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Abstract. Our main inspiration is the work in paper [4]. We
will prove that for a partition A of the real line into meager sets
and for any sequence An of subsets of A one can find a sequence
Bn such that Bn’s are pairwise disjoint and have the same “outer
measure with respect to the ideal of meager sets”. We get also
generalization of this result to a class of σ-ideals posessing Suslin
property. However, in that case we use additional set-theoretical
assumption about non-existing of quasi-measurable cardinal below
continuum.

1. Introduction

We want to discuss analogues and strengthenings of the following
result (see [4]).

Theorem 1.1 (Gitik, Shelah). Let (An : n ∈ ω) be a sequence of
subsets of R. Then we can find a sequence (Bn : n ∈ ω) such that

(1) Bn ∩Bm = ∅ for n 6= m,
(2) Bn ⊆ An,
(3) λ∗(An) = λ∗(Bn), where λ∗ is outer Lebesgue measure.

We obtain analogous results for the ideal of meager sets in place
of null sets. Additionally, we will not work with the partition into
singletons but with partition into meager sets.

We will also consider a wider class of ideals, i.e. c.c.c. ideals. In
this case we will deal with point-finite families of sets from ideal instead
of singletons. However, in the general case we will assume that there
is no quasi-measurable cardinal smaller than continuum.
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We will use theorems about finding subfamilies with nonmeasurable
union. At the begining let us recall the following result (see [1]).

Theorem 1.2 (Brzuchowski, Cichoń, Grzegorek, Ryll-Nardzewski).
Let I be a σ-ideal with Borel base of subsets of uncountable Polish space
T. Let A ⊆ I be a point-finite family (i.e. each x ∈ T belongs to finitely
many members of A) such that

∪
A = T. Then we can find a subfamily

A′ ⊆ A such that
∪

A′ is I-nonmeasurable i.e does not belong to the
σ-field generated by Borel sets and ideal I.

In various cases it is possible to obtain more than nonmeasurability
of the union of a subfamily of A. Namely, the intersection of this union
with any measurable set that is not in I is nonmeasurable (recall, the
measurability is understood here in the sense of belonging to the σ-
algebra generated by the family of Borel sets and I). Such a strong
conclusion can be obtained for the ideal of first Baire category sets
under the assumption that A is a partition, but without assuming
anything about the regularity of the elements of A (see [2]).

It is also possible to obtain complete nonmeasurability of the union
of a subfamily of A assuming that A is point-finite family. The price of
it is that we use some set-theoretic assumptions. Namely, we assume
that there is no quasi-measurable cardinal smaller than 2ω. (Recall
that κ is quasi-measurable if there exists a κ-additive ideal I of subsets
of κ such that the Boolean algebra P (κ)/I satisfies countable chain
condition.) By the Ulam theorem (see [6]) every quasi-measurable
cardinal is weakly inaccessible, so it is a large cardinal. In particular,
we obtain results for the ideal of Lebesgue measure zero sets and first
Baire category sets.

We will use the above theorem to get analogues of Theorem 1.1.

2. Definitions and notations

The cardinality of a set A is denoted by |A|. Cardinal numbers will
usually be denoted by κ and λ. The family of all subsets of cardinality
not bigger than κ of a set A is denoted by [A]≤κ. The set of real
numbers is denoted by R. An ideal I of subsets of a set X is a family
of subsets of X which is closed under finite unions and taking subsets
and such that [X]<ω ⊆ I. A family of sets is a σ-ideal if it is an ideal
and is closed under countable unions.

For a topological space T , by BT we denote the family of Borel
subsets of T . If I is an ideal of subsets of a set X and S is a field of
subsets of X, then by S[I] we denote the field generated by S ∪ I. If I
is a σ-ideal and S is a σ-field then S[I] is a σ-field, too.
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Let T be an uncountable Polish topological space with σ-finite Borel
measure. The σ-ideal of all meagre sets of T is denoted by KT and
the σ-ideal of measure zero sets is denoted by LT . The subscript T
for KT and LT will be omitted if T is known from the context. The
Lebesgue measure on the real line is denoted by λ. Symbol λ∗ denotes
the corresponding inner measure. Then BR[L] is the σ-field of Lebesgue
measurable subsets of R and BR[K] is the σ-field of subsets of R with
the Baire property.

If I is an ideal of subsets of a topological space T then we say that
the ideal I has a Borel base if for each set X ∈ I there exists a set
Y ∈ BT such that X ⊆ Y and Y ∈ I. The two classical ideals K and L
have Borel bases.

