ON NONMEASURABLE IMAGES
ROBERT RALOWSKI AND SZYMON ZEBERSKI

ABSTRACT. Let (X,I) be a Polish ideal space and let T be any set.
We show that under some conditions on a relation R C T2 x X
it is possible to find a set A C T such that R(A?) is completely
[-nonmeasurable, i.e, it is [-nonmeasurable in every positive Borel
set. We also obtain such a set A C T simultaneously for continuum
many relations (Ry)a<2-. Our results generalize results from [3],
[5].

1. MOTIVATIONS

Let us start with an old result obtained by Sierpinski in [7]. He
showed that there exists two subsets of reals A, B of Lebesgue measure
zero such that its algebraic sum, i.e. A+ B={a+b: a€ A, b€ B}
is nonmeasurable. Similar fact is true in Baire category case.

Sierpinski’s result was generalized to other o-algebras and o-ideals
of subsets of R. Kharazishvili in [4] proved that if the ideal I is not
closed under algebraic sums and A is a g-algebra such that the quotient
Boolean algebra A /T satisfies c.c.c. then there exists sets A, B € I such
that A+ B ¢ I. A similar result was obtained by Cichon and Jasinski
in [1]. They proved that if T is a o-ideal with coanalytic base then
there exists A, B € I such that A+ B is not [-measurable i.e. does not
belong to the o-field generated by Borel sets and the ideal I.

Ciesielski, Fejzic and Freiling proved in [3] a stronger version of Sier-
pinski’s theorem. Namely, they showed that if C' C R has the property
that C' 4+ C has positive outer measure then there exists A C C' such
that A + A is nonmeasurable. Kysiak in [5] generalized this result
showing that if I is a o-ideal of subsets of R and A is a g-algebra of
subsets of R such that I C A and each set from A\ I contains a perfect
subset then for every C' € I such that C'+ C' ¢ I we can find A C C
such that A4+ A ¢ A.

In this paper we obtain generalizations of above results in few mean-
ings. We replace addition by any binary relation satisfying some con-
ditions and we replace [-nonmeasurability by complete [-nonmeasura-
bility.
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2. DEFINITIONS AND NOTATIONS

We use standard set-theoretical notation. If X is a set then by Z2(X)
we denote the family of all subsets of X. If x is a cardinal number then
[X]* denotes the family of all subsets of X of size x. Similarly, [X]="
denotes the family of all subsets of X of size less or equal to k.

If the space X is fixed and A C X then by A° we denote the com-
plement of A, i.e. A°= X\ A.

We say that a family I C £2(X) is an ideal if it is closed under finite
unions and taking subsets. If additionally, I is closed under countable
unions then we say that I is o-ideal.

We say that X is a Polish space if X is a metric space with complete
metric and a countable dense subset. By Borel(X) we denote the
smallest o-field generated by open subsets of X.

Definition 2.1 (Polish ideal space). We say that (X,I) is a Polish
ideal space iff X is an uncountable Polish space and I C P (X) is a
o-ideal with a Borel base containing all singletons. Let us recall that
the ideal T has Borel base iff

(VI e)(3B €)(B 2D IANB € Borel(X)).

Definition 2.2 (completely [-nonmeasurable set). Let (X,I) be
a Polish ideal space. Let A C X. We say that A is completely I-
nonmeasurable whenever

VBe B. 1) (ANB#OANANB#0),
where B (1) = Borel(X) \ L.

Let us recall that if (X,I) is a Polish ideal space then A C X is
[-nonmeasurable iff A does not belong to the o-algebra generated by
Borel sets and the ideal I.

Completely [-nonmeasurable sets have been investigated in particu-
lar in [2], [6], [8].

If (X,T) is a Polish ideal space where I = [X]|=* then a set A is
completely I-nonmeasurable iff A is a Bernstein set and in the case
where I is an ideal of Lebesgue null sets, a set A is completely I-
nonmeasurable iff A is saturated with respect to the Lebesgue measure.

Definition 2.3. Let (X,I) be a Polish ideal space. We say that I has
the hole property if

(VZ C X)(3B € Borel(X))(B 2 ZA
(VB' € Borel(X))(B' 2 Z — B\ B €1)).
In this case we define (see [6], [8])
[Z]1 = minimal (mod 1) Borel set containing Z,

|Zli= maximal (mod 1) Borel set contained in Z.
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Let us remark that an ideal I has the hole property if the Boolean
algebra Borel(X)/Iis complete. In particular, all o-ideals which satisfy
c.c.c. have also the hole property. So, the classical ideals of null sets L
and meager sets K have the hole property.

