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Abstract

We discuss a general framework for determining asymptotics
of the expected value of random variables of the form f(X)
in terms of a function f and central moments of the random
variable X . This method may be used for approximation of
entropy, inverse moments, and some statistics of discrete ran-
dom variables useful in analysis of some randomized algo-
rithms. Our approach is based on some variant of the Delta
Method of Moments. We formulate a general result for an
arbitrary distribution and next we show its specific extension
to random variables which are sums of identically distributed
independent random variables. Our method simplifies previ-
ous proofs of results of several authors and can be automated
to a large extend. We apply our method to the binomial, neg-
ative binomial, Poisson and hypergeometric distribution. We
extend the class of function for which our method is appli-
cable for some subclass of exponential functions and double
exponential function for some cases.

Keywords: Delta Method of Moment, Binomial Sums, en-
tropy, binomial distribution, Poisson distribution, negative-
binomial distribution, hypergeometric distribution

1 Introduction

Let X be a random variable with expected value p and let
f : R — R be function which is differentiable in some
neighborhood of . Our goal is to investigate the expected
value of the random variable Y = f(X), i.e., we want to
control the difference between the expected value of Y and
the number f(u).

In this paper we extend results from papers [1], [2]
and [3]. A previous approach of two authors of this paper
(see [4]) to the same problems was based on Bernstein
polynomials. The approach from this paper, based on
the Delta Method of Moments, is more general and can
be automated more easily than the previous one. Our
method works, roughly speaking, for function that has an
analytic extensions to a function of a polynomial growth
in a right half-plane of the complex plane. Due to some
algebraic properties of analyzed distributions we extend the
class of applicable function to exponential and even doubly
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exponential functions in some cases (Lemma 3.1, Lemma
3.2).

Our main results presented in this paper are based on
the Delta Method. In many cases this tool turned out to be
very useful for finding approximation of expected value of
functions of random variables in when direct calculations are
hard. The first fairly rigorous formulation of this method was
done by H. Cramer in 1946 [5], who used it for estimation of
moments of functions of samples from populations (see [6]).

Let us note that in [7] during an analysis of some
distributed algorithm for Ad Hoc networks a formula
> kst log(k) ()P (1 — p)k = logn + (p — 1)/(2np) +
O (1/n?) was used in order to build an estimator for the net-
work size. Using methods presented in this paper this kind
of formulas can be derived without difficulty. This is one of
typical application of methods from this paper for construc-
tion and analysis of algorithms.

1.1 Paper Organization In Section 2 we provide tools
that can be used for estimating the expectation of f(X)
(Theorem 2.1 and Theorem 2.2). In next sections we discuss
its applications for the binomial, Poisson, negative-binomial
and hypergeometric distributions.

1.2 Notations The expected value of a random variable
X is denoted by E[X] and its variance by var [X]. The
kth central moment of a random variable X is denoted by
pe(X), ie. p(X) = E[(X —E[X])*]. We also put
14/(X) = B [|IX ~ B[X] .

We use the abbreviation i.i.d. for “independent and
identically distributed” collection or sequence of random
variables.

By Ber(p) and Geo(p) we denote the Bernoulli and the
Geometric distributions, respectively with parameter p. By
Bin(n,p) we denote the binomial distribution with parame-
ters n and p. Similarly, by NB(k, p) we denote the negative
binomial distribution with parameters &k and p.

We denote by HGeo(n,ni,ns) the hypergeometric
distribution with parameters n,n; and ng. Le., if X

has HGeo(n,ni1,ns) distribution, then Pr(X = k) =
("?) (Z:fz) (;1) In applications parameter n denotes the

size of population, n; denotes the size of a sample, ns is the
number of marked elements in the population and X denotes
the number of marked elements in the sample.



We denote by f(*)(z) the kth derivative of the function
f at point z. In the case k = 0 we put f(©) = f. For a real
function f and A C R we put

MY (f) = sup{|f ()] = € A}
Observe that Mf)(f) = sup{|f(z)| : x € A}.

2 Delta Method of Moments

The Delta Method is a natural technique for approximating
the moments of functions of random variables based on the
Taylor formula. We prove in this section some variant of
the Delta Method which we found useful for our further
considerations. Another, less specialized, variant of this
method can be found in [8] Sec. 5.3.1.

