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Consensus problem:

• number of nodes is n, at most f of them faulty

• each node gets an input value

• finally, the correct nodes decide upon a common value 

• the common value must be one of the input values



Impossibility of deterministic consensus in asynchronous 
model with failures

• arbitrary delays but not longer than 1 time unit

• each node executes a deterministic algorithm

• for simplicity – binary inputs only



Configuration

• States of all nodes

• Messages in transit 

univalent configuration: decision value can be only one no 
matter what happens later

b-configuration: univalent, decision will be b

bivalent: decision will be 0 or 1



Lemma
Let f>1.
There is at least one bivalent initial configuration

e.g. consider inputs (n=8): 
00000000
10000000
11000000
11100000
11110000
11111000
11111100
11111110
11111111



Configuration transition 

• One message delivered, state changed, new messages despatched 



Configuration directed graph



Two transitions

• in a state S two transitions are possible 𝜏1=(u1,m1) and 𝜏2=(u2,m2) ,
• where u1 ≠u2

then

configurations S(𝜏1, 𝜏2) and S(𝜏2, 𝜏1) are the same 



Critical configuration

A bivalent configuration such that each child configuration  is univalent





• Let C be a critical configuration 
• Let 𝜏1=(u1,m1) and 𝜏2=(u2,m2)  be  transitions such that 

• C(𝜏1) is 1-valent 
• C(𝜏2) is 0-valent

• If u1≠u2 then C(𝜏1 𝜏2)=C(𝜏2 𝜏1), so it is 1-valent and  0-valent at the same time 
!?

• Consequently: u1=u2 



Corollary

All transitions from a critical configuration C must involve the same node 



FINAL OBSERVATION 

crush this node at configuration C
No consensus can be reached 





Randomized consensus

Deterministic solution is impossible, but …

… what about a randomized algorithm with random execution time 
(and always correct output)?  (Las Vegas algorithm) 









All 0 input

• It finishes quite quickly! 





What happens if 
all input bits are 
the same? 



Essential case – both 0 and 1 as input

• any consensus value is ok

• no proposals for different bits in the same  round

• u – the first node that decides, say: for v, at round r
• no  decide at this round to a different v’
• u terminates at the  round r+1



Termination

• u – the first node that decides, say: for v, at round r
• no  decide at this round to a different v’
• u terminates at the  round r+1

• An other node u’
• If decides, then only for the same v
• otherwise,  it has heard at least one propose(v,r) and sets vu’ to v 

• So all nodes broadcast v at the end of round r



Runtime

quite bad, since the choices in line 23 must be almost the same 

exponential time 

It would help to have a public coin and to toss it together!

(it seems to be a hopeless task in a distributed system) 



Shared coin 

Random variable that is equal to 0 with probability >1/4 and t 1 
with probability >1/4

(the value of the shared coin is the same for all nodes) 







Assuming that the lemma is 
false 