Let us notice that if I has the hole property then for every I-nonmea-
surable set A, there exists a Borel I-positive set B € Borel(X) \ I such
that A is completely [-nonmeasurable in the space X N B. (It is enough
to put B = [A]1\]A[r.)

Now let A, B be any sets and let R C A x B be a relation. Then for
X C Aand Y C B we define:

R(X)={ye B: 3z € X (v,y) € R},
R'Y)={re€A: yeY (z,y) € R}
If z € Aand y € B then

R(z) = R({z}) and R™"(y) = R~'({y})-
3. RESULTS

In paper [3] authors have shown that for any subset C' C R there
exists a set A C C such that A 4+ A is a Bernstein set in R = {z €
C+C: {(a,b)eCxC: z=a+b}| =2}

The next theorem generalizes the above result in few meanings. We
deal with any relation instead of function 4, we obtain the result for
any ideal I having the hole property and we do not require that the
image of the relation is measurable.

Theorem 3.1. Let T' be any set, X\ be a cardinal number such that
A< 2% or A= 2% for regular 2¥. Let (X,1) be a Polish ideal space and
assume 1 has the hole property. Let R C T? x X be a binary relation
satisfying the following conditions:
(1) [RT2); = X,
(2) |[R7Y(z)] = 2¢ for T-almost all v € X,
(3) |[RNS| < A for every S of the form {a} xT'x{x} or T'x{a}x{x},
where v € X and a € T,
(4) for every different x,y € X, |R5'(z) N R5'(y)] < A, where
Rg'(x) = {(a,b), (b,a), (a,a), (0,b) : (a,b) € R7}(x)}.
(5) |R((a,b))] < A for every a,b € T.
Then there exists a set A C T such that R(A?) is completely T-nonmea-
surable in X.

Proof. Let us consider two families of positive (modulo I) Borel sets,
namely

By ={B c #.(I) : BC|R(T*)[1},
% ={B e %.(I): BC X\|R(T?)[1}.
Let us fix an enumerations

%OI{BgiOé<)\0}, %1:{Béi&<)\1}.
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Since there are continuum many Borel sets, without loss of generality,
we can assume that \g = A\ = 2%.

We will construct a sequence

(Ae, D¢) € 2(T) x ZP(IR(T*)) : € <27)

satisfying the following properties:
2 (V€ <29)(Vie {0,1})(R(Ae x Ag) N Bé #0),
2: (V€ < 2¥)(De N BY #0),
3: (V€ < 29)(|Ae| <max{[¢[", A} A |De| <max{[|, A}),
4: (Vf <n< 2w)(AE - A77 A D{ - Dﬁ)’
: (V?] < 2w>(U£<n R(Aé X Ag) N U§<77 Dé = @)
Suppose, we are at a-th step of the construction. It means we have a
sequence ((Ag, Dg) : & < o). We will construct A, and D,.

Put A* = (., A¢ and D* = {J,_, De. [D?| < 2, so there exists
& € BY\ D°. Fix ¢! € B, N R(T?). Fix d € D*. Then |{(a,b) €
RHE, e} {(a,a), (a,b), (bya), (b,b)} " R-H{d} # 03] < \. Thus, we
have that the set

has size less than max{|a|™, A\}.
Now, let
Ey={veT: JuecA* (u,v)NR D> # (0},
Ey={veT: JucA* (v,u)N R 'D* #£(}.
Let E = E; U F5 then by (3) we have |F| < max{|a|™, A} thus we have
|IRT'D*N(ExTUT x E)| < max{|a|T, \}.
Now let us pick some element a € A* and d € D* then by (3) we
have

—_

ot

{beT: {(ab),(b,a)} "R {d} # 0} <\
Then we have
|IRT'D*N (A* x TUT x A%)| < max{|a|t,A}.
But
IR"HIN (A x TUT x A%)| < max{|a|t, \}.
IR"HcI N (A* x TUT x A%)| < max{|a|t, \}.
so we can choose some elements
(@® ) € RHPIN(EXxTUT x E)YUWUA) # 0,
(a', 0" ) e RN (ExTUT x EYUW UA) # 0,
where A = {(u,u) : u € T}.
Now take A, = A* U {a’ 8% a',b'}. Since |A,| < 2 then |R(A, X
A, < 2¢. By (5) we can find d € B, \ R(A%) Put D, = D* U {d}
Our construction is finished.