THEOREM 2.1. Let X be a random variable and let s >
1 be a natural number. Let n = E[X]. Suppose that
po(s—1)(X) <oo. Let —oo <m <a<pu<b<M< oo
be such that Pr(m < X < M) = 1. Suppose that f is
s-times differentiable on (a,b). Then

f““
Z

where |Rg.qp| <U + W +V and

E[f(X

+R‘;aba

10U =l X>M22)b>(f)
= VPIX & (0,8) 2ich (| £ [ Viar (X))
3.V =Pr(X & (a,0) - M) 1\ 0 (-

Proof. Let A denote the event that a < X < b and let

B =Q\ A. Then
:/ f(X)dP+/ F(X)dP
A B

‘/Bf(X)dP‘ < Pr(B)- Mfﬁij]\(mb)(f).

@)  BIf(X
and
2.2)

From the Taylor formula at the point yx with the La-
grange type of the remainder we get

=1 1) (5) (*
fy =3 T o T e

k=0

where 2* = 1+ 0(x — p) for some 6 € (0, 1). Notice that if
z € (a,b) then z* € (a,b), too. Hence
(2.3)

=M
/Af(X)dP_kZ_O 5 /A(X

- /’L)k dP + Ts;a,b ’

where

< f e
M(ab) /|X ul®dP <

M, (7 /\X pl" dP = M, (1) o)

1

From the Cauchy inequality we get

2.4)

- u)’“dP‘ < [ 1olx — ultap <
B Q

1//Q |X — p|2kdP+/Pr(B)

— WP = p(X)

= /|p2kl(X)\/Pr(B

Notice finally that [, (X
p)kdP . Therefore

- JpX

Putting equalities (2.1), (2.5) and inequalities (2.2), (2.3),
(2.4) together we obtain the thesis.

Notice that for s = 3 we get from Theorem 2.1

B L)) = £) + gvar [X] 7O () + Rsas

therefore in order to apply this theorem we need the knowl-
edge of i1 (X). pa(X). |us|(X). pa(X). Pr[X € (a,b)]
and we need to estimate |f*)| on (a,b) and |f| on the set
[m, M\ (a, ).

Before we formulate next result we prove one auxiliary
lemma, which gives a bound on even moments of sums of
independent random variables.

LEMMA 2.1. Let s > 1. There exists a constant C
such that for every sequence X1,..., X, of iid. random
variables such that E [ X;] = 0 we have

n 2s
(Z Xk) <Cs-n®- ,UQS(XI) .
k=1

Proof. From Marcinkiewicz-Zygmund inequality (see [9])

we get
n 2s n s
(Z)@) < C,E (Z(XM) ] :
k=1 k=1




where Cs depends only on s. Next we use Holder inequality
with parameters (s — 1)/s and 1/s and get

D (Xi)? < <Z 1) 3 (Z(Xk)28> -

k=1

Now, we formulate a version of Theorem 2.1 for a
random variable that is a sum of i.i.d. random variables.

THEOREM 2.2. Let (Xj) be a sequence of ii.d. random
variables. Let p = E[X;1] and S, = X1 + - + X,, and
s > 1. Suppose that j145(X1) < 0o. Let —oo < m < a <
w-n <b< M < oo be such that Pr(m < S, < M) = 1.
Suppose that f is 2s-times differentiable on (a,b). Then

2s5—1 (k) n
Flumy+ Y2 L) ,f!“ )

k=2

where |Ros.qp| <U +W +V and

E [f(Sn)] = :u'k(Sn) + RQs;a,b7

2s
LU =n A - ME)(f),

2. W = By s/Pr(S, ¢ (a,b)),

3. V= M[nj M\(a, b)(f) Pr(S, ¢ (a,b))

and A, depends only on s. The term B, 5 may be bounded

by
2s—1

k
> bunt
k=0

where constants (Dy)r—o...,
ment of X.

f* (/m)‘ 7

2s—1 depends only on 2k-th mo-

Proof. 1t is clear that we may assume that ;4 = 0. We shall
apply Theorem 2.1 to the random variable S, = X; +--- +
X,,. Notice that E [S,,] = np = 0. Therefore

2s—1 (k) n
fT('ﬂ)ﬂk(Sn) + R2s;a,b

where |Ras.q5| < U+ W 4V and

l U NZS(IS"DME )(f)’

Pr(S, & (a,0)) 325 Lolm)

N2k(|Sn )

3.V =Pr(S, ¢ (a,b)) - MEﬂjM]\(a’b)(f).

