

YA
Y

−
∈

   min
        �(�a)

� { } 0  ,0  : ayxiyxa ≤≤≤+=

21 iYYY +=
psdHermitian  - 1Y

[ ]a)σ(YY ,0   Hermitian, - 22 ∈

Khalil, Maher (2000)
generalization of the Halmos problem
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PROBLEMS...
� for X from �(�a) it is not guaranteed that
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]0076.5,0[),0[)( iA ×∞∈σ

[ ] 0076.5for    ,041425max =∉= aa . (C) λ

Example:

We do not know the spectrum of Re(A)and Im(A)
even if we know the spectrum ofA.

[ ]:,0))(Im( aX ∈σ
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PROBLEMS...
� for X from�(�a) it is not guaranteed that Re(X)is psd

Example:

















−−
+−+−
−−

=
50 3212 3112

 2610 70 3012

1110

ii

iii

ii

A

Eigenvalues:  9.8526 + 0.5593i, 0.4906 +57.4117i,  49.6568 +12.0290i

2

HAA
B

+= is not psd

Eigenvalues ofB:   -22.3348,    14.0459,    68.2889
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Spectral approximation: case�=�a � { } 0  ,0  : ayxiyxa ≤≤≤+=

YAA
Y

−=
∈

  min)(
     

δ
�(�a)

( ) ( )( ) [ ]( )






 ∈≥−−+≥−−=   0      

~
 somefor   ,0

~
   ,0

~
:  )(

2/12222 ,aCCCIrBCCIrrA� �

{ }           : )( ∈−= YYAA �(�a)�

)(     inf)(    inf)( AAA ==δ � �

21 iYYY +=
psdHermitian  - 1Y

[ ]a)σ(YY ,0  Hermitian, - 22 ∈

Khalil, Maher (2000)
their proof is valid on  the assumption that     [ ]a)σ(Ypsd HermitianYY ,0  , - , 221 ∈
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Spectral approximation: case�=�a � { } 0  ,0  : ayxiyxa ≤≤≤+=

XAXA km −≤− )(

( ) CiCCIABX km ˆˆ)(
2/122)( +





 −−+= δ

[ ]( ),aC 0    ˆ ∈� , Hermitian
∈)(kmX �(�a)

21 iXXX +=
psdHermitian  - 1X

[ ]a)σ(XX ,0   Hermitian, - 22 ∈

Khalil, Maher (2000)
their proof is valid on the assumption that

was not determined directlyĈ
[ ]a)σ(Xpsd HermitianXX ,0  , - , 221 ∈
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PROBLEMS...

















+
















=+==
410

141

014

631

321

111

iiCBAX

� does not hold for allX �(�a)XAXA km −≤− )( ∈

Example:

( ) 5.0076(A)Immax == ja λ

-01)( 104.0666×=−<− kmXAXA
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� computing

FindingX(km)

)(ˆ CFC =

� computing          for 
~ )(hsP CiA ˆ−

� computing CiPX hskm ˆ~ )()( +=

Higham’s algorithm

- best approx. ofC by Hermitian psd 
with spectrum in [0,a]

Ĉ
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Algorithm for spectral approximation: case �=�a

modified algorithm of Higham (1988)

,    n nA ×∈	Input:: 1<f – relative error tolerance,tol – absolute error tolerance

Output: { }tolfA ,max2)( such that   0, ααβδαβα +≤≤≤≥
β=−∈ XAX   such that       �a
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Algorithm for spectral approximation: case �=�a

( )( ) HUiIBUX  ˆ2/12 Λ+Λ−+= β

( ) ( )

[ ]
( )
( ) { }

( )
( )

r;:  else   : then psd is    if        

;:        

;2        

do    ,max2/   while

goto and   : then psd is   B  if

;,   form

;:

;:   ;ˆ:   );(:ˆ

;:

);2/(   ;2/:

2/12

2/12

2

==
Λ−+=

+=
>−

=Λ−+

=
Λ=ΛΛ−Λ=ΛΛ=Λ

Λ=

−=+=
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ααβ
αβα
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rG

IrBG
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Example: 1010    ×∈A 	 – random matrix

0→a

1410−=f

.04405371)( )( =−= hsPAAη

1.043733410-3

1.044021610-4

1.044050510-5

1.044053410-6

1.044053710-8

1.040932210-2

1.019899710-1

a )(kmXA−

( ) 2/122)( )( CIABP hs −+= η

)(

         

   min hs

X

PAXA −=−
∈�(�a)

for a=0:
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Example 55    ×∈A 	 – random normal matrix, random eig. 1410−=f
3=a

( ) H
jjj

nl QiabibaQdiagX  )()( ++++ −−+=

( ) CiCCIABX km ˆˆ)(
2/122)( +





 −−+= δ

)( )(km
j Xλ

i1600 108386.1103432.4 −+ ×+×

i1601 101693.5100877.1 −+ ×−×
i0100 100708.8106561.8 −+ ×+×
i1600 102966.6109185.9 −+ ×+×
i1500 102479.2100693.6 −+ ×+×

)( )(nl
j Xλ

i1600 104483.4103647.7 −+ ×+×

i1616 100208.2102480.5 −− ×−×−
i0101 100708.8104284.5 −− ×+×
i1600 104515.3107973.2 −+ ×−×
i1600 109814.5100693.6 −+ ×−×

 )()( kmnl XAXA −=−

)()( kmnl XX ≠
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Remark:
� algorithm can be applied for

XA
X

−
∈

   min
         �(�)

� = �   �  = 21     × [ ) [ )∞×∞ ,0,0

21 iXXX +=

psdHermitian  - , 21 XX
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Future generalization – numerical range approximation

A - arbitrary

A - normal

�(�) – the set of all complex matrices of order n with their numerical range in �

��(�) – the set of all normal matrices of order n with their numerical range in �

XA
X

−
∈            
inf
�(�)

XA
X

−
∈

  inf
           ��(�)
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1. 2 problems of approximation of matrices were 
considered:
� Approximation of normal matrices by normal matrices with 

the spectrum in a strip
� Approximation of matrices by matrices

2. Results of Khalil and Maher were corrected and 
completed

3. Algorithm for computing Khalil and Maher’s 
approximant was presented

Summary

 ,21 iXXX +=
[ ]aXX ,0)(  ,0  21 ∈≥ σ
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Thank you for your attention