Put A = U, Aa. The set R(A?) has a nonempty intersection
with every positive Borel set from X. What is more, R(A%) N D = 0,
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where D = |J,_o Do This shows that the complement of the set
R(A?) has a nonempty intersection with every positive Borel set in-
cluded in JR(T?)[;. This finishes the proof that R(A?) is completely
[-nonmeasurable. i

Theorem 3.1 requires dealing with ideal T which have the hole prop-
erty. One can ask if a similar result is true in general. Naturally, we
have to change the assumption (1). One way of doing this is to assume

(1): X\ R(T?) e 1.
If additionally, we replace relation by function we get the following
generalization of a result from [3].

Corollary 3.1. Let T be any set, X be an uncountable Polish space
and X be a cardinal number such that A\ < 2 or A = 2“ for reqular 2“.
Let f:T xT — X be a function satisfying the following conditions:
(1) (T xT)=X,
(2) |f~Y(x)| =2 for all but countably many x € X,
(3) [f M x) N S| < X for every x € X and S of the form {a} x
T, T x {a}, where a € T,
(4) for every x #y € X, |f5'(z) N f5'(y)| < A, where f5'(z) =
{(b,a), (a,a), (a,b),(b,b) : (a,b) € f~1(x)}.
Then there exists A C T such that f(A x A) is a Bernstein set in X.

Corollary 3.2. Let f : R? — R be a symmetric C* function such that
fz # 0 almost everywhere. (f, denotes the derivative of f with respect
to the first coordinate.) If f(R?) = R then there exists a subset A C R
such that f(A?) is a Bernstein set in R.

By analogous considerations as in Theorem 3.1 we get:

Theorem 3.2. Let X\ be a cardinal number such that A < 2% or A = 2%
for reqular 2*. Let Ty, Ty be any sets, (X,1) any Polish ideal space and
suppose that I has the hole property. Let R C (T} x Ty) x X be a binary
relation satisfying the following conditions:

(1) [R(Th x Ty)i = X,

(2) |[R™}(z)] = 2* for T-almost all z € X,

(3) |[R"Yz) N S| < X for S of the form {a} x Ty, Ty x {b}, where

acT, bel,,

(4) |R(a,b)| < X for every a € Ty, b € Ts.
Then there exist A C Ty and B C Ty such that R(A x B) is completely
[-nonmeasurable in the space X.

Now, we will deal with continuum many relations simultaneously.

Theorem 3.3. Let X\ be a cardinal number such that A < 2¥ or A = 2¥
for reqular 2¥. Let T be any set, (X,I) a Polish ideal space and let
(Ra)a<oe € (P(T?* x X))* be a sequence of binary relations satisfying
the following conditions for every o, (3 :
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(1) X\ Ra(T?) € .
(2) |R;'(x)| = 2% for T-almost all x € X,
(3) |R.NS| < X for every S of the form {a}xT x{x}, Tx{a}x{z},
where a €T, v € X.
(4) for every x £y € X, |R A(z) N Rgé(yﬂ < A, where Rg'(x) =
{(a,0),(b,a),(a,a), (b,0) : (a,b) € R™'(2)}.
(5) |Ra(a,b)| < X for every a,b e T.
Then there exists A C T such that for every a < 2 the set R,(A?) is
completely I-nonmeasurable in X.

Proof. Let us enumerate all I-positive Borel sets in such a way that
every [-positive Borel set appears continuum many times:

B (1) ={B,:a <2}
We will construct a sequence
(A, Dg) € P(T) x P(X): € <2°)
having the following properties:
P (VE < 29)(V( < §)(Re(Ag x Ag) N Be #0),
P (V€ <29)(De N Be #0),
P (V€ < 29)(JAg| < max{[¢[", A} A [De| < max{[¢[T, A}),
: (Vf <n< 2w)(A€ - AU VAN Dg - Dﬁ)’
(7 < 2)(7C < ) (Ugay Re(Ae x A0) \ Re(Ag x A9)) U, De =
0).

Suppose we are at a-th step of the construction. This means we have
already constructed a sequence ((Ag, De) : € < a). We will construct
A, and D,,.

Put A% = J,_, A¢ and D* = |J,_, D¢. Fix £ < a. [D] < 2¥, so
there exists ¢* € (B, \ D*)N R¢(T?). Fix d € D®. Then for every n <

{(a,0) € R;'{c*} - {(a,a),(a,b), (b,a), (b,b)} N R, H{d} # 0} < A
Thus, the set
W ={(a,b) € Rg{c"}: {(a,a),(a,b),(b,a),(b,b)} N | J R, "D # 0}

—_

Ol = W N

nlo
has size less than max{|a|™, A}.
Now, let
Ey={veT: JuecA* (uv)n|JR7'D*# 0},

(La
Ey={veT: JueA* (v,u)N U Rnga # 0}.
(<a

Let E = E; U Ey. Then by (3) we have |E| < max{|a|*,\} and thus
|R'D*N(ExTUT x E)| < max{|a|", A}.
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Now let us pick some element a € A% and d € D®. Then by the (3)
we have

{beT: {(ab),(b,a)} "R {d} # 0} <\

Then we have
|R*1Da N(A*xTUT x A%)| < max{\aﬁ, A}

But

|R§_1{c§} N(A*x TUT x A%)| < max{|a|", \}.
so we can choose some element (a%,b%) € Ry '{c*}\ (ExTUT x E)U
W UA) # 0, where A = {(u,u) : u € T}. We do the same for all
E<a.