From Lemma 2.1 we deduce that there exists a con-
stant Cs, depending only on s such that pss(]Sy,|)
E [(Sn)*] < Csn®pgs(X1). Therefore

Cs
U Gt s (X)MED (/) -
So, if we put A, = (Cspzs(X1))/(2s)!, then we get U <
n AMEY ().
Using once again Lemma 2.1 we deduce that there exist
constants (C)k=0,...4s—2, depending only on k such that
ok (|Sn]) < Crn® par(X1). Therefore

2s—1
F®) (un
> | E 8D <
k=0 ’
2s5—1 f(k) M"'L .
> n2\/Cen/por(X1) -
k=0

So, if we put Dy, = /C/k!\/ 2 (X1), then we get

2s—1

W < /Pr(S, € (a,b) Y Dyn®
k=0

f(’“)(un)‘ :

The last term V is in the required form. So the proof is done.

2.1 Example We will show one simple example of ap-
plication of Theorem 2.2 for the binomial distributions.
Namely, let us consider the function f(t) = log(t). We put
f(t) =0ift < 1. Let Xy,..., X, be a sequence of i.i.d.
random variables with Bernoulli distribution Ber(p), where
0 < p < 1. Then S,, follows the Binomial distribution with
parameters n and p. Notice that

)= tog) ()1 - "
k=1

Weputm = 0, M = n, a = np/2 and b = n. Then
m<S,<Madm<a<E[S,]=np<b=M. We
apply Theorem 2.2 for s = 2 and we get the approximation

(1-p)(1—2p)
3n2p2

I—p
2np

E[f(Sh)] + Ryap-

= log(np) —
We shall estimate the error term. Notice that Pr(S, ¢
(a,b)) = Pr(S, < np/2) = O(n*)* hence
M) (F)Pr(S, ¢ (a,b)) = O (log(n)n=t) = O (n~?)

*In fact, Chernoff bounds gives a much stronger result



and n? Pr(S, ¢ (a,b)) = O (n~2). Notice that f®* (z) =
(—6)x~* on the interval (a, b), so
5 6

nQMEj?b)(f) =n W =0 (n_2) ,

hence Ry;q = O (n~2). Therefore

glog(k) (Z) pF(1—p)F = 1og(np)_12%pp+o (;2) .

We get this way the first order approximation of the fourth
formula from Proposition 1 of [2].

2.2 Remarks Suppose that we consider a function f
which has an analytic continuation on a half-plane I'y, =
{z € C: R(z) > a} for some fixed a. Assume that the func-
tion f is of polynomial growth, i.e., that |f(2)| = O (]z]|%)
when |z| — oo in region I',, where « is some fixed real
number. Let (X}) be a sequence of i.i.d. random variables
such that E[X ] = u > Oandlet S, = X; +... + X,,.
Then E[S,] = nu. We deduce that if z ~ npu, then
f®)(z) = O (n>~*). This observation allows us to use The-
orem 2.2 for a large class of functions of polynomial growth.
We will illustrate this method in next sections.

3 Binomial Distribution

Let f : R — R be real valued function and let p € (0,1).
Let Z,, be random variable with Bin(n, p). Then Z,, may be
represented as a sum Z,, = X1 + ...+ X, of sequence of
independent Bernoulli trials with success probability p. Let

B(fin,p) = E[f(Z.))-

Let € > 0 be such that (1 —¢)p > 0 and (1 + ¢)p < 1.
If we apply Theorem 2.2 fora = (1 — €)np, b = (1 + €)np
and s = 3, then we get the following slightly complicated
formula:

E(Z) =3 k) )b —p)"* = flnp)+
zk: <k>p » P

2(p—1)%p? (3f(4)(np) +2(1 - 2p) f® (np)) -

(o= 1 —24° 7O (np) + 3057 £ (mp)+
36p” ) (np) — 30pf ™ (np) — 14pf® (np)+
(20 — 40p) ) (np) + 57 (np)+
£ (np) + 60f" (np) )+
Re.a,p

ﬂn

The error term R, 5 is divided into three parts. The

part Mfg)n](f) Pr(S, ¢ (a,b)) is exponentially small if

the function f is of a polynomial growth. The term

n3y/Pr(S, ¢ (a,b)) is also exponentially small. Hence,

if we are able to show that Mgg?b)(f) = O (n”), then for
the last term we get the estimation of E [Z,,] with precision
O (n*+3).

