
1
C

om
m

unication
gap

forFinite
M

em
ory

D
evices1

Tom
ek

Jurdziński,M
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T
he

m
odel

•
shared

read-only
inputstring

•
finite

m
em

ory
devices

(finite
autom

ata)
reading

the
input

•
autom

ata
com

m
unicate

by
m

essages

•
the

num
ber

of
m

essages
crucial,notthe

length
of

the
com

-

putation

•
a

single
step:

each
autom

aton
behaves

according
to

its
tran-

sition
function

2



R
ecognizing

language
L

0
=
{a

nb
n

:n
∈

N
}

:
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R
ecognizing

language
L

1
=
{1

2
0#1

2
1#1

2
2#

.
.
.#1

2
k

:k
∈

N
}

:

to
check:

each
block

is
tw

ice
as

long
as

the
previous

one

num
ber

of
m

essages
=

num
ber

of
blocks

=
O

(log
n)

...
...

#
#

#

...
...

#
#

#

double speed

1)2)3)
...

...
#

#
#
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D
ouble-logarithm

ic
num

ber
of

m
essages

L
2

consists
of

w
ords

of
the

form

1
f1#1

f2#
.
.
.#1

fk

w
here

f1
=

2
,

f2
=

3
and

fi−
1 |(fi −

1)
,

fi−
2 |(fi −

1)
,

fi
>

1
for

i=
3
,
.
.
.
,k

•
the

num
ber

of
blocks

is
O

(log
log

n)
since

fi ≥
fi−

1
·

fi−
2

•
checking

relations
betw

een
fi

and
fi−

1
and

fi−
2

requires

O
(1)

m
essages

and
tw

o
autom

ata
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M
otivations

•
com

m
unication

com
plexity

for
shared

data

(the
classical

approach:
data

divided
betw

een
protocl

par-

ticipants)

•
lim

ited
m

em
ory

for
processing

units

(finite
m

em
ory

is
an

oversim
plification

butm
ostresults

can

be
generalized)

•
com

m
unication

should
be

as
sm

allas
possible

(com
m

unication
channels,pow

er
consum

ption,...)
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M
essage

com
plexity

classes

L
anguage

L
belongs

to
M

E
SSA

G
E
(f(n))

if

there
is

a
system

of
finite

autom
ata

that
uses

at
m

ost

f(n)
m

essages
on

inputx
oflength

n
and

decides
w

hether

x
∈

L

9



H
ierarchy

results

Jurdziński,L
oryś

and
m

yself,C
O

C
O

O
N

’99:

•
there

is
a

dense
hierarchy

of
m

essage
com

plexity
classes

betw
een

log
log

n
and

n

•
sim

ilar
result

for
one-w

ay
autom

ata
for

num
ber

of
m

es-
sagesΩ

(log
n)

•
there

is
a

dense
m

essage
com

plexity
hierarchy

of
functions

above
n

•
fora

constantnum
berofm

essages:
even

one
m

ore
m

essage
counts!
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...&
Z

atopiański,’2001

•
asynchronous

system
s

require
significantly

m
ore

m
essages

low
er

bounds
that

m
atch

perform
ance

of
algorithm

s
ob-

tained
by

step
by

step
synchronization!
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G
ap

problem

Is
the

assum
ption

on
m

essage
com

plexity

f(n)
=

Ω
(log

log
n)

and
f(n)

=
Ω

(log
n)

due
to

a
w

eakness
of

proof
techniques

orthis
is

nota
concidence?

R
em

ark:
for

the
classicalcom

m
unication

com
plexity

there
is

no
gap

theorem
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N
ew

R
esults

T
heorem

1
For

f(n)
such

that
f(n)

=
ω

(1)
and

f(n)
=

o(log
n),

there
is

no
one-w

ay
system

w
hich

requiresΘ
(f(n))

m
essages.

T
heorem

2
T

here
is

a
constantc

such
thatfor

f(n)
=

ω
(1)

and

f(n)
=

o((log
log

log
n) c),there

is
no

tw
o-w

ay
system

w
hich

re-

quiresΘ
(f(n))

m
essages.
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P
roof

techniques

1.
establishing

connection
betw

een
behavior

of
system

s
of

fi-

nite
autom

ata
and

system
s

of
diophantine

equations

2.
m

inim
al

solutions
for

system
s

of
diophantine

equations
⇒

shortinputs
w

ith
a

given
num

ber
of

m
essages
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Toy
exam

ple

x
1

x
2

x
3

x
4

s
1

s
2

s
3

1)

x
1

x
2

x
3

x
4

s
1

s
2

s
3

x
1

x
2

x
3

x
4

s
1

s
2

s
3

2)3)

w
aits

ti,k
=

tim
e

required
by

autom
aton

k
to

read
x

i
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t11
+

t21
=

t12
,

t22
≥

t31
,

t41
=

t32
+

t42
.
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D
escription

of
com

putation
-

diophantine
system

s

Idea:

•
silent

blocks
w

ith
no

com
m

unication
and

com
m

unication

positions

•
a

com
putation

m
ay

find
relations

betw
een

lengths
of

silent
blocks

•
variables

denoting
tim

e
spentby

autom
ata

on
a

given
silent

block
(depending

on
the

initila
state)

17



•
com

putation
⇒

integer
solution

for
these

variables
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TechnicalP
roblem

s

P
roblem

s:

•
behaviourofautom

aton
inside

a
block

depends
on

the
block

contents.
T

he
speed

m
ay

vary!!

