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ABSTRACT. We study and classify topologically invariant o-ideals with a Borel base on the Hilbert cube and
evaluate their cardinal characteristics. One of the results of this paper solves (positively) a known problem
whether the minimal cardinalities of the families of Cantor sets covering the unit interval and the Hilbert cube
are the same.

1. INTRODUCTION AND SURVEY OF PRINCIPAL RESULTS

In this paper we study properties of topologically invariant o-ideals with Borel base on the Hilbert cube
I¥ = [0,1]“. In particular, we evaluate the cardinal characteristics of such o-ideals. One of the results of this
paper solves (positively) a known problem whether the minimal cardinalities of the families of Cantor sets
covering the unit interval and the Hilbert cube are the same.

Topologically invariant ideals in the finite dimensional case were considered in paper [3] devoted to studying
topologically invariant o-ideals with Borel base on Euclidean spaces R™. To present the principal results, we
need to recall some definitions.

A non-empty family Z of subsets of a set X is called an ideal on X if Z is hereditary with respect to taking
subsets and Z is additive (in the sense that AU B € T for any subsets A, B € Z). An ideal 7 on X is called
a o-ideal if for each countable subfamily A C Z the union |J.A belongs to Z. An ideal Z on X will be called
non-trivial if 7 contains some uncountable subset of X and Z does not coincide with the ideal P(X) of all
subsets of X. Each family F of subsets of a set X generates the o-ideal o F consisting of subsets of countable
unions of sets from the family F.

A subset A of a topological space X has the Baire property (briefly, is a BP-set) if there is an open set
U C X such that the symmetric difference AAU = (A\U)U (U \ A) is meager in X (i.e., is a countable union
of nowhere dense subsets of X). A subfamily B C 7 is called a base for Z if each set A € T is contained in some
set B € B. We shall say that an ideal Z on a Polish space X has o-compact base (resp. Borel base, analytic
base, BP-base) if T has a base consisting of o-compact (resp. Borel, analytic, BP-) subsets of X. Let us recall
that a subset A of a Polish space X is analytic if A is the image of a Polish space under a continuous map.
It is well-known that each Borel subset of a Polish space X is analytic and each analytic subset of X has the
Baire property. Thus, for an ideal Z on a Polish space X we have the following implications:

T has o-compact base = Z has Borel base = 7 has analytic base = Z has BP-base.

Classical examples of o-ideals with Borel base on the real line R are the ideal M of meager subsets and the
ideal N of Lebesgue null subsets of R. One of the differences between these ideals is that the ideal M is
topologically invariant while A/ is not.

We shall say that an ideal Z on a topological space X is topologically invariant if Z is preserved by homeo-
morphisms of X in the sense that Z = {h(A) : A € I} for each homeomorphism i : X — X of X.

In [3] we proved that the ideal M of meager subsets of a Euclidean space R™ is the largest topologically
invariant o-ideal with BP-base on R™. This is not true anymore for the Hilbert cube I* as shown by the o-ideal
0Dy of countable-dimensional subsets of 1“. The o-ideal 0Dy is generated by all zero-dimensional subspaces
of I¥ and has a base consisting of countable-dimensional Gg,-sets. It is clear that Dy € M. So, M is not
the largest non-trivial o-ideal with Borel base on I“. Nonetheless, the ideal M has the following maximality
property.
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Theorem 1.1. The ideal M of meager subsets of the Hilbert cube 1“ is:

(1) a mazimal non-trivial topologically invariant ideal with BP-base on I*, and
(2) the largest non-trivial topologically invariant ideal with o-compact base on I¥.

Proof. (1) Given a non-trivial topologically invariant ideal Z O M with BP-base on I* we should prove that
Z = M. Assume that T contains some subset A € Z\ M. Since Z has BP-base, we can additionally assume
that the set A has the Baire property in I¥. Being non-meager, the BP-set A contains a Gs-subset Gy C A,
dense in some non-empty open set U C ). The compactness and the topological homogeneity of the Hilbert
cube (see e.g. [17, 6.1.6]) allow us to find a finite sequence of homeomorphisms hy, ..., h, : I¥ — I* such that
I¥ = J_, hi(U). The topological invariance of the ideal Z guarantees that the dense Gs-set G = |J;_, Gy
belongs to the ideal Z. Since I¥ \ G € M C T is meager, we conclude that I = GU (I* \ G) € Z, which means
that the ideal Z is trivial.

(2) Next, assume that Z is a non-trivial topologically invariant ideal on I with o-compact base. To show
that Z C M, it suffices to check that each o-compact set K € Z is meager in [¥. Assuming that K is not
meager and applying Baire Theorem, we conclude that K contains a non-empty open subset U C I¥. By

the compactness and the topological homogeneity of 1 there are homeomorphisms hq, ..., h, of I¥ such that
[¥ = U, hi(U). Now the topological invariance and the additivity of Z imply that I € Z, which means that
the ideal 7 is trivial. O

In [3] we proved that the family of all non-trivial topologically invariant o-ideals with analytic base on a
Euclidean space R™ contains the smallest element, namely the o-ideal 0Cy generated by so called tame Cantor
sets in R™. A similar fact holds also for topologically invariant ideals with an analytic base on the Hilbert cube
Iv.

By a Cantor set in I¥ we understand any subset C' C I* homeomorphic to the Cantor cube {0,1}¥. By
Brouwer’s characterization [15] of the Cantor cube, a closed subset C C I¢ is a Cantor set if and only if C
is zero-dimensional and has no isolated points. A Cantor set A C 1% is called minimal if for each Cantor set
B CI¥ there is a homeomorphism h : ¥ — I* such that h(A4) C B.

Minimal Cantor sets in the Hilbert cube I* can be characterized as Cantor Z,-sets. Let us recall that a closed
subset A of a topological space X is called a Z,-set in X for n < w if the set {f € C(I", X) : f(I") N A = 0}
is dense in the space C(I", X) of all continuous functions from I" to X, endowed with the compact-open
topology. A closed subset A of a topological space X is called a Z-set in X if for any open cover U of X there
is a continuous map f : X — X \ A, which is U-near to the identity map in the sense that for each 2 € X the
set {f(x),x} is contained in some set U € U. It is clear that a subset of the Hilbert cube is a Z-set in I* if and
only if it is a Z,-set in I¥. By the Z-Set Unknotting Theorem 11.1 in [8], any two Cantor Z-sets A, B C I¥
are abmiently homeomorphic, which means that there is a homeomorphism A : I — I* such that h(A4) = B.
This implies that a Cantor set C' C I* is minimal if and only if it is a Z-set in I“.

By Cy we denote the family of all minimal Cantor sets in I and by oCy the o-ideal generated by the family
Co. Observe that oCy coincides with the o-ideal generated by zero-dimensional Z-sets in I¥. The following
theorem shows that oCy is the smallest non-trivial o-ideal with analytic base on 1.

Theorem 1.2. The family Cy (the o-ideal 0Cy) is contained in each topologically invariant non-trivial (o-)ideal
T with analytic base on 1¢.

Proof. Let C € Cy. By the hypothesis there exists an uncountable analytic set A € Z. It is known that A
contains a copy C of a Cantor set. By the minimality of C' there exists a homeomorphism h of the Hilbert
cube such that h(C) C C; C A. Hence h(C) € Z. By the topological invariance of Z also C € Z. O

As it is known, on the Hilbert cube there are non-trivial topologically invariant o-ideals with Borel base,
which are not contained in the ideal M of meager sets. It turns out that among such o-ideals there is the
smallest one. It is denoted by oGy and is generated by minimal dense Gg-subsets of 1¢.

