Small world
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Milgram’s experiment
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Augmented mesh

is modeled using a parameter o« > 0. FEach node u has a directed edge to ev-
ery lattice neighbor. These are the local contacts of a node. In addition, each
node also has an additional random link (the long-range contact). For all u
and v, the long-range contact of u points to node v with probability proportional
to d(u,v)™*, i.e., with probability d(u,v)™/ 3 ey (uy d(u, w)™*. Figure 9.3
illustrates the model.
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Theorem 9.6. The diameter of the augmented grid with o = 0 is O(log n) with
high probability.
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Algorithm 9.7 Greedy Routing

1: while not at destination do

2:  go to a neighbor which is closest to destination (considering grid distance
only)

3: end while




Lemma 9.8. In the augmented grid, Algorithm 9.7 finds a routing path of length
at most 2(m — 1) € O(\/n).
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Lemma 9.9. Node u’s random link points to a node v with probability
, 2- 2
™ (_”;l. (f.'"[ . r';lr'a'I.f"_"'):I ?f o < 2. 4 /V\f'\ V\

o O(1/(d(u,v)?logn)) if a = 2,

o O(1/d(u,v)¥) if o > 2.

Moreover, if a = 2, the probability to see a link of length at least d is in
O(1/d*=2).
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Proof. For a constant o # 2, we have that
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If o < 2, this gives O(m*~%), if a > 2, it is in O(1).
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= O(logm) = O(logn).



if a > 2,
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If o > 2, according to the lemma, the probability to see a random link
of length at least d = m!'/(“~ 1 is ©(1/d*2) = O(1/mla—2)/la=1))
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In expectation we have to take ©(;n'“ /1“1 hops until we see a
random link ot length at least d.

When just following links of length
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a < 2,

e l
—
draw a border around the nodes in distance m'#=)/% to the target. / :l

about m2(2=®/3 many nodes

P

: _. probability to find a random link that leads
directly inside the target area is according to the lemma at most

m2C=)/3 . 0(1/m2=)) = O(1/m2—)/3)
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In other words, until we
ﬁnd a random link that leads 111tr::- the target area, in expectation,
we have to do ©(m?=%)/3) hops. This is too slow, and our greedy
strategy is probably faster, R B



3 o o .~ Once inside the tar-
get area, again the probability of short-cutting our trip by a random
long-range link is ©(1/m2=*/3) so we probably just follow grid links.
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Definition 9.10 (Phase). Consider routing from source s to target t and assume
that we are at some intermediate node w. We say that we are in phase j at node
w if the lattice distance d(w.t) to the target node t is between 27 < d(w,t) <
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Lemma 9.11. Assume that we are in phase j at node w when routing from s
to t. The probability for getting (at least) to phase j — 1 in one step is at least
2(1/logn).

For all nodes € B, we have d(w.z) < {(w.t) +d(z. t) < 27T 427 < 2772,
Hence, for each node = € B, the probability that the long-range contact of w
points to x is Q(1/2% T4 logn). |
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. . ’ the number of nodes in Bj; is at least
(27)2/2 = 2% 1. | ~—
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Theorem 9.12. Consider the greedy routing path from a node s to a node t
on an avgmented grid with parameter o = 2. The expected length of the path is
E}Iﬁilt.ng_';: n).
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