•
on

tw
o-w

ay
system

s:
a

block
m

ay
be

scanned
m

any
tim

es

before
the

second
autom

aton
decides

to
send

a
m

essage

system
recognizing

language
L

2

⇒
linear

diophantine
system

s
do

not
suffice

to
describe

com
putations
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•
existance

of
integer

solutions
for

system
s

of
equations

of

degree
2

is
already

undecidable!
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G
raph

characterization
of

one-w
ay

com
putation

nodes:
states

of
autom

aton

edges:
labelled

by
inputsym

bols
and

tim
e

interval(how
m

any

steps
of

autom
aton

are
required

to
m

ove
to

the
leftone

po-

sition)

com
putation

w
ithin

a
silent

block:
a

path
through

the
graph

tim
e

to
traverse

a
silent

block:
sum

of
tim

e
labels

along
the

path
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R
em

ark:
to

be
done

sim
ultaneously

for
all

autom
ata

at
the

sam
e

tim
e
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A
nalysis

of
the

paths
on

the
graph

•
the

graph
is

of
a

finite
size,

•
a

path
loops

in
a

certain
sense

•
num

ber
of

loops
of

each
kind

in
a

silent
block

determ
ines

traversaltim
e

⇒
variables

denoting
the

num
ber

of
loops

of
each

kind
de-

scribe
the

block
in

a
sufficientw

ay

23



...it
is

not
that

easy

24
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Solution

•
induction

on
the

num
ber

of
nodes

in
the

graph

•
com

bining
the

descriptions
ofthe

subpaths
notgoing

through

a
node

s,entering
and

leaving
s

⇒
new

,m
ore

com
plex

diophantine
system

s
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T
w

o-w
ay

system
s

•
additionalfeature:

looping
over(m

any)silentblocks
before

another
autom

aton
send

a
m

essage

•
variables

denoting
the

num
ber

of
such

loops

•
divisibility

relations
necessary

to
describe

w
here

one
au-

tom
aton

is
w

hen
the

second
one

sends
a

m
essage

•
⇒

system
s

of
linear

equations,inegualities
and

divisibility

relations
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R
epresentation

of
com

putation
via

diophantine
system

s

•
the

num
ber

of
variables

and
equations,inequalities,divisi-

bilities
is

O
(g),w

here
g

is
the

num
ber

of
m

essages

•
each

com
putation

corresponds
to

an
integer

solution
of

the

system

•
each

integer
solution

of
the

system
corresponds

to
an

input
and

an
com

putation
on

it

•
a

sm
all

integer
solution

⇒
an

input
w

ith
the

given
num

ber

of
m

essages,w
here

tim
e

spenton
each

silentblock
is

sm
all
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⇒
silentblocks

are
short

⇒
inputis

short

the
num

ber
of

m
essages

is
large

w
ith

respect
to

the
input

length
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M
inim

alsolutions
for

linear
diophantine

system
s

T
heorem

3
(von

zur
G

athen,Sieveking,1978)

L
et

A
,b

,C
,d

be
respectively

m
×

n,
m
×

1,
p
×

n,
p
×

1
m

atri-

ces
w

ith
integer

coefficients
w

ith
absolute

values
bounded

by
a

constant
f.

If
there

exists
an

integer
solution

x
for

A
x

=
b

and

C
x
≥

d
,then

there
is

a
solution

x
′w

ith
absolute

values
of

coef-

ficients
bounded

by
2

c
f n.

⇒
m

inim
al

solutions
for

our
system

s
describing

one-w
ay

sys-

tem
s

of
autom

ata
are

exponentialin
the

num
ber

of
m

essages

⇒
existance

of
inputs

for
w

hich
the

num
ber

of
m

essages
is

log-

30



arithm
ic

in
the

inputlength!

31



D
iophantine

system
s

w
ith

divisibilities

•
notthe

generalcase
of

diophantine
system

s
of

degree
2

•
T

heorem
4

(L
ipshitz,1978)

D
iophantine

system
s

w
ith

divisibilities
are

decidable.

•
proof

direction
of

L
ipshitz:

show
thatan

integer
solution

exists
iff

there
is

a
solution

in

m
odular

arithm
etic

for
som

e
large

(butbounded)
m

odulus

•
our

job:
check

how
large

is
the

integer
solution

constructed

by
the

m
ethod

of
L

ipshitz

⇒
low

er
bound

on
tw

o-w
ay

system
s
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C
onclusions

and
open

problem
s:

•
a

gap
betw

een
the

low
er

bound
ω

((log
log

log
n) c)

and
the

upper
bound

O
(log

log
n)

•
better

estim
ations

for
m

inim
al

solutions
of

diphantine
di-

visibilities?

•
asynchronous

system
s:

the
gap

m
ightbe

larger!
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