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Sector regions - p integer




Scalar p-sector function

sect,(z) is the nearest pth root of unity to z

Z

sect,(z) = e J

sectp(z) lies in the sector ® in which z is

p =2 sign function |




Matrix sector function
Shieh, Tsay, Wang (1984)

sect,A = A (\/p AP>

—1

Matrix sign function

Roberts (1980)

sign(A) = A (ﬁ)

principal pth root )




Padé iterations

e sign function
Kenney, Laub (1991)

e square root
Higham, Mackey, Mackey, Tisseur (2004)

o p-sector function and pth root
Laszkiewicz, Zietak (2009)



Padé family of iterations for matrix sector function

A A
sectp(N) = W: —
z=1 —

Xiv1 = XiRim(l = X[),  Xo=A

ka(Z) IS
[k/m] Padé approximant to  f(z) = 1




Structure-preserving rational matrix iterations

structure-preserving

Xer1 =h(Xk) €eG if Xo=AeG

G automorphism group - Higham, Mackey, Tisseur 2004

ap + alxt N 32X2t + e+ akat

a + ap_1xt + ak_2X2t + -0+ aoXkF

then structure-preserving in G.




Automorphism groups G

A= MTTATM, or A*=M1A*M, adjoint
G={A: A=A

bilinear (real or complex) or sesquilinear forms

<x,y>=x"My, <x,y>=x"My




Examples of automorphism groups

oM =1, Areal G - real orthogonals

o M =1, Acomplex, G — unitaries

o M =1, Acomplex, G — complex
orthogonals

o M = J, A real G - real sympletics

o sympletics, perpletics, pseudo-unitaries, ...




Structure-preserving iterations
in automorphism groups:
o Higham Mackey, Tisseur (2004) — principal Padé
iterations for matrix sign
o lannazzo (2008)— some methods from Konig's
family of iterations for matrix sector
o Laszkiewicz-Zietak (2009) — principal Padé
iterations for matrix sector



Principal Padé iterations for sector

by means of Zeilberger algorithm

m m m!
bj(' ):<j>(2m)!p’" [T ke-1) I ke+1),

k=m—j+1 k=j+1




Pure matrix iterations, lannazzo (2008)

Xeo1 = h(Xe),  Xo = Xo(A)

h(X) does not depend on A

Corollary
If scalar Padé iterations converge to

sect,();) for every eigenvalue \;(A)
then matrix Padé iterations are
convergent to sect,(A).




Regions of convergence for p-sector

p=>5

Figure: [0/1], [0/2], [0/3]

Figure: [1/1], [1/2], [1/3]



[k/m] Padé iterations for sign (p = 2)

Kenney, Laub (1991) - local convergence for k > m — 1

1-Z| <1

|1 . Z2| < |1 |(k+m—|—1)f

lim zj = sign(zo)
Jj—o0

Global convergence for sign, [m/m], [m—1/m|



Goal:
conjecture of Laszkiewicz and Zietak (2009)

Convergence of all [k/m] Padé
iterations to p-sector for z in

{zeC: |1-2°| <1}




Conjecture has been proved

o by Gomilko, Greco, Zietak for sign (2011)

o by Gomilko, Karp, Lin, Zietak
for sector (2012)




Speed of convergence for "sector" (Gomilko,Karp,Lin,Zietak)
If |1 — 25| <1 then

11— 28] < [1 - ZgJlrmi y
where

|1 _ Z§| T a ((k+m+1)t—1)/(k+m)
M =
(a\l — 75|+ 1)

a=a(p, k,m) <1

2 _
[1/1] Halley, o = &1




o Properties of Padé approximants to
(1-— Z)_l/p

o Localization of roots of certain polynomials
(denominators of Padé approximants)

o Identities involving hypergeometric functions

o Signs of coefficients of reciprocals of some
power series and polynomials



Pkm(z)>p
1—1(1—
(=) (ka(z>

show: all Taylor coefficients are positive !

Pim(2)
ka(z)

is [k/m] Pade approximant

to
1




Comparison of two cases of [k/m] for  sign
k>m—1 and k< m-—1

Pun(2)\* Q(2) — (1 - 2)P2.(2)
1‘(1‘2)(okm(z)) - Q%.(2)

Q2 — (1— z)P? are positive

and | Qum(2)] > Qum(1), lz] < 1

for the both cases all coefficients of polynomial J

for k > m — 1 all roots of Qxn, lay in (1,00) (Kenney-Laub) ]

for k < m — 1 there are some (complex) roots outside of
(1,00) (Gomilko-Greco-Zietak) J




f(z) = ﬁ =9Ff (%,1; 1;Z>

»F1 Gauss hypergeometric function

A
sectp(A) = Y
A p
= D) = M (1= \P)



Gauss hypergeometric functions - notation

o finiz) = Sz <1

J=0

Pochhammer's symbol
(v)j=ala+1)---(a+j—-1), (a)=1L1 }




[k/m] Padé approximant to (1 — Z)—l/p

k>m-1, Wimp, Beckermann (1993)
k, m arbitrary,  Gomilko, Greco, Zietak (2011)




Properties of [k/m] Padé approximants

1-2)", 0<ox1

Kenney, Laub (1991)
If Kk > m— 1 then all poles are bigger than 1.

Gomilko, Greco, Zietak (2011)
If k < m—1 then

o k+ 1 poles are bigger than 1

o the remaining poles have moduli bigger
than 1




Roots of polynomials
w(x) = apx" 4+ ap_1 x4 -+ ag

o Kakeya: If0 < a,<a,.1 < -+ < a
then roots |rj| > 1

o GGZ (2011):
If ap > 0,
sign(a;) = (1) for j = k+2,...,n
w(x) has k + 1 roots bigger than 1
then

e remaining roots have moduli bigger than 1

o all coefficients of power series expansion of reciprocal

ﬁ are positive



Padé approximants to Stieltjes functions

Baker, Graves-Morris

Let F(z) be a Sieltjes function. Then for k > m —1

the [k/m] Padé approximant to F(z) has the power series
expansion with all coefficients positive.

Gomilko, Karp, Lin, Zietak
Every [k/m] Padé approximant to
(1—2)77, 0< o <1, has the power series

expansion with all coefficients positive.




Stieltjes functions

:idf (~2) = /1+zu

J=

©(u) bounded, nondecreasing

/ Wdo(u), finite moments
0

(j=0,1,2,...)




Reciprocal of some power series

Gomilko, Greco, Zietak 2011

Let analytical function

Hdzﬁi@ﬂ F(0) >0

have ry, ..., rx roots in (0,7),
(-1)d; >0, j>k+1

Then all coefficients of the power series expansion of the
reciprocal of F(z) are positive.

investigations initiated by Kaluza in 1928 |




|dentities for (1 — z)7, O<o<1

—c _ ppktm+l Skm(2)
(]‘ - Z) o [k/m] =D ka(Z)

1
Qi+1,m+1(2) Qu,m(2)
D>0

[k+1/m+1]—[k/m] = DZ*+*m+1



Conjecture for p-sector (Laszkiewicz, Zietak 2009)
If
79 € Ui;é {z cC: 2’”7 — 3, <arg(z) < 2’” + I

5

then [k/k] Padé |terat|on is convergent.
[1/1] Halley—true [2/2]

Greco, lannazzo, Poloni (2012)

reciprocal (dual) Padé iterations for sign




Pade iterations and its reciprocals
for sign

Greco-lannazzo-Poloni (2012)

Pim(§)/ Qum(§) is [k/m] Padé approximant
to the function (1 — &)~%/2.
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