Let B be a complete Boolean algebra. We say that B satisfies
c.c.c. (countable chain condition) if every antichain of elements of B is
countable. Boolean algebras BT [KT ]/KT and BT [LT ]/LT satisfy c.c.c.
Assume that I is a σ-ideal of subsets of Polish space T such that I has
Borel base. We say that I is c.c.c. if BT [I]/I is c.c.c.

We say that the cardinal number κ is quasi-measurable if there
exists κ-additive ideal I of subsets of κ such that the Boolean algebra
P (κ)/I satisfies c.c.c. Cardinal κ is weakly inaccessible if κ is a regular
cardinal and for every cardinal λ < κ we have that λ+ < κ. Recall that
every quasi-measurable cardinal is weakly inaccessible (see [6]).

From now on, T denotes an uncountable Polish space. Let us recall
the following definition.

Definition 2.1. Let I be a σ-ideal of subsets of T with Borel base.
Let N ⊆ X ⊆ T . We say that the set N is completely I-nonmeasurable
in X if

(∀A ∈ BT )(A ∩X 6∈ I → (A ∩N /∈ I) ∧ (A ∩ (X \N) /∈ I)).
In particular, N ⊆ R is completely L-nonmeasurable if λ∗(N) = 0

and λ∗(R \N) = 0. The definition of completely KT -nonmeasurability
is equivalent to the definition of completely Baire nonmeasurability
presented in [2] and [9].

Complete I-nonmeasurability is also called being BT [I]-Bernstein
set (see [2]).

Definition 2.2. The ideal I ⊆ P (T ) has the hull property if for
every set A ⊆ T there is an I-minimal Borel set B containing A i.e. if
C ⊇ A and C is Borel then B \ C ∈ I. In such case we will write

[A]I = B and ]A[I= T \ [T \ A]I.

Let us remark that every c.c.c. σ-ideal with Borel base has the hull
property.
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Moreover, if the ideal I has the hull property then A ⊆ T is com-
pletely I-nonmeasurable if and only if [A]I = T and ]A[I= ∅.

3. Baire-nonmeasurable sets

We will need the following theorem from [5]:

Theorem 3.1 (Gitik, Shelah). If I is a σ-ideal on κ, then P (κ)/I
is not isomorphic to the Cohen algebra.

In this section we will use the following notation. For A,B ⊆ T let

A ⊆∗ B iff B \ A ∈ K.

Theorem 3.2. Assume that A ⊆ K is a partition of a subset of T
and

∪
A /∈ K. Let An ⊆ A for n ∈ ω. Then there exists B ⊆ A such

that

(1)
∪
B /∈ K,

(2) for every n ∈ ω,
∪

B∩
∪
An does not contain any K-possitive

Borel set modulo
∪

An i.e.

(∀n)(¬∃U)(U is open ∧ U ∩
∪

An /∈ K ∧ U ∩
∪

An ⊆∗
∪

B).

Proof. Assume to the contrary that some partition A ⊆ K of a
subset of T such that

∪
A /∈ K and some An ⊆ A for n ∈ ω satisfy the

following condition for every B ⊆ A∪
B /∈ K → (∃n ∈ ω)(∃U)(U is open ∧K 63 U ∩

∪
An ⊆∗

∪
B).

Fix a base U = {Un : n ∈ ω}. For n, k ∈ ω such that Un ∩
∪

Ak /∈ K
consider a family

Dn,k = {X ⊆ A : Un ∩
∪

Ak ⊆∗
∪

X}

Let K = {X ⊆ A :
∪
X ∈ K}. By our assumption P (A) =

∪
n,k∈ω Dn,k∪

K. Algebra P (A)/K is clearly c.c.c. and complete. So, we can find

Cn,k =
∏

Dn,k =
∩

{Xm : m ∈ ω} 6= ∅

for some {Xm : m ∈ ω} ⊆ Dn,k. The family {Cn,k : n, k ∈ ω} is dense
in algebra P (A)/K. What is more P (A)/K is atomless, since |A| ≤ 2ω

witness that |A| is not a measurable cardinal. Summarising, we can
see that P (A)/K is atomless algebra with countable dense subset, so
it is izomorphic to the Cohen algebra contradicting Theorem 3.1. �

Definition 3.3. Let κ, λ, µ, ν be cardinal numbers. The relation
(κ : λ, µ) → ν holds if for every family R of µ-additive ideals on κ such
that |R| = λ there exists a family {Xα}α<ν such that
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(1) (∀α < ν)(Xα ∈ P (κ) \
∪

R),
(2) (∀α < β < ν)(Xα ∩Xβ ∈

∩
R).