A dense Gs-subset A of a Polish space X will be called minimal if for each dense Gs-set B C X there is
a homeomorphism h : X — X such that h(A) C B. By [4], any two minimal dense Gs-subsets of I are
ambiently homeomorphic. Minimal dense Gs-sets in I were characterized in [4] as dense tame Gs-set. To
introduce tame Gg-sets in the Hilbert cube we need some additional notions.
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A family V of subsets of a topological space X is called vanishing if for any open cover U of X the subfamily
{VeVv:VUel V LU} is locally finite in X.
An open subset U of 1% is called a tame open ball if

e its closure U in I¥ is homeomorphic to the Hilbert cube;
e its boundary AU in I* is homeomorphic to the Hilbert cube;
e OU is a Z-set in U and in ¥\ U.
By [8, 12.2], tame open balls form a base of the topology of the Hilbert cube.

A subset U of I¥ is called a tame open set in I¥ if U = |JU for some vanishing family U of tame open
balls with pairwise disjoint closures in I¥. The family I/ is unique and coincides with the family C(U) of all
connected components of U. By C(U) = {C : C € C(U)} we shall denote the (disjoint) family of closures of
the connected components of the set U.

A subset G of I¥ is called a tame Gs-setin I if G = ﬂnew U,, for some sequence (Up,)ne. of tame open sets
in I* such that |JC(Un+1) C U, for every n € w and the family J,,,, C(Uy) is vanishing in I*.

By Theorem 4 of [4], a dense Gs-set in I* is minimal if and only if it is dense tame G in I*.

Denote by Gy the family of all minimal dense Gs-sets in [ and by oGy the o-ideal generated by the family
Go. It is clear that Gy € M. It turns out that the o-ideal oGy is the smallest topologically invariant o-ideal
with BP-base, which is not contained in the ideal M of meager subsets in 1*.

Theorem 1.3. The family Gy (the o-ideal 0Gy) is contained in each topologically invariant (o-)ideal T € M
with BP-base on 1¢.

Proof. If T ¢ M, then we can find a non-meager set A € Z. Repeating the argument from the proof of
Theorem 1.1, we can show that the ideal Z contains a dense Gs-subset G of I. To check that Gy C Z, fix any
minimal dense Gs-set M C I¥ and find a homeomorphism h of I¥ such that h(M) C G € Z. Then h(M) € T
and M € T by the topological invariance of Z. O

In light of Theorem 1.3, it is important to study the properties of the o-ideal 0Gy and how it is related to
other o-ideals. Since each minimal dense Gs-set in I is zero-dimensional, the ideal 0§y is contained in the
o-ideal oDy generated by the family Dy of all zero-dimensional subspaces of 1. By [14, 1.5.8], the o-ideal oDy
contains the o-ideal oD,, generated by the family D,, of all closed finite-dimensional subsets of I%.

Theorem 1.4. The family D, is contained in each topologically invariant ideal T ¢ M with BP-base on I%.
Consequently, oD, C 0Gy C 0Dy.

Theorem 1.4 will be proved in Section 3. Theorems 1.2 and 1.3 will help us to evaluate the cardinal
characteristics of an arbitrary topologically invariant o-ideal with analytic base on the Hilbert cube.
Given an ideal Z on a set X =|JZ ¢ Z, we shall consider the following four cardinal characteristics of Z:

add(Z) = min{|A| : ACZ, JAE T},

non(Z) =min{|A|: AC X, A¢ T},

ov(Z) =min{|A| : ACZ, JA =X},

cof(Z) =min{|A|: ACZ, VBeZ JA€ A (BC A)}.

Q

In fact, these four cardinal characteristics can be expressed using the following two cardinal characteristics
defined for any pair Z C J of ideals:

add(Z,J) =min{|A|: ACZ, UA¢ T} and
cof(Z,J) =min{|A|: AC T, VBeZI3JAc A (BCA)}.
Namely,
add(Z) = add(Z,Z), non(Z) = add(F,Z), cov(Z) = cof(F,Z), cof(Z) = cof(Z,T)
where F stands for the ideal of finite subsets of X.

The cardinal characteristics of the o-ideal M have been thoroughly studied in Set Theory, see [5] or [7].
They fit into the following (piece of Cichoni’s) diagram in which an arrow a — b indicates that a < b in ZFC:
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non(M) —— cof (M) == max{non(M),d} ——=¢

|
|

wy; — min{b, cov(M)}
Here
b=min{|B|: BCw”, Vzew”Iye B (y£" x)} and
d=min{|D|: D Cw*, Vx ew®” Jy € B (z <" y)}
are the bounding and dominating numbers [9], [18], [7] (the notation x <* y means z(n) < y(n) for all but
finitely many numbers n). The precise position of the small uncountable cardinals b and 9 in the interval [wy, c]
depends on additional axioms of ZFC, see [5]. The same concerns the cardinal characteristics of the ideal M
on the real line: their values depend on axioms, too, see [6].
The cardinal characteristics of the ideal M will be used to evaluate the cardinal characteristics of the o-
ideals 0Cy and oGy in the following theorems which are principal results of this paper. These two theorems
will be proved in Sections 4 and 5, respectively.

Theorem 1.5. The o-ideal oCy on the Hilbert cube has cardinal characteristics:

(1) cov(oCy) = cov(M),

(2) non(cCp) = non(M),

(3) add(cCo, M) = add(M),
(4) cof(cCy, M) = cof(M).

Theorem 1.6. The o-ideal cGgy on the Hilbert cube has cardinal characteristics:
w1 < add(0Gp) < cov(cGp) < add(M) < cof(M) < non(cGy) < cof(cGp) < c.
Theorems 1.2, 1.3, 1.5 and 1.6 imply the following corollary.

Corollary 1.7. Let T be a non-trivial topologically invariant o-ideal T with analytic base on the Hilbert cube.
(1) If T C M, then cov(Z) = cov(M), non(Z) = non(M), add(Z) < add(M), and cof(Z) > cof(M).
(2) If T Z M, then add(Z) < cov(Z) < cov(cGy) < add(M) < cof(M) < non(cGy) < non(Z) < cof(Z).
Corollary 1.7 implies that the cardinal characteristics of any non-trivial topologically invariant o-ideals

Z C M and J € M with analytic base on the Hilbert cube fit in the following variant of Cichoi’s diagram (in
which a — b indicates that a < b):

non(cGy) —non(J) — cof (J) ——=¢

w1 — add(J) —— cov(J) —— cov(aGp)

The following example shows that the inequalities add(Z), cov(7) < add(M) and cof(M) < cof(Z),non(J)
in this diagram can be strict. By an arc in I¥ we understand any subset A C ¥ homeomorphic to the closed
interval I = [0, 1].
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t

Example 1.8. (1) The o-ideal T generated by arcs in I has
add(Z) = w1, cov(Z) = cov(M), non(Z) = non(M) and cof (Z) = ¢.
(2) The ideal J = 0Dy € M of countable dimensional subsets of I has
add(J) = cov(J) = wy and non(J) = cof(J) = c.

Proof. Using Corollary 1.7 to prove the two middle equalities, the first statement can be proved by analogy
with Example 2.6 of [3]. To see that non(cDy) = ¢, observe that each subset A C 1% of cardinality |A| < ¢ is
zero-dimensional. The equality cov(cDy) = wy is an old result of Smirnov, see [14, 5.1.B]. O

Next, we describe three classes of topologically invariant o-ideals Z with o-compact base on the Hilbert
cube whose cardinal characteristics coincide with the respective cardinal characteristics of the ideal M. In
the following definition by H(I“) we denote the (Polish) group of homeomorphisms of the Hilbert cube 1%,
endowed with the compact-open topology.