Now take A, = A* U {a, b}, Since [Aa] <29, |Uee, Re(Aa X
An)| <29 We can find d € B, \ U<, Re(A2) Put D, = D* U {d}

Our construction is finished.

Put A = J, oo Aa- For every £ < 2 the set R¢(A?) has a nonempty
intersection with every positive Borel set from X. What is more, R¢(A%)N
D C Re(AZ), where D = {J, g0 Do Recall that Re(AZ) has size smaller
than continuum. So the complement of the set R¢(A?) has nonempty
intersection with every positive Borel set. This finishes the proof that
Re¢(A?) is completely I-nonmeasurable. O

In Theorem 3.3 and Theorem 3.1 we have used assumption (4) which
looks technically. The other disadvantage of condition (4) is that it’s
hard to find natural applications different from symmetric relations.
Next Theorem has more readable assumptions which provide us to
a little wider class of applications. The pay of simplicity is that in
applications we will omit the ideal of countable sets which gives a
Bernstein set. Instead of it we deal with ideals I, K and get completely
L, K - nonmeasurable sets.

Theorem 3.4. Let T be any set, (X,1) a Polish ideal space and let
be a cardinal number such that X < 2* or X\ = 2% for regular 2¥. As-
sume that (Ry)a<oe € (P(T? x X))* is a sequence of binary relations
satisfying the following conditions for every « :
(1) |R;'(x)| = 2% for T-almost all x € X,
(2) |Ra N S| < A for every S of the form A, {a} x T x {z}, T x
{a} x {z} wherea € T, z € X.
(3) for every I-positive Borel set B C X, |R;Y(B)N{a} x T| = 2¥
for some a €T,
(4) |Ra(a,b)| < X for every a,b e T.
Then there exists A C T such that for every a < 2% the set R,(A?) is
completely I-nonmeasurable in X.

Proof. We proceed as in the proof of Theorem 3.3. We will construct
a transfinite sequence

((Ag, D) € 2(T) x P(X) : £ <2¥)
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satisfying conditions 1: — 5 : (from Theorem 3.3).

Suppose we are at a-th step of construction and we have constructed
a sequence ((Ag, Dg) © & < a)). As before put A% = (J,_, A¢ and
D% = Je., De. Using assumptions (2) and (3) there exists at €T
such that

(R (Ba) N {a} x T)\ (AU [ RA(DY) # 0

n<a

and choose any b such that (a%,b%) is in this set. We can do this with
every £ < a. Now repeating arguments from the proof of Theorem 3.3
put A, = AU, {a%,0°}. By (4) we can find do € Bo\U,<, Re(A2)
and then we put D, = D*U {d,}. It finishes our construction. Rest
of the proof is the same as in Theorem 3.3. O

Before application let us formulate two technical claims.

Claim 3.1. Assume that f : R*> — R is Ct, onto. Assume that B C R
is IL - positive Borel set. Then f~1(B) is L - positive Borel set on the
plane.

Claim 3.1 is a consequence of a well known fact that the image of
null set under a Lipschitz function is null.

Claim 3.2. Assume that f : R? — R is C', onto and its partial
derivatives do not vanish almost everywhere. Assume that B C R is
K - positive Borel set. Then f~1(B) is K - positive Borel set on the
plane.

We leave a proof of Claim 3.2 to the reader.

Corollary 3.3. There ezists a set A C R such that f(A x A) is com-
pletely L-nonmeasurable for every f : R*> — R which is C, onto.

Proof. There are continuum many functions f : R? — R which are
C*'. Assumptions (1), (2), (4) of Theorem 3.4 are fulfilled. To see that
condition (3) of Theorem 3.4 is true it is enough to use Claim 3.1 and
Fubini theorem. O

Corollary 3.4. There ezists a set A C R such that f(A x A) is com-
pletely K-nonmeasurable for every f : R? — R which is C*, onto and
its partial derivatives do not vanish almost everywhere.