Theorem 3.4 (Alaoglu, Erdös). For every cardinal κ

((κ : ω, ω1) → ω1) ↔ ((κ : 1, ω1) → ω1).

We will need the following version of Theorem 3.4, which follows
easily from the proof of Theorem 3.4 from [8]:

Lemma 3.5. Assume that {In}n∈ω is a family of σ-additive ideals
on κ which are not c.c.c. Then there exists a family {Xα}α<ω1 ⊆ P (κ)
such that

(1) (∀α < ω1)(∀n ∈ ω)(Xα 6∈ In)
(2) (∀α, β < ω1)(α 6= β → Xα ∩Xβ = ∅).

Theorem 3.6. Assume that A ⊆ K is a partition of a subset of T.
Let An ⊆ A for n ∈ ω. Then there exists B ⊆ A such that

(1) [
∪
B]K = [

∪
A]K,

(2) for every n ∈ ω,
∪

B∩
∪
An does not contain any K-possitive

Borel set modulo
∪

An i.e.

(∀n)(¬∃U)(U is open ∧ U ∩
∪

An /∈ K ∧ U ∩
∪

An ⊆∗
∪

B).

Proof. Let
∪
A = Z /∈ K. Fix a base {Un : n ∈ ω} of T. Define

Z1 =
∪

{Un ∩
∪

Ak : Un ∩
∪

Ak /∈ K ∧ P (A)/Kn,k is c.c.c. },

where
Kn,k = {X ⊆ A :

∪
X ∩

∪
Ak ∩ Un ∈ K}.

Let Z0 = Z \ Z1 and

K1 = {X ⊆ A :
∪

X ∩ Z1 ∈ K}.

Then for every n, k ∈ ω

if Z0 ∩ Un ∩
∪

Ak /∈ K then P (A)/Kn,k is not c.c.c.

and
P (A)/K1 is c.c.c.

First, work with Z0 part. By Lemma 3.5 we can find a family
{B0

ξ : ξ ∈ ω1} ⊆ P (A) of pairwise disjoint sets such that

B0
ξ /∈ Kn,k for every n, k such that Z0 ∩ Un ∩

∪
Ak /∈ K

Now by c.c.c.-ness of Z1 part we can find two ordinals ξ0, ξ1 such that∪
B0
ξi
∩ Z1 ∈ K.
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Now work with the family A\ (B0
ξ0
∪Bξ1) By Theorem 3.2 we can find

B1
0 ⊆ A \ (B0

ξ0
∪ Bξ1) such that

(1)
∪
B1
0 /∈ K,

(2) for every n ∈ ω,
∪
B1
0∩

∪
An does not contain any K-possitive

Borel set modulo
∪
An

We can proceed by induction finding B1
α ⊆ A \ (B0

ξ0
∪ B0

ξ1
∪
∪

β<α B1
β)

(1)
∪
B1
α /∈ K,

(2) for every n ∈ ω,
∪

B1
α∩

∪
An does not contain any K-possitive

Borel set modulo
∪
An

if
∪(

A \ (B0
ξ0
∪ B0

ξ1
∪
∪

β<α B1
β)
)
∩ Z1 /∈ K. We are in Z1 part, so our

construction ends after λ < ω1 steps. Now by simple induction on
(n, k) ∈ ω × ω we can find Bn,k = B1

ξ ,B′
n,k = B1

ζ for some ξ, ζ < λ such
that∪

Bn,k ∩ Un ∩
∪

Ak /∈ K and
∪

B′
n,k ∩ Un ∩

∪
Ak /∈ K

if Z1 ∩ Un ∩
∪
Ak /∈ K. Now put B = B0

ξ0
∪
∪

n,k∈ω Bn,k. This set B
fulfills our conditions. �

Theorem 3.7. Assume that A ⊆ K is a partition of T. Let An ⊆ A
for n ∈ ω. Then there exists Bn ⊆ An such that

(1) Bn ∩ Bm = ∅ for n 6= m,
(2) Bn ⊆ An,
(3) [

∪
Bn]K = [

∪
An]K.