Definition 1.9. A topologically invariant ideal Z on I¢ is called

o Gs-generated if T has o-compact base and there is a Gs-subset G C I such that each compact subset
K C G belongs to T and for each compact set A € Z the set HG = {h € H(I¥) : h(A) C G} is dense
in H(I);

o Gj5-generated if there is a Gs-generated ideal Z* on I* and an embedding e : I* — I¥ such that
I={eYA):AeT*};

o oG} -generated if there is a sequence (Z,)ne. of G3-generated ideals on I* such that J
each A € 7 is contained in the union |J K, of compact sets K,, € Z,,, n € w.

7, C T and

new

new

It follows that each Gs-generated ideal is G5-generated, each G-generated ideal is 0G5-generated, and each
oG5-generated o-ideal has o-compact base.

Theorem 1.10. If a non-trivial topologically invariant o-ideal Z on 1* is 0G5-generated, then
add(Z) = add(M), cov(Z) = cov(M), non(Z) =non(M) and cof(Z) = cof(M).

Now we shall apply Theorem 1.10 to calculate the cardinal characteristics of some o-ideals naturally ap-
pearing in Dimension Theory. We recall that for a family F of subsets of 1 by o F we denote the smallest
o-ideal containing the family F. It consists of all subsets of countable unions of sets from the family F. By K
we shall denote the family of all compact subsets of the Hilbert cube 1.

Definition 1.11. A family D of subsets of I will be called a dimension class if

e D is compactly o-additive in the sense that the o-ideal o(K N D) is contained in the ideal D;

e D is topological in the sense that a subset A C I* belongs to the class D if it is homeomorphic to some
set B € D;

e D contains a set U € D which is K N D-universal in the sense that each compact subset A € D is
homeomorphic to a subspace of the universal space U;

o D admits completions, which means that each set A € D is contained in a Gg-subset G € D of 1¢.

A family D of subsets of 1% is called a o-dimension class if D = |
of dimension classes.

hew Pn for an increasing sequence (Dy,)new

A typical example of a dimension class is the family dim<,, of all subsets A C I“ of covering dimension
dim(A) < n, see [14, §1.14]. The family dim., of all finite-dimensional subsets of I¥ is an example of a
o-dimension class. More examples of (o-)dimension classes can be found in Theory of Cohomological and
Extension Dimensions [10], [11], [12], [13].

For every n € w denote by 02, the o-ideal on 1 generated by the family Z,, of all Z,-sets in 1¥. Let us
remark that the o-ideal 0 Z coincides with the ideal M.

Theorem 1.12. (1) For every n < w the o-ideal 0 Z,, is Gs-generated.
(2) For each dimensional class D the o-ideal o(Z, N D) is Gs-generated and the o-ideal o(K N D) is
G’ -generated.
3) For each o-dimensional class D the o-ideals o(Z, ND) and (KX ND) are cG%-generated.
)

Theorems 1.10 and 1.12 imply:
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Corollary 1.13. Fach o-ideal T € {02, : n € w} U{c(KND),0(Z,ND): D is aoc-dimension class} has
add(Z) = add(M), cov(Z) = cov(M), non(Z) = non(M), and cof(Z) = cof (M).

This corollary answers Problem 2.6 of [2] concerning the cardinal characteristics of the o-ideals 0 Z,,, n < w,
and o(K Ndim<p).

2. SOME PROPERTIES OF Z-SETS IN THE HILBERT CUBE

In this section we collect the necessary information on Z-sets in the Hilbert cube 1.

We recall that a subset A of a topological space X is called a Z-set in X if A is closed in X and for each
open cover U of X there is a map f: X — X \ A, which is U-near to the identity map id : X — X. All maps
considered in this paper are assumed to be continuous. In contrast, functions need not be continuous. It follows
that a subset of the Hilbert cube I* is a Z-set in I¥ if and only if it is a Z,-set in 1.

A subset A of a topological space X is called a oZ-set in X is A can be written as the countable union
A=, A, of Z-sets.

A typical Z-set in the Hilbert cube looks as in the following simple and known lemma.

Lemma 2.1. For any closed proper subsets A, g I, n €w, the product [],,c,, An is a Z-set in 1.
We shall often use the following powerful homogeneity property of the Hilbert cube [8, 11.1].

Theorem 2.2 (Z-Set Unknotting Theorem). Any homeomorphism h : A — B between Z-sets A, B in the
Hilbert cube 1% extends to a homeomorphism of 1¢.

A map f: X =Y will be called a Z-embedding if f(X)isa Z-set in Y and f: X — f(X) is a homeomor-
phism. The following universality property of the Hilbert cube was proved in [8, 11.2].

Theorem 2.3 (Approximation by Z-embedding). For any compact metrizable space K the set of Z-embeddings
is dense in the function space C(K,1¥).

We shall apply the Z-Set Unknotting Theorem to prove the following tameness lemma.
Lemma 2.4. For each zero-dimensional Z-set A in the Hilbert cube 1 and every open cover U of 1% there is
a finite cover B,...,B, of A by open subsets of 1“ such that

(1) for everyi < n the closure B; is homeomorphic to I, is contained in some set U € U and the boundary
OB; of B; in1¥ is a Z-set in B;; B B
(2) for any distinct numbers i, j < n the closures B; and B; are disjoint.

Proof. This lemma is obvious for zero-dimensional sets contained in straight intervals of the form [0,1] X
{zo} C T x IN = I*. The general case can be reduced to this special case with help of the Z-set Unknotting
Theorem 2.2. g

3. PROOF OF THEOREM 1.4

We shall derive Theorem 1.4 from five lemmas proved below. In these lemmas by X we denote the Hilbert
cube I¥ and by H(X) its homeomorphism group endowed with the compact-open topology. A neighborhood
base of this topology at each h € H(X) consists of the sets

B(h,U) ={f € H(X) : (h, f) < U},

where U runs over all open covers of X. For a cover U of X and maps f,g: X — X, we write (f,g) < U and
say that f and g are U-near if for every x € X the set {f(x),g(x)} is contained in some set U € U.

It is well-known that for any metric d generating the topology of X, the compact-open topology on H(X)
is generated by the complete metric

d(f,g) = sup d(f(x), g9(x)) + sup d(f(y), 97 ().

This implies that H(X) is a Polish topological group.
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In the following lemmas, for subsets F,G C X and a natural number n € N, we shall establish some
properties of the subset

HE o = {(h)ly € HXP: F € Uhi(@))

i=1
of the k-th power H(X)* of the homeomorphism group H(X).

Lemma 3.1. For a closed set F' C X and an open set U C X the set
k
HFU = {(h)isy e H(X)": F C !1hz(U)}

is open in H(X)* for every k € N.
Proof. The proof is by induction on k£ € N.

First we verify this lemma for k = 1. Since H(X) is a topological group, it suffices to check that the set

(Hpp) ' ={heH(X): FChU)} '={heH(X):h ' (F)CU} ' ={h e H(X): h(F) CU}

is open in H(X). But this follows from the definition of the compact-open topology on H(X).

