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3: Communication complexity



All pairs shortest path problem (APSP)

• For every pair of nodes (u,v) compute the shortest path from u to v

• Store the results so that routing along these paths is possible 



Find diameter of the graph - naïve solution 



Naïve solution complexity  

time O(D) for diameter D
Congestion of  messages – n algorithms executed in parallel 



Reasonable size of messages  

something like O(log n) 



Building block -- BFS 



Pebbles algorithm 









Avoiding congestions 

Lemma: no node is simultaneously involved in BFSu and BFSv

Proof: 

• Let: BFS started at u at time tu , BFS started at v at time tv

• A node w involved at time tu+d(u,w), so tv >= tu +d(u,v)+1

• tv + d(v,w) >= (tu +d(u,v)+1) + d(v,w) >= tu +d(u,w) +1> tu + d(u,w)



Time complexity  



Lower bound 

Argument showing that complexity of any algorithm is at least 
b, where b is the bound 

Known for sequential programs (e.g. the number for steps for 
sorting)

Considerably more complex to prove for distributed algorithms



Graph used for showing  a n/log n lower bound 



Some number of edges between L0 and L1,  
some number of edges between R0 and R1



Diameter 2 or 3  



Cutsize  



Informal argument 

One has to check that for each (i,j) there is a connection either 
on the left or on the right side



2-party communication  model 

• Alice gets x, Bob gets y

• The goal is to compute f(x,y)

• Alice and Bob exchange messages, finally both Alice and Bob 
must learn f(x,y) 



Communication complexity 

The simplest solution: 

1. Alice sends x to Bob
2. Bob computes f(x,y)
3. Bob sends f(x,y) to Alice 

Communication complexity
length(x) + length(f(x,y))



Equality, its complexity?  



Formal definition of communication 
complexity 

The total size of all messages exchanged …  

… in the worst case. 



Matrix representation of function f 



“rectangles” 

A set S of pairs is a rectangle iff 

If (x0,y0) and (x1,y1) belong to S, then
(x0,y1) and (x1,y0) belong to S as well



Rectangles  



Importance of rectangles 

For a given set of messages exchanged, the set of possible 
inputs (x,y) is a rectangle 



“monochromatic”  rectangle 

A rectangle where the value f(x,y) is fixed 

One cannot stop the computation unless a rectangle is 
monochromatic 



Monochromatic rectangles  



Fooling set 

(x1,y1), (x2,y2), …,  (xn,yn)  is a fooling set  iff  

• f(x1,y1)=f(x2,y2)= … = f(xn,yn)=x

• for any i≠j we have f(xi,yj) ≠ x 



Fooling set for Equality  



Fooling set lemma 





Auxiliary fact 



Mapping to graph  



Mapping to graph 



Lower bound  

It follows that computing APSP for a graph
requires exchanging Ω(n) bits between the left and the right part,
i.e. Ω(n/log(n)) messages of size log(n)



Randomized complexity of equality 



VLSI AT2 bounds


