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4-Queuing systems



4-queuing systems

Problem

• jobs arrive as a random process
• server(s) take the jobs from the queue and serve (or drop)
• Many strategies, for example:  first-in-first-out served
• service time is also random  

Examples:  Web server



4-queuing systems

Main parameters

= average number of jobs arriving in one time unit
= average numer of jobs served in one unit of time 



4-queuing systems

Main parameters

A stationary system:  Sk, Wk and Rk do not depend on k
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The Little’s Law for a stationary system

Intuition: If there are 5 clients coming per minute, each spends 2 minutes, then 
This creates 5*2=10 person-minutes per minute. This corresponds to 
10 clients 
Present.
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Proof of  Little’s Law
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Proof of  Little’s Law ε
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Application



4-queuing systems

Similar results (and proofs) 

r = utilization 
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Bernoulli single server system 

discrete time proces

one server

unlimited capacity (queue of arbitrary length)

arrivals in a time unit: 1 new job with pbb pA

pbb of completing a job in a time unit: pS

arrivals and service completion – independent events   
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Markov property 
changing the queue size does not depend on history
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Applications
Distribution of the number of jobs in a queue after t steps 
• Take only a part of the transition matrix 
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Another model: queue maximal size C 

the only changes:

the transition matrix is of size (C+1) x (C+1)
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Steady distribution?
Average 10 calls per hour, average duration 4 minutes
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Steady distribution



4-queuing systems

Continuous time queuing system 
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Limit of Bernoulli queueing system 

01
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Limit of Bernoulli queueing system – steady distribution

Looking for π such that 

And so on … 
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Steady distribution 

where r is utilization: λA/ λS

service is busy with pbb r
idle  with pbb 1-r
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Steady distribution

What happens if r is close to 1?
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Waiting time after arrival
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Response time
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Queue size

Xs is either 0 or 1
XS  is 1 iff the system is busy 
System is busy with pbb r
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Multiserver systems, k servers
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Multiserver systems, matrix for k=3
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Multiserver systems –steady distribution



Multiserver systems –steady distribution
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