The above formula for E [Z,,] without the error term can
be easily manipulated by symbolic computation packages.
Using this method we can automatically derive all examples
from [2]. In a similar way we can derive a formula from
Corollary 2 from [3] for negative moments of the binomial
distribution. In a completely automated way (see Sec. 3.1)
we may also derive the formula for entropy of the binomial

distribution Bin(n, p):
1 1 1
(-Gra)) o Ge)
p q n
where g =1 — p.

(3.6)
H =log

The second term of expression (3.6) is in a closed
form. The same term from [1] (Theorem 2) for the entropy
of the binomial distribution contains a complicated infinite
sum containing coefficients of the expansion of the function
exp(zIn(1 + A(e¥ — 1)) — Azy) as an infinite double series
of variables x and y. In [2] the entropy of the binomial
distribution is calculated with accuracy of order O(n™1).

1
2 -
TePdt 1o,

3.1 Mathematica Code The following listing shows a
session with Mathematica package during which the entropy
for the binomial distribution was calculated.

Central moment generating function
for the binomial distribution
CMGFBin[t_ ,n_,p_J]:= (1—p + p E*t)"n/Exp[n p t]

Central ath moments of the binomial distribution
CMBin[n_,p_,a_]:= Simplify [D[CMGFBin[t,n,p],
{t,a}]/.t—>0]

Approximation Formula
AppBin[f_,n_,p_,s_]:=
Sum|[ Simplify [ Derivative[a][f][n p],n>1]
CMBin[n,p,a]/a!,{a,0,2s —1}I;

Entropy of the binomial distribution

H=AppBin|

Function [x,—Log[Gamma[n + 1 ]/(Gammal x + 1 ]JGamma[ n—x +1])
p"x (1-p)*(n—x)]T,

n.p,3];

Simplification
Simplify[Series [H,{n,\[ Infinity],2},
Assumptions —>0<p<1],0<p<l&&n>1]

1/2 (1+Log[—2 n (—1+p) p \[Pi]])+
(1-=2 p)”2/(12 (—1+p) p n)+

(—13+64 p—126 p"2+124 p"3—62 prd)/
(24 (—14p)"~2 p"2 n”2)+0[1/n]"(5/2)

Making second term more human readable
Apart[(1—-2 p)*2/((—1+p) p )I/.(—1+p)—>—¢q
4—1/p—1/q

This code may be easily reused for other functions —
for this purpose, it is sufficient to change the line containing
the formula for entropy of the binomial distribution. The
calculation of central moments of the binomial distribution
can be speeded up if we use the following recursive formula




Pnpati = p(1 — p) (d““ L% NGy, pra— 1) for central
moments.

It is also clear that the above code can be easily con-
verted to work with other distributions — it is sufficient to
replace the first line by the proper formula for generating
function of the central moments of considered distribution.

3.2 Extensions The method described above may be ex-
tended to function of the form f(z) = w(z) - a®, where
a > 0 and w is a real function for which the Delta Method
from Theorem 2.2 works.

LEMMA 3.1. Leta > 0, f(z) = ( )-a® x € (0,1) and
Ta = soi1—y Thenxq € (0,1) an
B(f?”vx) = (1 + x(a’ - 1))n8 (w;n,xa) :

Proof. Leta > 0 and x € (0,1). The condition z, €
is easy to be checked. We have

(0,1)

1

@ r =gt Simo) =

n

_ wk)ak (" )k (1 - z)ynk =
(ax +1—2z) I;J (k) (k) (1-2)
> w(

k n—k
() () () -
P ar+1—=x ar+1—=x

iw ( ) ) (1= 2a)" ™" = B(w;n,z,),

k=

O

so the lemma is proved.

As an example of application of Lemma 3.1 we consider
the formula from Section 2.1) for B (In;n,z) and from
Lemma 3.1 get

3 log(k)2" <Z> 2 (1 — z)k =

k>1
2nx 1-=2 1
ol -
dan + (n2>>

oo (o (222 -

By a double exponential function we mean a function of
the form f(z) = a(®”). Let us recall that for each a,b > 1
and ¢ > 0 we have ¢ = 0 (a*")), when n tends to infinity.

z

LEMMA 3.2. Leta,b > 1,z € (0,1), f(2) = w(z) - a®"),
where w(z) function such that 0 < ¢ < |w(n)| < C™ for
sufficiently large n. Then

D’ﬂ

B(fin,z) =a®)z"w(n) <1—|—O <d(b"

for some constant D and d = a'~%.