Now assume that the lemma has been proved for some k£ € N. To prove it for k + 1, fix any sequence of
homeomorphisms (f;)"*] € Hﬁ"{} Then F C Ukjll ;(U) and hence ﬂfill J(X\U) C X\ F. Tt follows

that the closed sets B = ﬂi:l fi(X\U) and C = FN fr11(X \ U) are disjoint and hence have disjoint open
neighborhoods V and O(C) in X. Then V and W = O(C) U (X \ F) are two open sets such that

e VAW CX\F;
e N, fi(X\U) = B CV, which is equivalent to X \ V C ¥, f:(U);
o frr1(X\U) C W, which is equivalent X \ W C fi1(U).

By the inductive assumption, the sets Hf(\vﬂ > (fi)F, and H§(\W’U 3 fr41 are open and so is their product
HY(X\V,U) x H{(X \W,U) C H(X)* x H(X) = H(X)*1,
which contains the sequence (f;)¥*} and lies in the set ’;'-llﬁ'1 This shows that the set H*T(F,U) is open in
H(X)FHL. O
Lemma 3.2. For an F,-set ' C X and an Gs-set G C X the set
g = {(h)ks € OO F € Uhi(@)

i=1
is of type G5 in H(X)* for every k € N.
Proof. Write the F,-set F as the union F' = |J,., F; of a non-decreasing sequence (F});e. of closed subsets

of X and write the Gs-set G as the intersection G = (¢,
subsets of X. Then for any sequence of homeomorphlsms (hi)¥_, € H(X)F we get

_Uhi(G) = U () ) =) Uhi(UJ)

i=1jecw jEwi=1

U, of a non-increasing sequence (Uj); e, of open

Consequently, the set

Hp g = {(hi)ie € H(X UFCﬂUh

JEW JEwi=1
JEW JEW
is of type G5 in H(X)" as each set Hllij,Uj is open in H(X)k by Lemma 3.1. O

While the preceding two lemmas hold for any compact metrizable space X, the following three lemmas
essentially depend on the properties of the Hilbert cube X = I¢.
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Lemma 3.3. For any zero-dimensional Z-set F' C X and any dense open subset G of X the set H;lg ={he
H(X) : h(F) C G} is a dense in H(X).

Proof. Given a homeomorphism hy € H(X) and an open cover U of the Hilbert cube X = I*, we need to find
a homeomorphism h of I¥ such that hA(F) C G and (h, hg) < U.

By Lemma 2.4, there is a finite cover By, ..., B, of the zero-dimensional Z-set ho(F') by open subsets of X
such that

e for every i < n the clo§ure B; of B; lies in some set U € U, B; is homeomorphic to the Hilbert cube
and 0B; is a Z-set in Bj; B B
o for any 1 < ¢ # j < n the closures B; and B; are disjoint.

For every i < n we shall construct a homeomorphism f; : B; — B; such that f;|0B; = id and f;(B;NFy) C G.
Using the Approximation Theorem 2.3, in the function space C'(I¥, B;) choose a countable dense subset { 9i}icw
consisting of Z-embeddings. Then 4; = {J,, 9;(I) is a 0Z-set in B; and each closed subset C' C X \ 4;
of B; is a Z-set in B;. Taking into account that G is an open dense subset of X, we conclude that the set
B; NG\ A is non-meager in X. Consequently, this set is uncountable, which allows us to find a topological copy
of the Cantor cube in B; NU \ A. Since the Cantor cube contains a topological copy of each zero-dimensional
compact metrizable space, we can find a compact subset K; C B; N U \ A;, homeomorphic to the compact
zero-dimensional set B; N ho(F) = B; N ho(F). Tt follows from K; N A; = ) that K; is a Z-set in B;. Using
the fact that ho(F) is a Z-set in I and OB; is a Z-set in B;, we can show that ho(F) N B; is a Z-set in
B;. By the Z-set Unknotting Theorem, there is a homeomorphism f; : B; — B; such that f;|0B; = id and
filho(F)N B;) = K; C U. The homeomorphisms f;, 1 <4 < n, compose a homeomorphism f : X — X such
that f|B; = f;,i <nand f|X\U}_, B; = id. The homeomorphism f is U-near to the identity homeomorphism
of X and f(ho(F)) CU. Then the homeomorphism A = fohg: X — X is U-near to hg and h(F) CU. O

Lemma 3.4. For every dense Gs-set G in 1 and every oZ-set F C 1% of finite dimension k = dim(F') the
set

k+1
Hig = {(h)Z) € RO F e Uni(@))

1=

is dense Gs in the space H(X)F+1.

Proof. By Lemma 3.2, the set HI@JE} is of type Gs in H(X)**1. So, it remains to prove that this set is dense
in H(X)¥*1. This will be done by induction on k € N.

First we check the lemma for £ = 0. Fix a 0Z-subset F' in X of dimension dim(F) = 0 and consider the
subset Hp o = {h € H(X) : A C h(G)} of H(X). Write the 0Z-set F' as the union F' = {J;, Fj of an
increasing sequence (F}); e, of Z-sets in X and write the dense Gs-set G as the intersection G = (.., U; of a
decreasing sequence (Uj) e of open dense subsets of X. Observe that

1 _ 1
HF,G - n HFJ‘,U]"

JEW

jEW

By Lemma 3.3, for every j € w the set
(HE o)™t = {h € H(X) : Fy Ch(U)} ™ = {h € H(X) : h(F}) C U}

is dense in H(X) and so is its inverse H}%Uj. By Lemma 3.1, the set H};j,Uj is open in H(X). Then the set
H}?’G = Nicw H};%Uj is a dense G5 in H(X), being a countable intersection of open dense sets in the Polish
space H(X).

Now assume that the lemma has been proven for some k € w. Given any cZ-set ' C I¥ of dimension
dim(F) = k + 1, we need to prove that the set Hl’ffg is dense in H(X)**2. Fix any non-empty open set
U C H(X)kH? = H(X)EFTL x H(X). We can assume that U is of the form U« = V x W for some open sets
YV CH(X)* ! and W C H(X).

The space F' has (inductive) dimension £ + 1 and hence F' has a countable base B = {U; : j € w} of the
topology such that the boundary OU; of each set U; € B in the space F' has dimension dim(0U;) < k. By the
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inductive assumption, for every j € w the set

k+1
Hyi ) = {2 € HOOMT 003 € U (@)}

k+1

is dense G in H(X)¥T!. Then the intersection Njew Hg,le also is a dense Gs-set in H(X) So, we

can choose a sequence of homeomorphisms (h;)*! € VNN
Ujew, 0U; € UZL hi(G).

Now consider the 0Z-set F' = F'\ UkJr1 hi(G). Since {U;};je. is the base of the topology of the space F
and the intersection F' N icw OU; is empty, the set F” has dimension zero. By the inductive assumption (for
k = 0) the set H},,VG is dense G in H(X), which allows us to find a homeomorphism hyy2 € WHH},,VGM Then

the sequence of homeomorphisms (hl)fig belongs to the set (V x W)NH I’ffg? witnessing that the set H I’foz is
dense in H(X)F2. O

HE*L . For these homeomorphism
ew fou; g FO these homeomorphisms, we get

Lemma 3.5. For every dense Gs-set G in X = 1% and every F,-set F C ¥ of finite dimension k = dim(F)
the set
k44
Hitd = {(h)i e (XM F € U hi(G)}
i=1

is dense Gs in the space H(X)k+4.

Proof. Given any non-empty open set U C H(X)¥**, we need to show that U NHy, k+4 # ). We lose no generality
assuming that U = V x W for some non-empty open sets V € H**1(X) and W Q 7—[3( ).