The proof is similar to the proof of Corollary 3.3. We have to use
Claim 3.2 instead of Claim 3.1 and Kuratowski-Ulam theorem instead
of Fubini theorem.

In [3] authors have shown that there a set C' such that C' + C' is
an interval and for any A C C the set A + A is not a Bernstein set.
However, we can obtain the following result.
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Theorem 3.5. Let Ty, T be any sets and (X, 1) be a Polish ideal space
and let f: T} x Ty — X be any function satisfying the following condi-
tions:
(1) f(Tl X TQ) = Xv
(2) |fY=)| < w for T-almost all x € X,
(3) for every I-positive Borel set B C X we can find continuum
many a € Ty such that {a} x Ty N f~1(B) has size continuum.

Then there exists A C Ty and B C Ty such that f(A x B) is completely
I-nonmeasurable in X. Moreover, if Ty = Ty, then there exists A C Ty
such that f(A x A) is completely T-nonmeasurable.

Proof. Fix an enumeration A (I) = {I¢ : £ < 2*} of all positive Borel
subsets of X. We will construct a transfinite sequence:

<(a5,b§,c§,d§) T x Ty x [5 X I& : f < 2w>

such that

(1) (V€ < 29)(f(ae, be) = ce),
(2) (V€ <2°)f(A¢ x B) N De =0,
where A¢ = {ac: ( <&}, Be={b: ( <&}, De={d¢: ¢ <&}
Assume we are at a-th step of the construction. We have

Ay ={ac: (<a}, By={b: (<a}, D,={d;: ( <a}.

Let

Uyo={aeT : (FbeTy)(f(a,b) € D,)}
and

Vo=A{beTy: (3a€Ti)(f(a,b) € D,)}.

Then |U,| < |a| < 2¢¥ and |V,| < |a| < 2¥. Since |I,| = 2¢ and for
every x € X we have |f7'({z})] < w, I, \ f(Us x Vo) # 0. So, by
assumption (3) there exists (a,b) € T} x Ty such that f(a,b) € I, \ D,.
Moreover there exists d, € I, \ (f(Xa U{a},Y, U {b}). This finishes
a-step of construction.

Now, put A = {ac: ( <2¥}, B={bs: (<29}, C={cc: (<
2}, D ={d; : ( <2¥}. By construction, the sets C and D intersect
all I-positive Borel sets. Moreover, C' C f(Ax B) and DNf(AxB) = (.
This shows that f(A x B) is completely [-nonmeasurable.

To prove the second assertion let us assume that T} =T, = T. We
build a transfinite sequence:

<(a§,bg,d£) ETXTXI£2 £<2w>

satisfying

(1) (V€ <2¢)(f(ae, be) € I,
(2) (V€ <29)f(Ae x Ag) N De =0,



10 ROBERT RALOWSKI AND SZYMON ZEBERSKI

where As = U<<£{a<,b<} and Dé = {dg : C < f}
Assume we are at a-step of construction. We have

Ao = | J{ac.b¢}, Do ={d¢: ¢ <a}.

(<a
Let

Vo={aeT: (3beT)(f(a,b) € D,V f(b,a) € D,)}.

By the second assumption, we have |V| < 2¢. By the third assumption,
HaeT: {beT f(a,b) € I,}| =2%} = 2% and thus {a € T : |{b €
T f(a,b) € I,}\V, # 0. So, there exists a,b € T\V, such that f(a,b) €
I, and for every z € T we have f(a,z2), f(b,2), f(z,a), f(2,b) ¢ D,.
Now let a, = a, b, = b. Let d, be any element of the set I, \
f(Aar1XAas1) # 0. This finishes a-step of construction. Now, put A =
Up<ow Aa- It is clear that f(Ax A) is completely I-nonmeasurable. [

Immediately we get a corollary.

Corollary 3.5. Let (X,Ix), (Y,Iy) and (Z,1z) be any Polish ideal
spaces. Let us assume that f : X XY — Z is a function having the
following properties:
(1) (X xY) =2,
(2) |fH2)| € w for Iz-almost all z € Z,
(3) for every I z-positive Borel set B C Z, f~Y(B) has positive inner
measure with respect to the family Borel(X x YY)\ (Ix x Iy)).

Then there exist A C X and B CY such that f(A x B) is completely
I;-nonmeasurable.

Proof. By Mycielski theorem for every set D C X x Y of positive
measure (with respect to the family Borel(X x Y) \ (Ix x Iy)) there
exist perfect sets P C X, Q C Y such that P x Q C D. Now, we can
apply Theorem 3.5 and get the desired conclusion. U
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