Proof. Let us fix constants C' > 1, ¢ > O such that 0 < ¢ <
|w(n)| < C™ for sufficiently large n € N. Then

g:_oa(bk)w(k) (Z) 2P (1 — z)k =

e w(k) 1—z\""
(") 2y 1 bE—b™ -
et (145 a8 (1) (122 ).

Let y = max{1,=%}. Then (;)n_k < y" for each
ke {0,n—1}. Hence for sufficiently large n, we have

O

non o 1n(2yC)"
2"y Sgw—

n—1
k=0
"z:l bk an
k=0
1 n(2yC)"
E(al—l/b)b"

DTL

0 ()

and D is any real number bigger than

where d = a'1/?

2yC.

3.3 Bernstein Polynomials The Bernstein approximation
B to a function f : [0;1] — R (see, e.g., [10]) is the

polynomial
- k n n—
:Zf (n) (k>xk(1—x) =k
k=0

It is clear that B] () is the expected value of the random
variable f (%2), where X,, is a random variable with the
binomial distribution with parameters n an x. A direct
application of Theorem 2.2 applied to Bernoulli trials and
the function g(x) = f() shows the following result, proved
by S. Bernstein in [11]: if f(*) is bounded in (0,1) and
Lt denotes ath central moment of a random variable with
Bin(n, z) distribution, then

2s—1 (a)
x) = f(z)+ Z fa!rff)ua—FO (;) .

a=2

This formula was used in [4] in order to give alternative,
but longer than based on the Delta Method, proofs of results
from papers [1], [2] and [3].

4 Probabilistic Poissonization
Let f : R — R and let X be a random variable with Poisson
distribution with parameter \. We put P (f; \) = E [f(X)],
ie, P(f; ) =e 2300, f(k)AR/K! (see [12]).

The central moments of Poisson distribution with pa-
rameter A satisfies the following recurrence px+; =



A (d’“f + kg — 1) From this recurrence we deduce that ji,
is a polynomial in A of order | k/2]. A direct application of
Theorem 2.1 with s = 3, m = 0,a = A\/2,b =M =
gives us the following formula:

P(f:0) = SO+
1 1 1
A(37200+ 5790+ 2O +

3/ O0) +
A2 <1f(4)()\) 41

f(5)()‘)) + R6;%,OO )

8 12

where

)
[R5 o0l < AMgoo)(f) + By/Pr(X < It

MO, (f)Pr(X < A

[0.3) 2
Let us assume that f(z) = O (z%) for some a > 0. Then
the last two terms of this estimation are exponentially small
when A grows to infinity (more precisely, Pr[X < A/2] =
o (va/e)

Let us apply this formula for entropy of the Poisson
distribution. Hence, we consider the function h(z) =
—log(e~ *F( +1)) Clearly h(x) = O (x?). Therefore, the
last two terms from error term are exponentially small, hence
they are of order O (A~2). We have h(6) (z) = ®) (z + 1),
where (%) (z) denotes the polygamma function of order 5.
Hence sup{|h(®)(z)| : © > A/2} = O (5 ). Therefore,

E[h(X)] =

Hence we get the formula

1
H)y = log V2meA 12/\+O<)\2)
for the entropy of Poisson distribution (see [13]). More
precise approximation of H, can be derived in a similar
way and the computation can be completely automated. In a
similar way we can derive a formula from Corollary 3 from
[3] for negative moments of Poisson random variables.
The next observation allows us to extend the class of
functions for which we may use the Delta Method for the
Poisson distribution.

LEMMA 4.1. Leta > 0 and f(z) = w(z) - a*. Then
P(f;N) = e DP (w; Na) .
Proof. Leta > 0and A > 0. Then

P(f; N :e_’\Zw k ak)\— =
k>0

k>0

12

e P (w; Aa) .

1ogm+o( >+O< )O (X%) .

Let us observe that there is no analogous version of
Lemma 3.2 for Poisson distribution. Namely, if a > 1 and

: \k
A > 0, then Zkzo a“k% = 00.