By Theorem 2.3, the function space C(I?, X) contains a dense countable subset {f;};c. consisting of Z-
embeddings. It follows that A = |J;,, f;(I?) is a 0 Z-set of dimension dim(A4) = 2 in [“. By Lemma 3.4, the
set H3 ¢ s dense in H3(G). Consequently, we can find homeomorphisms (hyyo, hxi3, hrra) € W such that
AC Uf+,f+2 i(G). Now consider the Gs-set G/ = Uf:;?m hi(G) and the finite-dimensional F,-set F\G' C X\ A
in X. Tt follows from the choice of the set A that F'\ G’ is a 0 Zs-set. Since each finite-dimensional Zs-set in the
Hilbert cube is a Z-set (see [16]), the finite-dimensional 0 Z-set F'\ G’ is a 0Z-set in X =[¥. By Lemma 3.4,

the set H;Té, is dense in H(X)¥*!, which allows us to find homeomorphisms (hy, ..., hr+1) € V such that
F\G C UkJrl hi(G). Then (hy,...,hgt1, hrta, hkrs, hgra) € V x W = U is a sequence of homeomorphisms
with F' C Uk+4 hi(G), which means that this sequence belongs to the set Hllffgl (]

Proof of Theorem 1.4. Let T € M be any topologically invariant ideal with BP-base on the Hilbert cube I%.
Repeating the argument of the proof of Theorem 1.1, we can show that Z contains a dense Gs-set G in 1¥.
By Lemma 3.5, for any closed subset F' C I¥ of finite dimension k& = dim(F’) there are homeomorphisms
hi,.. hk+4 € H(I¥) such that F C Uk+4 hi(G). By the topological invariantness and additivity of Z, the
union Ui=1 hi(G) and its subset F belong to the ideal Z. So, D, C Z.

If 7 is a o-ideal, the 0D,, C T. O

4. PROOF OF THEOREM 1.5

The proof of Theorem 1.5, is divided into four lemmas: 4.4, 4.5, 4.6, and 4.7 reducing the problem of
calculation of the cardinal characteristics of the ideal ¢Cy to zero-dimensional level. The reduction will be
made with help of semi-open bijection of the Baire space Z“ onto the Hilbert cube.

A map f: X — Y between topological spaces is called semi-open if for each non-empty open set U C X the
image f(U) has non-empty interior in Y. The following property of bijective semi-open maps is immediate.

Lemma 4.1. If f : X — Y is a bijective semi-open map between topological spaces, then for any mowhere
dense subset A C X its image f(A) is nowhere dense in'Y.

A standard example of a semi-open map is the Cantor ladder map

c¢:{0,1}* — [0,1], c: 11’_)221—%1
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of the Cantor cube {0,1}* onto the closed interval [0,1]. This map will be used to prove:

Lemma 4.2. There exists a bijective semi-open map ¢ : Z* — 1 of the Baire space Z* onto the closed interval
I.

Proof. Consider the Cantor ladder map ¢ : {0,1}* — [0,1]. It is well-known that for each point y of the set
Q2 ={%:0<m <2 kmew} CI[0,1] the preimage ¢~!(y) has cardinality |c™(y)| = 2 and for every
y € [0,1] \ Q2 the preimage c¢~!(y) is a singleton. Take any subset B C {0,1}* such that the restriction
¢|B : B — [0,1] is bijective. It follows that the set B is dense and has countable complement in {0,1}*.
Consequently, B is zero-dimensional Polish nowhere locally compact space, which is homeomorphic to the
Baire space Z* according to the Aleksandrov-Urysohn Theorem [15, 7.7]. It is easy to see that the restriction
¢|B: B — [0,1] is semi-open. Then for any homeomorphism A : Z* — B the map ¢ = coh : Z¥ — [0,1] is a
bijective semi-open map of the Baire space Z* onto the interval [0, 1]. (]

We shall consider the Baire space Z* as a topological group endowed with the operation of addition of
functions. In this group consider the closed nowhere dense subset Z§ where Zy = Z \ {0}.

Lemma 4.3. There is a bijective semi-open map ® : Z¥ — 1¥ such that for every f € Z¥ the set ®(f + Z§)
belongs to the o-ideal oCy generated by zero-dimensional Z-set in 1%.

Proof. Take the bijective semi-open map ¢ : Z*¥ — I from Lemma 4.2 and consider its countable power
7 (Z) = 17, 7 (@)iew = (0(2))icw-

For each function f € (Z“)“ the set f + (Z§)“ can be written as the countable product [], ., (fn + Z§) for
suitable functions f, € Z¥, n € w. Then ¢*(f + (Z§)*) = [],.co, ¢(fn + Z§). Observe that for every n € w
the set f, + Zg is nowhere dense in Z“. Since the map ¢* is bijective and semi-open, the image ©(f, + Z§)
is nowhere dense in the interval I and so is its closure K, in I. By Lemma 2.1, the product K =[], ., K is
a zero-dimensional Z-set in I¥. Consequently, the set ¢ (f + (Z§)“) C K belongs to the ideal 0Cy. Then for
any coordinate permutating homeomorphism A : Z* — (Z*)% the map ® = ¢ o h : Z* — 1“ has the required
property: ®(f + Zg) € oCy for every f € Z*. O

Lemma 4.4. cov(cCy) = cov(M).

Proof. The inequality cov(cCy) > cov(M) is obvious, because cCy C M. The proof of the inequality cov(aCy) <
cov(M) uses the equality
cov(M) = min{|F|: F CZ* and F +Z§ = Z*}

proved in Theorem 2.4.1 [5]. According to this equality, there is a subset F C Z* of cardinality |F| = cov(M)
such that Z§ + F = Z*.

By Lemma 4.3, there is a bijective map ® : Z¥ — I¢ such that for every f € Z* the set ®(f + Z¥) belongs
to the ideal 0Cy. Since

I =&(z*) = | o(f +Z5),
fer

the family {®(f + Z§)} rer C 0Cp is a cover of I*, witnessing that cov(cCpy) < |F| = cov(M). O

Lemma 4.5. non(cCp) = non(M).

Proof. The inequality non(cCy) < non(M) is obvious, since 0Cy C M. To prove the inequality non(cCp) >
non(M), we shall use a combinatorial characterization of the cardinal non(M) due to Bartoszynski [5, 2.4.7].
According to this characterization, non(M) coincides with the smallest cardinality of a subset A C Z* which
cannot be covered by countably many sets of the form f + Zg, f € Z*.

Let @ : Z — I¢ be the bijective map from Lemma 4.3. Observe that for any subset A C I* of cardinality
|A] < non(M) its preimage ®~1(A) C Z* has cardinality [®~!(A)| = |A| < non(M) and by the combinatorial
characterization of non(M), can be covered by the set C + Z§ for some countable set C C Z“. Then A C
Usec ®(f + Zg) € 0Co. This implies that non(oCo) > non(M). O

Lemma 4.6. add(cCy, M) = add(M).
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Proof. The inequality add(cCo, M) > add(M) is trivial. Since add(M) = min{cov(M), b}, the inequality
add(oCy, M) < add(M) will follow as soon as we check that add(cCy, M) < min{cov(M),b}. Lemma 4.4
implies that add(oCy, M) < cov(cCy) = cov(M).

