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M
ultihead

Finite
A

utom
ata:cooperation

...
...

...
...

2
k

a
a

1
a

$
c

...
1

q
q

q
2

k

•
each

autom
aton

m
ay

send
a

m
essage

after
each

step

•
transition

function
of

a
single

autom
aton

depends
on

the
input

sym
bolcurrently

seen
and

m
essages

sentby
the

other
autom

ata

(q
′i ,r)

=
δ(q

i ,a,m
1 ,...,m

i−
1 ,m

i+
1 ,...,m

k )

w
here

m
j is

the
m

essage
sentby

the
jth

autom
aton

after
previous

step.
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M
ultiprocessor

Finite
A

utom
ata:com

m
on

m
aster

...
...

...
...

2
k

a
a

1
a

$
c

...
1

q
q

q
2

k

•
Each

processor
is

a
genuine

finite
autom

aton,itdoes
notreceive

any
m

essages

•
T

he
m

aster:
after

each
step

inspects
the

states
of

all
processors

and
determ

ines
w

hich
processors

are
frozen

and
active:

h(i,q
1 ,...,q

k )
∈
{A

C
T

IV
E
,FR

O
Z

EN
}

w
here

i
is

the
processor

num
ber

and
q

1 ,...,q
k

–
the

states
of

all
processors
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C
lassicalproblem

s

Sensing
sensing

vs
non-sensing

heads
(D

uris,G
alil–

1995)

Pattern
m

atching
by

one-w
ay,determ

inistic
sensing

autom
ata

(Jiang,
Li–

1993)

pattern
text

#

...

H
ardw

are
the

num
ber

ofautom
ata

vs
com

putationalpow
er

(Yao,R
ivest–

1976;M
onien

–
1980)
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N
ew

problem
s

M
eans

of
cooperation

:
C

ooperation
m

eans
vs

com
putationalpow

er.

C
om

putationalpow
er

ofm
ultiprocessor

vs
m

ultihead
system

s

C
om

m
unication

:
C

om
m

unication
volum

e
vs

com
putationalpow

er
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M
essage

com
plexity

classes

M
E

SSA
G

E
l (k(n))

–
the

languages
thatm

ay
be

recognized
by

system
s

of
lautom

ata
w

here
at

m
ost

k(n)
m

essages
are

sent
for

every
input

w
ord

of
length

n

M
E

SSA
G

E
(k)

=
⋃

l M
E

SSA
G

E
l (k)
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M
otivations

1.
“C

om
m

unication”
C

om
plexity

•
D

oes
the

w
eakerm

ode
ofcom

m
unication

betw
een

devices
de-

crease
their

com
putationalpow

er?

•
H

ow
the

lim
itation

ofcom
m

unication
size

influence
the

pow
er

ofdevices?

•
C

om
m

unication
com

plexity
ofproblem

s
in

the
case,w

hen
other

resources
are

bounded.

2.
C

om
putation

on
sequential

devices
vs

com
putation

on
devices

w
ith

random
access

to
m

em
ory

(exam
ple:

com
plexity

of
m

atrix
transposition)
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O
bvious

properties

1.
k

heads
are

atleastas
pow

erfulas
k

processors
(coordinated

by
a

m
aster)

2.
{a

nb
n

:n
∈
N
}

can
be

recognized
w

ith
2

one-w
ay

processors,by
2

one-w
ay

heads
w

ith
a

single
m

essage,
(nota

regular
language!)

3.
{a

nb
nc

n
:n

∈
N
}

can
be

recognized
by

2
one-w

ay
heads

(nota
contextfree

language!)

4.
⋃

∞k=
1 2-Y

H
(k)

=
Y

LO
G

SPA
C

E
for

Y
∈
{N

,D
}
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R
esults:H

eads
vs

Processors

1.
Sim

ulations

•
X

-N
H

(k)
=

X
-N

P
(k)

for
every

k
∈
N

and
X
∈
{1,2}

•
X

-D
H

(k)
⊆

X
-D

P
(k

+
2)

for
every

k
∈
N

and
X
∈
{1,2}

2.
Separation

•
1-D

P
(2)
 

1-D
H

(2)

3.
C

losure
properties

•
⋃

∞k=
1 2-N

P
(k)

and
⋃

∞k=
1 2-D

P
(k)

are
closed

under
com

plem
ent

•
⋃

∞k=
1 1-N

P
(k)

is
notclosed

under
com

plem
ent

•
1-D

P
(k)

is
closed

under
com

plem
entfor

every
k

>
2
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R
esults:Size

of
C

om
m

unication

1.
T

he
hierarchy

for
the

com
m

unication
ofconstantsize:

(a)
M

E
SSA

G
E

(k
−

1)
(

M
E

SSA
G

E
(k)

for
one-to-one

m
odel

(b)
M

E
SSA

G
E

(k
−

1)
(

M
E

SSA
G

E
(k

+
l−

1)
for

on-bus
m

odel

2.
probably

a
gap

betw
een

M
E

SSA
G

E
(O

(1))and
M

E
SSA

G
E

(Θ
(log

n)).

3.
T

he
languages

w
hich

have
the

com
plexity

ofcom
m

unication
be-

tw
een

log
n

and
n

form
quite

a
dense

hierarchy.

4.
T

here
are

languages
in

M
E

SSA
G

E
(Θ

(n)).