5 Negative Binomial Distribution

If X is a random variable with NB(n,p) distribution and
f : R — Riis any function, then we put

=S (L Jraen

k>n
Let us recall that if X ~ NB(n, p), then there are indepen-
dent random variables Z1, . .., Z,, with Geo(p) distributions
suchthat X = 71 + ...+ Z,.
A direct application of Theorem 2.2 with parameters

s=3,a= 27) and b = oo gives us the following formula:

B(f;n,p) =E

NB(f;n,p)=f (%) +

o2 o (3 o £) - )
Ap (o () er (3) - 3

30pf(4) (E) _ 30p2f(4) (E) + 5p3f(4) <7> +
P P p
247 (E) — 36pf® (E) n
p p
142 FO) (ﬁ) O (B)) n
p P

RG;L oo
The Chernoff bound adjusted to the vari-
ables with negative binomial distribution gives us

Pr <X¢ (%oo)) = O((4,)") for some A, < 1.

Hence both terms nSB\/Pr (X ¢ (%,oo)) and

(0) n
M[O)%](f)Pr (X¢ (ﬁa

function f of at most polynomial growth. Therefore

()

Let us apply this formula for entropy of negative bino-
mial distribution. We have to consider the function h(z) =

—log ((fbj)p”(l —p)x*"). Since h(®)(z) = O (z +
1 —n) — ¢¥®(z), where ¥ (z) denotes the fifth order
polygamma function, we have sup{|h(® (z)| : z > —} =
O (#) Therefore Rﬁ;%,w =0 (#) and the entropy of
the negative binomial distribution is

n(l—p)  (2-p)? 1
= 12n(1p>+0<n2)'

oo)) are negligible for a

_ 37 (6)
R&%,D@_o( MG

HNB(n,p) = log



Using the symbolic calculation packages and calculat-
ing the ath central moment of the negative binomially dis-
tributed random variable from its central moments generat-
ing function or from the recurrence relation for the central
moments (ptg = qa%q‘l + anp%ua,g, where ¢ = 1 — p, see
[14]) one can obtain an approximation of Hyp(y,p) With an
arbitrary required precision.

The next observation allows us to extend the class of
functions for which we may extend the Delta Method for the

negative binomial distributions.

LEMMA 5.1. Let0 < a < ﬁ and f(z) = w(z) - a®. Then
_w
1—a(l-p)
Proof. Let g =1 — p. Then

NB(f;mp):( )nNB(w;n,l—a(l—p))

(%)n/\mm;n,l—a(l—p)):

(1 ipaq)n > _w(k) (i B i) (1-aq)"(aq)" ™" =

k>n
k E—-1 n k—n
%w(k)a (n_1>p (1-p)*".
Remark. If ¢ > rlp and f(z) = a?, then the series

NB(f;n,0)=)"1n a” (Sj)p”(l — p)k~" is divergent.

6 Hypergeometric Distribution

A random variable X has a hypergeometric HGeo(n, ny,ns)
distribution with parameters n, ny and ny if Pr(X = k) =

() () / (). The random variable X counts the num-

k ny—k 7?1
ber of successes in n; draws without replacement from a fi-
nite population of size n containing ng success states.

We fix two parameters p,q € (0,1) and consider a
random variable X with distribution HGeo(n, pn, gn). Note
that E[X] = npg. Without loss of generality we assume
that p < g and p + ¢ < 1 (one can show correctness of
the result without the additional assumptions, by separately
considering the remaining cases or by taking into account
symmetries of hypergeometric distribution). Our goal is
to derive an asymptotic formula for the entropy of random
variable X, when n tends to infinity. We apply Theorem 2.1

to the function h(k) = — log ((q,:L) (o / (p’;)) We have

W (@) =@ V(1 +2) +90 V(1 +(1-p—gn+2)
H(=D) VA4 pn — ) + (1) (1 + gn — ).
Wesetm = 0, M = pn, a = %pqn and b = %pn.
As probability Pr(X ¢ (a,b)) is exponentially small (see,
e.g., [15]), we focus on the first part of remainder. We have

p2s(X) = O (n®) and Mgigg)(h) = O (n~%*1). Thus, in

order to obtain result up to O (=) term, we take s = 3 and
after some calculations we get

2mnep*q*+

o(2)

HHGeo(n,pn,qn) = log
1 4 4 1
(10— )+
12n Pt P

where p* = p(1 — p) and ¢* = ¢(1 — q).

7 Conclusions

Properly formulated Delta Method like theorems can accel-
erate and simplify determination of approximations of prob-
ability sums for the distributions that are well concentrated

-near its mean value for large class of functions. Methods

presented in this paper can be automated to a large extent.
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