Proof. Using Theorem 3.6 (for A′ = A0 and A′
n = An ∩ A0) we

can find B0 ⊆ A0 such that

(1) [
∪
B0]K = [

∪
A0]K,

(2) ]
∪

B0 ∩
∪

An[K= ∅ for every n ∈ ω.

It means that we can proceed by simple induction considering at k-
th step a family {Ak

n : n ∈ ω}, where Ak
n = An \ (B0 ∪ . . . ∪ Bk−1).

We have that [
∪

An]K = [
∪
Ak

n]K. So it is enough to work with family
{Ak

n : n ≥ k} and find a suitable subset Bk ⊆ Ak
k. �

4. I-nonmeasurable sets

From now on, I ⊆ P (T ) denotes c.c.c. σ-ideal with Borel base. We
will use the following result (see [9], [7]).
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Theorem 4.1 (Ra lowski, Żeberski). Assume that there is no quasi-
measurable cardinal smaller than 2ω. Let A ⊆ I be a point-finite fam-
ily such that

∪
A /∈ I. Then there exists a collection of pairwise dis-

joint subfamilies Aξ ⊆ A (for ξ ∈ ω1) such that
∪
Aξ is completely

I-nonmeasurable in
∪
A.

We will also need the following lemma (see [9]).

Lemma 4.2 (Żeberski). Let A ⊆ P (T ) be any point-finite family.
Then there exists a subfamily A′ ⊆ A such that |A \ A′| ≤ ω and

(∀B ∈ BT [I])(∀A ∈ A′)(B ∩
∪

A /∈ I → ¬(B ∩
∪

A ⊆ B ∩ A)).

Lemma 4.3. Assume that there is no quasi-measurable cardinal
smaller than continuum. Assume that A ⊆ I is point-finite family.
Let (An : n ∈ ω) be a sequence of subsets of A. Then we can find a
sequence (B:

n n ∈ ω) such that

(1) Bn ∩ Bm = ∅ for n 6= m,
(2) Bn ⊆ An,
(3) [

∪
An]I = [

∪
Bn]I.

Proof. Let us put A0
n = An for every n ∈ ω. We will proceed by

induction. At k-th step for each n ≥ k we have a subset Ak
n ⊆ An such

that [
∪
Ak

n]I = [
∪
An]I. Using Theorem 4.1 we can find (Bα

k )α∈ω1 such
that

∪
Bα
k is completely I-nonmeasurable in

∪
Ak

k. Now, by Lemma
4.2 there are at most countably many α’s such that [

∪
Ak

n \
∪
Bα
k ]I 6=

[
∪

Ak
n]I for some n ∈ ω. So, we can find Bk such that

(1) Bk ⊆ Ak
k,

(2) [
∪
Bk]I = [

∪
Ak

k]I = [
∪

Ak]I,
(3) [

∪
Ak

n \
∪
Bk]I = [

∪
Ak

n]I for every n ≥ k.

So, for each n > k we can put Ak+1
n = Ak

n \ Bk and continue our
procedure. �

Theorem 4.4. Assume that there is no quasi-measurable cardinal
smaller than continuum. Assume that A ⊆ I is point-finite family.
Let (An : n ∈ ω) be a sequence of subsets of A. Then we can find a
sequence (Bξ

n : n ∈ ω, ξ ∈ ω1) such that

(1) Bξ
n ∩ Bζ

m = ∅ for (n, ξ) 6= (m, ζ),
(2) Bξ

n ⊆ An,
(3) [

∪
An]I = [

∪
Bξ
n]I.

Proof. First let us use Lemma 4.3 to obtain a collection {Bn :
n ∈ ω} such that

(1) Bn ∩ Bm = ∅ for n 6= m,
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(2) Bn ⊆ An,
(3) [

∪
An]I = [

∪
Bn]I.

Now using Theorem 4.1 for each n ∈ ω we can find (Bα
n : α ∈ ω1) such

that

(1) Bα
n ⊆ Bn,

(2) Bα
n ∩ Bβ

n = ∅ for α 6= β,
(3)

∪
Bα
n is completely I-nonmeasrable in

∪
Bn.

The collection (Bα
n : n ∈ ω, α ∈ ω1) fulfills desired conditions. �
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[9] S. Żeberski, On completely nonmeasurable unions, Mathematical Logic Quar-
terly 53 (1) (2007), 38-42.

Institute of Mathematics and Computer Science, Wroc law Uni-
versity of Technology, Wybrzeże Wyspiańskiego 27, 50-370 Wroc law,
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