5.
M

atrix
m

ultiplication
requires

n
3
/2/

log
2
+

εn
m

essages.
(easy

proof,also
follow

s
from

tw
o-party

com
m

unication
ofbran-

ching
program

s)
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Separation
betw

een
heads

and
processors

T
heorem

For
|Σ
|≥

3
the

language

L
P

=
{x#y

:
x,y

∈
Σ
∗,
|x|=

|y|,
p(x,y)

=
1}

separates
classes

1-D
P
(2)

and
1-D

H
(2),w

here
p(x,y)

is
the

parity
ofthe

num
ber

ofpositions
on

w
hich

x
and

y
differ.

H
ow

to
recognize

L
P

by
tw

o-head
one-w

ay
determ

inistic
autom

aton:

•
heads

scan
x

and
y

sim
ultaneously

and
synchronously

•
one

of
the

heads
changes

its
states

betw
een

O
D

D
and

EV
EN

on
every

position
in

w
hich

x
and

y
differ

#
y

x
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Separation:a
sketch

W
hy

tw
o

processors
cannotrecognize

L
P

(intuition):

1.
Processors

have
to

com
pare

x
and

y
sim

ultaneously.

2.
T

he
only

possibility
to

recognize
currentparity

ofthe
num

ber
of

differences
is

to
“desynchronize”

processors
on

x
and

y

3.
For

appropriately
constructed

input
w

ords
it

is
necessary

to
in-

crease
or

decrease
(m

onotonically)
difference

betw
een

positions
ofprocessors

on
x

and
y

4.
T

he
difference

betw
een

positions
ofprocessors

com
paring

appro-
priately

constructed
w

ords
x

and
y

w
illgrow

too
m

uch
contradic-

ting
1.
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Separation:details

T
he

setofw
ords

W
on

w
hich

w
e

cheatthe
autom

aton:

#
w

w
x

x
b

b
.....

.....
1

x
b

.....
.....

q
q

q
q

q
q’

q’
q’

q’
q’

α−1
α

•
x

i =
a

1
or

x
i =

a
2

for
every

i

•
|a

1 |=
|a

2 |=
|b|=

n

•
p(a

1 ,b)
6=

p(a
2 ,b)

=
0

•
K

(a
i |b)

≥
n
−

clog
n,

K
(b|a

i )
≥

n
−

clog
n

•
both

processors
startand

finish
com

putation
on

every
x

i and
on

b

in
the

sam
e

state

13



System
s

of
finite

autom
ata

w
hich

com
pute

functions

1.
T

he
read-only

tape
includes

the
argum

ents
ofthe

function

2.
T

he
result

of
the

function
is

w
ritten

on
one-w

ay
w

rite-only
tape

w
ith

one
head

3.
Exam

ple:
T

he
representation

of
m

atrix
m

ultiplication
problem

:
argum

ents
are

stored
as

a
sequence

ofrow
s

(the
firstm

atrix)and
a

sequence
ofcolum

ns
(the

second
m

atrix)
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M
atrix

m
ultiplication

problem

1
a

b
1

...
b

n
...

a
n

. .. aa

2n

.
.

.
c

c
2

n
1

c
.

.
.

b
b

2
n

...
c

n
1

c

1
a

b
1

*

input data

output
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T
he

low
er

bound
for

the
m

atrix
m

ultiplication

T
heorem

1
Them

atrix
m

ultiplication
function

requiresΩ
(N

3
/2/

log
2
+

εN
)

m
essages

for
every

ε
>

0.
(

O
(N

3
/2)

suffice
by

the
straightforw

ard
algorithm

.)

Sketch
of

the
proof

1.
W

e
consider

m
atrices

w
ith

large
K

olm
ogorov

com
plexity

2.
W

e
divide

the
com

putation
on

the
stages.

O
ne

stage
consists

of
the

partofcom
putation

in
w

hich
s(n)

bits
ofthe

resultare
w

ritten

3.
T

he
am

ount
of

com
m

unication
in

one
stage

is
“alm

ost”
(n/s(n))

w
hen

s(n)
=

ω
(log

n)
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M
atrix

m
ultiplication

-one
stage

=
x

B
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M
atrix

m
ultiplication

-one
stage

1.
D

uring
the

stage
w

e
m

ultiply
the

subm
atrix

A
by

the
vector

B

2.
Let

B
′be

the
longestsubw

ord
of

B
on

w
hich

no
m

essage
w

as
sent

3.
Let

A
′be

the
subm

atrix
of

A
corresponding

to
the

block
b
′

4.
A
′has

a
big

non-singular
subm

atrix
A

N ,
the

productw
ith

an
appropriate

subvector
b
′of

b
is

uniquely
de-

term
ined

w
ithoutknow

ledge
of

b
′

5.
w

e
encode

b
′as

one
ofthe

vectors
giving

this
resultw

hile
m

ulti-
plied

w
ith

A
N
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C
onclusions

and
open

problem
s

C
onclusion:

m
ultiprocessorautom

ata
have

sim
ilarcom

putationalpo-
w

er
to

m
ultihead

autom
ata,

but
in

som
e

cases
heads

are
m

ore
pow

erfulthan
processors

C
onclusion:

T
he

am
ount

of
com

m
unication

substantially
influence

the
pow

er
ofsystem

s
offinite

autom
ata.

Problem
:

1-D
P
(k)

? 
1-D

H
(k)

for
k

>
2,2-D

P
(k)

? 
2-D

H
(k)

for
k

>
1

Problem
:

A
re

there
any

languages
w

hich
require

a
non-constant,sub-

logarithm
ic

num
ber

ofm
essages?

Problem
:

a
superlinear

low
er

bound
on

the
com

m
unication

size
for

a
decision

problem
.
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