To prove that add(cCy, M) < b, consider the set I\ Q of irrational numbers in I and its countable power
(I'\ Q)¥, which is homeomorphic to the Baire space Z“ according to the Aleksandrov-Urysohn Theorem [15,
7.7]. By Theorem 2.2.3 of [5], the space (I \ Q)* (being a topological copy of Z*) contains a family A of
compact subsets of cardinality |A| = b whose union | J.4 is non-meager in (I'\ Q) and hence is non-meager
in the Hilbert cube I¥. By Lemma 2.1, each set A € A is a zero-dimensional Z-set in 1% and hence A C ¢C.
Since A ¢ M, we see that add(cCy, M) < |A| = b. O

Lemma 4.7. cof(cCy, M) = cof (M).

Proof. The inequality cof(cCy, M) < cof(M) is trivial. Since cof(M) = max{non(M),d}, the inequality
cof (cCy, M) > cof (M) will follow as soon as we check that cof(cCy, M) > max{non(M),0}. Lemma 4.5
implies that cof(cCp, M) > non(oCy) = non(M).

To prove that cof(cCy, M) > 0, consider the set I\ Q of irrational numbers in I and its countable power

= (I\Q)%“, which is homeomorphic to the Baire space Z* according to the Aleksandrov-Urysohn Theorem [15,
7.7]. Let M(P) be the ideal of meager sets in P and o/C(P) be the o-ideal generated by compact subsets of
P. By Theorem 2.2.3 of [5], cof(¢K(P), M(P)) = 0. Taking into account that oK (P) C oCy (which follows
from Lemma 2.1) and M(P) ={M NP : M € M}, we see that

0 = cof (cK(P), M(P)) < cof(aCy, M).
Therefore, cof(oCy, M) > max{non(M),d} = cof(M) and we are done. O

5. PROOF OF THEOREM 1.6

First we elaborate some tools for working with tame Gjs-sets in the Hilbert cube I1¥. We shall need an
index-free description of tame Gs-sets, developed in [4].
A family T of open subsets of a topological space X is defined to be tame if

e T is vanishing in the sense that for each open cover U of X the family {B €T :YVU €Y B L U} is
locally finite; o B
e for any distinct sets A, B € T one of three possibilities holds: ANB =0, AC B, or B C A.

For a family 7 of subsets of a set X consider the set
U T =N{U(T \ F) : F is a finite subfamily of 7}

of all points « € X that belong to infinitely many sets of the family 7.
The following characterization of tame Gg-sets was proved in Proposition 2 of [4].

Proposition 5.1. A subset G C 1% is a tame Gs-set in 1% if and only if G = |J™ T for a tame family T of
tame open balls in 1¢.

A subset G C I will be called a tame Gs-set in T if for any non-empty open set U C I the complement U \ G
is uncountable.

To establish some structural properties of tame Gg-sets in I, we need indexed modifications of the notions
of vanishing and disjoint families. An indexed family (X, )aca of subsets of a compact metrizable space X is
called

o disjoint if X, N Xg = () for any distinct indexes o, § € A;
o wvanishing if for each open cover U of X there set {a € A: VU e U X, Z U} is finite.

Lemma 5.2. If G C1 is a dense tame Gs-set in 1, then for any non-empty open connected subset U ;% I and
any € > 0 there is a sequence (Up,)mew 0of non-empty open connected subsets of 1 such that

(1) the indeved family (Uy,)meew is disjoint;
(2) Upmew Um CU;

(3) diam(U, )<6f07“allm€w
4)vnGcCly

me
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Proof. Being a proper open connected subset of I, the set U is equal to (a,b), [0,b), or (b, 1] for some numbers
0 <a<b<1. So, we can choose a disjoint sequence (Vi )me. of non-empty open connected subsets I such
that

(a) Umee Vin is dense in U;

(b) UmeV C U

(¢) the family {V;;, }imew is locally finite in U;
(d) diamV,, <e/2 for all m € w.

Since the Gs-set G is tame, for every m € w the complement V,, \ G is uncountable, and hence contains
a topological copy K, of the Cantor cube K,,. The condition (c) implies that the union K = {J,,c,, Km
is a closed subset without isolated points in V. Consequently, its complement V' \ K can be written as the
countable union (J,, .., Un of a disjoint sequence (U, )me. of open connected subsets of I such that the family
(Upm)mew is disjoint. The condition (d) guarantees that diam(U,,) < ¢ for all m € w. The obvious inclusion
VNGCV\K = U,, completes the proof of the lemma. O

mew
Using Lemma 5.2, by a standard inductive argument, one can prove:

Lemma 5.3. If a dense Gs-subset G of I is tame, then G = (), c,, U,nco, Un,m for some vanishing indexed
family (Un,m)n,mew of open connected subsets of I such that for every n € N the indexed family (Unm)mew 18
disjoint and the family {Up11 mtmew refines the family {Un m}tmew-

Lemma 5.4. For each uncountable cardinal & < ¢ there is a family (G4 )acr of dense tame Gs-sets in 1 such
that each subset X C 1 of cardinality |X| < k is contained in some set G, o € K.

Proof. Fix a countable base (U, )ncw of the topology of the interval I and in each set U, fix a disjoint family
(Cn,a)aex of k many Cantor sets. Observe that for every a € k the complement G, =1\ J Ch.« 1s a dense
tame Gjs-set in 1.

Given any subset X C I of cardinality |X| < &, for every n € w consider the set A, = {a € k: XNC, o # 0}
and observe that it has cardinality |A,| < |X| < x. Then the union A = J, ., An also has cardinality [A| < s
and we can choose an ordinal « € x \ A. For this ordinal o we get X CI'\ |J Cnya = G,. O

new

new

Now we are ready to prove the principal ingredient of the proof of Theorem 1.6.
Proposition 5.5. Let G be a dense tame Ggs-set in the unit interval 1. Then:
(1) the countable power G* can be covered by b many tame Gs-sets in 1¥;

(2) any subset X C G of cardinality | X| <0 can be covered by a single tame Ggs-set in 1.

Proof. By Lemma 5.3, G = (,,c,, Uhew, Un,m for some vanishing indexed family U = (Upm)n,mew of open
connected subsets of I such that for every n € N the indexed family (U, m)mew is disjoint and the family
{Up+1.m ymew refines the family {U,,, m}meq-

For every increasing function f : w — w we define a tame Gs-set U7 in I as follows. For every n € w let

af, = max{sup Up.m : m < f(n), 1 ¢ Upm} and
bl = min({1} U {inf U, : m < f(n), 1 € Upn})-
Since the indexed family (U, m)mee is disjoint, 0 < af < bl < 1. Moreover, Ume(n) Unm € [0, af) U (b7, 1],

Now for every n € w consider the finite family

T = { TIVi:Vor- oo Vit € Unimbimssinys Vi € 110, 0f), (05, 1]}, Vi =T for all i > n}
1EW
of tame open balls in the Hilbert cube I¢.
Claim 5.6. The family {V : V € T/} is disjoint.
Proof. This follows immediately from the fact that the family {U, , }me. is disjoint. O

Claim 5.7. The family T =, T,] is tame.
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Proof. We need to check two conditions from the definition of a tame family.

1. The vanishing property of 7 will follow as soon as we check that for each € > 0 the subfamily {V € T :
diam (V') > €} is finite. Here we consider the metric

Ty — Y
d((xn)nem (y")”@*’) - IrIzlea(Z( |7127nn|

on the Hilbert cube I.

Since the double sequence (Uy, m )mew is vanishing, there is n € w so large that 27" < ¢ and diam(Uy ) < €
for all £ > n and all m € w. Then for every k > n, every tame open ball V € 7;€f has diameter diam(V) < e.
This implies that the family {V € 77 : diam(V) > e} € U, 7, is finite.

2. Given two distinct sets V, W € T/, we need to check that VNW =0, V C W or W C V. Find numbers
k,n € wsuch that V' € 77€f and W € ’Tnf. We lose no generality assuming that &k < n. If n = k, then VAW = ()
by Claim 5.6. Next, consider the case k < n. It follows that V = [[,c, Vi and W = [, W; for some sets
Vos s Vier € {Ukmtm<rys Vi € {0,a)), (0,11}, Vi = T for i > k, and Wo,..., Wn—1 € {Un.m}tm<sn),
W, € {[0,a{), (b],1]}, and W; = I for i > n. The choice of the family {U; ;}; je, guarantees that either
ViNnW; = () for some ¢ < k or else W; C V; for all i < k. In the first case the sets V and W have disjoint
closures. So, it remains to consider the second case: W; C V; for all 4 < k. Consider the set W, which is equal
to Up, m for some m < f(n). It follows that U, ,, C Uk m for some number m’ € w. Since the family {Uy ; }icw
is disjoint and consists of connected subsets of I four cases are possible: (i) Uy C [0, aﬁ), (i) bg < 1 and

Ukm C (bi,l], (iii) b£ < 1 and Uy C (af,b), and (iv) b£ =1 and Uy, C (0L£7 1]. In the case (i) we get

W CVifV = [O,ai) and WNV =0if Vj, = (bi,l]. In the case (ii) we get W C V if V}, = (b]{,l] and
WnV=0ifV, = [O,ai). In the cases (iii) and (iv) we get W NV = (. O

Since 77 is a tame family consisting of tame open balls in the Hilbert cube 1%, the set 77/ = |J* 7/ is a
tame Ggs-set in [ by Proposition 5.1.

For each point z = (2;);e, € G“, consider the function f, : w — w assigning to each number n € w the
smallest number m = f,(n) such that x,...,z, € Umgfz(n) Un,f.(n)-

Claim 5.8. For a function f € w* and a point x € G with f £* f, we get x € T7.
Proof. Tt follows that for every n € w with f,(n) < f(n), we get
fo,...,xn 6 U Un’m g U Un,m»

m< fz(n) m< f(n)
which implies that = = (2;)ic, € U7,/ and hence x € Y T/ = T/ as the set {n € w: f.(n) < f(n)} is
infinite. U

Now we can complete the proof of Proposition 5.5.

1. By the definition of the cardinal b, there is a subset F C w® of cardinality |F| = b such that for every
g € w¥ there is f € F with f £* g. Then for any point x € G“ there is a function f € F such that f £* f,.
By Claim 5.8, z € T C Ugef TY, which means that G“ is covered by b many tame Gs-sets TY, g € F, in [“.

2. If X C G¥ is a subset of cardinality |X| < 9, then the set {f; : * € X} is not dominating in w* and

hence there is a function f € w® such that f £* f, for all z € X. By Claim 5.8, « € T/ for each « € X, which
means that X is covered by the tame Gs-set T7. O

The following two lemmas imply Theorem 1.6.

Lemma 5.9. cov(cGy) < add(M).

Proof. Since add(M) = min{cov(M), b}, it suffices to prove that cov(cGy) < min{cov(M), b}. The inequality
cov(aGp) < cov(M) trivially follows from the inclusion 0Cy C oGy and the equality cov(oCpy) = cov(M) proved
in Lemma 4.4.

To prove that cov(cGp) < b, apply Lemma 5.4 and find an uncountable family (Gy)aew, of dense tame

Gs-sets in I such that each countable subset of I is contained in some G. This implies that 1 = (., Ga-
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By Proposition 5.5(1), each set G¥ can be covered by b tame Gs-subsets of the Hilbert cube. Consequently,
I¥ can be covered by w; x b = b tame Gs-subsets of the Hilbert cube, which means that cov(cGp) < b. O

Lemma 5.10. non(cGy) > cof (M).

Proof. Since cof (M) = max{non(M),d}, it suffices to prove that non(cGp) > max{non(M),d}. Then inequal-
ity non(cGg) > non(M) trivially follow from the inclusion oCy C 0Gy and the equality non(cCp) = non(M)
proved in Lemma 4.5.

To prove that non(cGy) > 0, fix any subset X C I of cardinality |A| < 9. Then X C Y for some subset
Y C 1 of cardinality Y| < Ng-|X| <9 <¢. By Lemma 5.4, Y is contained in some dense tame Gs-set G C L.
By Proposition 5.5(2), the set X C G“ can be covered by a tame Gs-subset of the Hilbert cube I, which
implies that non(oGy) > non(Gy) > 0. O

6. PROOF OF THEOREM 1.10

Assume that Z is a non-trivial cG-generated topologically invariant o-ideal Z on I“. By Theorem 1.1,
Z C M and by Corollary 1.7, add(Z) < add(M), cov(Z) = cov(M), non(Z) = non(M), and cof(Z) > cof(M).
So, it remains to check that add(Z) > add(M) and cof(Z) < cof(M).

Since the ideal 7 is 0G;-generated, there is a sequence (Z,,)ne. of Gj-generated ideals such that | J,, ., Z, €T
and each set A € 7 is contained in the union Unew A, of some compact sets A, € Z,,, n € w. By Definition 1.9,
for every n € w there exist a Gs-generated ideal 77 on I* and an embedding e,, : I — I“ such that Z,, =
{e;1(A) : A€ I}}. Since I} is Gs-generated, there is a dense Gs-set G,, C I“ such that each compact subset
of G belongs to the ideal Z* and for each compact set A € Z* the Gs-set HG* = {h € H(I¥) : h(A) C G,.} is
dense in the homeomorphism group #(I¢).

To show that add(Z) > add(M), it suffices to check that for each family A C 7 of cardinality |A] < add(M)
the union | J.A belongs to the ideal Z. For each set A € A we can find a sequence of compact sets A, € Z,,,
n € w, whose union (J,,,, An contains the set A. It follows that the set e, (A,) belongs to the ideal Z. The
choice of the Gs-set G, guarantees that the Gs-set HGG”"(A") ={h € H(I¥) : h(e,(A)) C G} is dense in the
homeomorphism group H(I¥).

Since |A| < add(M) < cov(M), the intersection H,, = (4 4 HS:(An) is not empty and hence contains some
homeomorphism h,, € H(I*). Since the ideal Z is non-trivial, each dense Gs-set G,, is not equal to I¥, which
implies that the countable product G =[], ., G» is nowhere locally compact. Consequently, we can write the
Polish nowhere locally compact space G as a perfect image of the Baire space w* and use this fact to prove
that add(cK(G)) = add(cK) = b and cof (6 K(G)) = cof (6K) = .

For each set A € A consider the compact set Ka = [],c,, fin © €n(An) € [[,c, Gn = G. Since |A] <
add(M) < b = add(cK(G)), there is a o-compact set K C G containing the union |J,. 4 Ka. For every n € w
let K,, € G, be the projection of the o-compact set K C [],.,, G; onto the nth coordinate. It follows that
K, is a o-compact subset of G, containing the union (J ¢ 4 hn © €n(Ay). Then hy'(K,) € I} is a o-compact
subset of I containing the union (J . 4 en(Ay) and U, = e, (h;*(K,)) € I, is a o-compact set containing
the union (J, 4 An. Finally, the o-compact set U = |J,,c,, Un € T contains the union (J,, ., Uscs An O UA.
This completes the proof of the inequality add(Z) > add(M).

Next, we show that cof(Z) < cof(M). In the Polish group H(I*)¥ fix a non-meager subset H C #H(I¥)«
of cardinality |H| = non(M). As we already know the o-ideal o/(G) generated by compact subsets of the
Polish nowhere locally compact space G = [],,,, G» has cofinality cof(c/C(G)) = cof (0K) = d. Consequently,
oK (G) has a base D of cardinality |D| = 0 consisting of o-compact subsets of G. For each set D € D and
n € w by D,, C G, denote the projection of D C G = HiEw G; onto the n-th coordinate. Observe that D, is
a o-compact subset of G, and hence D,, belongs to the ideal Z7.

It follows that the family

B={|J(hnoen) (Dn): DED, (hn)new € H}

new

consists of o-compact subsets of I¥, belongs to the o-ideal Z and has cardinality

|B] < |D| - |H| = max{0,non(M)} = cof (M).
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It remains to check that B is a base for the ideal Z. Fix any set A € 7 and find compact sets A,, € Z,,, n € w,
whose union Unew A, contains A. For every n € w consider the compact set e,(A,) € I and observe that

the set Hi"(An) ={h e H(I¥) : h(e,(Ay)) C G,} is a dense G in the homeomorphism group H(I*). Then the

product [, ..,
the non-meager set H. By the choice of the family D, the compact subset []
in some set D € D. Then h, o e,(4,) C D, for every n € w and the set |J
the union J . A, 2O A, witnessing that cof(Z) < |B| < cof(M).

an( AL being a dense Gg-set in the Polish space H(I“)%, has a common point (h,)ncw With
hnoen(Ay,) C G is contained
(hp o e,)~Y(D,,) € B contains

new
new

new

7. PROOF OF THEOREM 1.12

(1) We shall prove that for every n < w the o-ideal 0Z, generated by Z,-sets in I¥ is Gs-generated.
By Theorem 2.3, the set of Z-embeddings is dense in the function space C(I",I*). This fact allows us to
construct a dense countable subset {fi}rcw € C(I",1¢) consisting of Z-embeddings with pairwise disjoint
images. We claim that the Gs-set G = 1¥ \ |J,c,, fn(I") witnesses that the ideal 02, is Gs-generated. It
is clear that the ideal 0Z, has o-compact base. Since the set {f € C(I",I¥) : f(I") N G = (I} is dense
in C(I",I¥), each compact subset of G is a Z,-set in I*. Finally, take any Z,-set A C I¥. Then we can
find a dense subset {gi}rew € C(I",I%) consisting of Z-embeddings with pairwise disjoint images such that
AN Upew 9x(I™) = 0. Using Theorems 5.1 and 11.1 of [8], by the standard back-and-forth argument we
can show that the set H = {h € H(I*) : MUy, 9x(I")) = Upey, fe(I™)} is dense in H(I). Then the set
HG = {h € H(I¥) : h(A) C G} D H also is dense in H(I¥). Therefore, the o-ideal 02, is Gs-generated.

(2) Let D be a dimension class. By definition, D contains a K N D-universal space U € D. Replacing U by
a suitable topological copy, we can assume that U is contained in some Z-set Z C I*. Using Theorem 11.2 of
[8], we can construct a countable dense subset {hy, }ne, C H(I¥) such that h,(Z) N h,(Z) = 0 for any distinct
numbers n,m € w. Taking into account that (J,,c, hn(Z) is a 0Z-set in [, we can find a countable dense
subset { fy}new € C(I¥, 1) such that (., fn(I¥) NU, e, hn(Z) = 0.

Since {h,(U)}new € D is a closed countable cover of the set W = J, ., hn(U), the set W belongs to the
dimension class D. By Definition 1.11, the set W € D can be enlarged to a Gs-set G € D. We can additionally
assume that G C I\ U, ¢, fn(I¥). We claim that the Gs-set G witnesses that the o-ideal o(Z, N D) is
Gs-generated. It is clear that this ideal has o-compact base.

Since the set {f,}new is dense in the function space C'(I¥,1¢) and the set G is disjoint with the union
Unew fn(I¥), each compact subset belongs to the family Z, ND. It remains to prove that for each compact
subset A € o(Z, N D) the set HG = {h € H(I¥) : h(A) C G} is dense in the homeomorphism group H(I*).
The additivity property of the dimension class D implies that A belongs to the class D. By Theorem 3.1(3)
of [8], A is a Z,-set in [¥. Since the set U is K N D-universal, there is an embedding h : A = U C Z. By the
Z-Set Unknotting Theorem 11.2 [8], the homeomorphism h : A — h(A) between the Z,-sets A and h(A) can
be extended to a homeomorphism A of I¢.

To show that the set HG is dense in H(I*), fix any homeomorphism g € H(I*) and an open neighborhood
O(g) of g in H(I¥). By the density of the set {h,}new in H(I¥), for some n € w the homeomorphism A, o h
belongs to the open set O(g). Since hy, o h(A) C h,(U) € W C G, the homeomorphism h,, o h belongs to
O(g) NHG witnessing that the set H§ is dense in H(I*). This completes the proof of the Gs-generacy of the
ideal o(Z, ND).

Next, we show that the ideal (K N D) is Gj-generated. For this take any Z-embedding e : I¥ — I¥ and
observe that o(K N D) = {e"1(A) : A € 0(Z,ND)}. Since the ideal o(Z, N D) is Gs-generated, the o-ideal
o(KND) is Gs-generated.

(3) Let D be a o-dimensional class. Then D = |J,,,, D for some increasing family of dimensional classes
(Dn)new- By (already proved) Theorem 1.12(2), the o-ideals o(Z, ND,,) and o(KX ND,,) are G-generated for
all n € w.

To show that the o-ideal o(Z, N D) is 0Gj-generated, fix any subset A € o(Z, ND). By the definition
of the o-ideal o(Z, N D), the set A is contained in the union |J,,, Ax of some Z,-sets Ay € D. For every
newlet B, = {Ar: k <n, A € Dp} € Z2,ND,,. Since A C J,c,, Ak = U, e, Bn, We see that the o-ideal
o(2,ND) is 0Gj-generated. By analogy we can prove the cGj-generacy of the o-ideal o(KXND,,).
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8. OPEN PROBLEMS

In this section we collect some open problems on topologically invariant o-ideals on 1. The most intriguing
problems concern the o-ideal 0Gg.

Problem 8.1. Is add(cGg) = cov(cGp) = w1 and non(cGy) = cof(cGy) = ¢?
Problem 8.2. Is cov(cGy) = ¢ under Martin’s Aziom? Under PFA?
Problem 8.3. Is 0Gy = 0Dy ?

It Proposition 4 of [4] it was proved that for any dense Gs-set G C I the countable power G* does not
belong to the family Gy of minimal dense Gs-sets in I“.

Problem 8.4. Is G¥ € oGy for some dense Gs-set G C 17
Problem 8.5. Let Z be a mazximal non-trivial topologically invariant o-ideal with Borel base on1¥. IsT = M?

A closed subset A C 1% is called a homological Z,-set in 1 if A x {0} is a Z,-set in [¥ x [~1,1]. Let B
be the family of all Borel subsets B C I* such that the closure C of each connected subset C' C B in I¥ is a
homological Z,-set in 1. It follows from Main Lemma of [1] that the o-ideal 0B generated by the family B is
non-trivial.

Problem 8.6. Is the ideal o8 a maximal non-trivial topologically invariant o-ideal with Borel base on 1% ?
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