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Abstract

The paper analyses the linear programming problem with fuzzy coe�cients in the objective function. The set of

nondominated (ND) solutions with respect to an assumed fuzzy preference relation, according to Orlovsky's concept, is

supposed to be the solution of the problem. Special attention is paid to unfuzzy nondominated (UND) solutions (the

solutions which are nondominated to the degree one). The main results of the paper are su�cient conditions on a fuzzy

preference relation allowing to reduce the problem of determining UND solutions to that of determining the optimal

solutions of a classical linear programming problem. These solutions can thus be determined by means of classical

linear programming methods. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

In the paper the linear programming problem is
considered in which the objective function coe�-
cients are given in an imprecise way, by means of
fuzzy numbers. The other coe�cients are known
precisely. In this case, for each feasible solution the
corresponding objective function value, constitut-
ing an estimate of its utility, is also a fuzzy num-
ber. There are many concepts of the solution of

this problem (see e.g., Refs. [3,13]). One of them
was presented by Orlovsky [12], in which he makes
use of the approach to the decision making (the
choice of the ``best'' solution) which he had earlier
proposed in Ref. [11] and which bases itself on a
fuzzy preference relation de®ned on the set of
feasible solutions. In this paper this concept is
assumed to be the valid de®nition of the solution
of the problem. Let a fuzzy preference relation be
de®ned on the set of fuzzy numbers, a relation
which determines a fuzzy order on this set. Ac-
cording to Orlovsky's concept, the solution of the
problem is a fuzzy set of those feasible solutions
which are nondominated with respect to this fuzzy
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preference relation. The value of the membership
function of this set for a given feasible solution
determines the degree to which we can be sure that
the fuzzy objective function value corresponding
to this solution is not dominated by the objective
function values corresponding to other feasible
solutions of the problem. It can be then recom-
mended to the decision maker to choose as the
de®nitive decision this feasible solution for which
the membership function in the set of nondomi-
nated (ND) solutions attains a maximal value.
From the practical point of view those solutions
are interesting, which are nondominated to the
degree one ± if such solutions exist, of course. The
set of the solutions which are nondominated to
the degree one has been called by Orlovsky the set
of unfuzzy nondominated (UND) solutions.

In the general case the determination of an
UND solution with respect to a given fuzzy pref-
erence relation can be reduced to the determina-
tion, in the set of feasible solutions, of the saddle
point of the membership function of a fuzzy rela-
tion of strict preference, linked to the original re-
lation. For the problem reduced in this way, the
existing algorithms determining the saddle point
are very labour-consuming, which sometimes ruins
their practical usefulness.

In the paper we give some conditions whose
ful®lment makes it possible to reduce a linear
programming problem with fuzzy coe�cients in
the objective function to a classical (usual) linear
programming problem. The fuzzy coe�cients in
the objective function of the original problem are
replaced with their real equivalents, being the
values of a ranking function, which considerably
simpli®es the problem and allows to use classical
algorithms of linear programming. The optimal
solutions of the linear programming problem de-
®ned in this way are UND solutions of the original
problem. In Ref. [4] we have obtained equally ef-
fective ways of determining UND solutions but
only for speci®c six fuzzy preference relations
known from the literature. In this paper, however,
we answer a more general question: which condi-
tions should be ful®lled by any fuzzy preference
relation so that a ranking function exists and the
problem of determining UND solutions with re-
spect to this relation can be reduced to that of

determining the optimal solutions of a classical
linear programming problem? We cover a broader
class of fuzzy preference relations. The conditions
proved in this paper are a generalization, for
the continuous case, of the result obtained by
Koøodziejczyk [10] for the case of the discrete lin-
ear problem with fuzzy coe�cients in the objective
function with a ®nite set of feasible solutions.

2. Selected notions from the fuzzy numbers arith-
metic

We will remind here only those notions linked
to the fuzzy numbers arithmetic which we will use
further on in the paper.

De®nition 1. Fuzzy number A is a fuzzy set de®ned
on the set of real numbers R characterized by
means of a membership function lA�x�, lA :
R! �0; 1�, which is upper semicontinuous and
which ful®ls the following conditions:
1. normality, i.e. supx2RlA�x� � 1;
2. convexity, i.e. for any x; y 2 R, k 2 �0; 1� it holds

lA�kx� �1ÿ k�y�P minflA�x�; lA�y�g.

In the paper we will use extended operations of
the addition of two fuzzy numbers and of the
multiplication of a fuzzy number with a scalar. Let
us remind the de®nitions of those operations,
which are a consequence of the extension principle
of Zadeh.

De®nition 2. Let A, B be fuzzy numbers and r 2 R.
Then:
1. A� B is a fuzzy number with the membership

function

lA�B�z� � sup
z�x�y

minflA�x�;lB�y�g; x; y; z 2 R;

2. for r 6� 0 rA is a fuzzy number with the mem-
bership function

lrA�z� � lA�z=r�; z 2 R;

3. for r � 0 rA is zero, i.e. lrA�z� � 1 for z � 0 and
lrA�z� � 0 for z 6� 0.

Dubois and Prade [7] proposed a representation
of the fuzzy number which makes it considerably
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easier to perform the operations de®ned above. It
is a so called Lÿ R form of a fuzzy number.

De®nition 3. Fuzzy number A is called a number of
the Lÿ R type if its membership function lA has
the following form:

lA�x� �
1 for x 2 �a; a�;
L aÿx

a

ÿ �
for x6 a;

R xÿa
b

� �
for x P a;

8><>: �1�

where L and R are continuous nonincreasing
functions, de®ned on �0;1�, strictly decreasing to
zero in those subintervals of the interval �0;1� in
which they are positive, and ful®lling the condi-
tions L�0� � R�0� � 1. The parameters a and b are
non-negative real numbers.

The functions L and R are called shape func-
tions. Examples of such functions are max �0; 1ÿ
x�; eÿxp

; max �0; 1ÿ xp�; x 2 �0;1�; p P 1. The
following notation of the fuzzy number of the Lÿ
R type with the membership function (1) will be
assumed:

A � �a; a; a; b�LÿR:

The operations de®ned in De®nition 2 preserve the
fuzzy numbers type. The following equalities hold:

�a; a; aA; bA�LÿR � �b; b; aB; bB�LÿR

� �a� b; a� b; aA � aB; bA � bB�LÿR;

r�a; a; aA; bA�LÿR � �ra; ra; raA; rbA�LÿR for r P 0:

3. Formulation of the problem

The linear programming problem with fuzzy
coe�cients in the objective function, abbreviated as
LPPFCO, can be formulated in the following way:

F �x� �
Xn

j�1

Cjxj ! max; �2�

x 2 X :

Pn
j�1

aijxj6 bi; i � 1; . . . ;m;

xj P 0; j � 1; . . . ; n;

8<:

where Cj, j � 1; . . . ; n, are fuzzy numbers.
In the objective function of problem (2) we use

of course the extended operations of the addition
of fuzzy numbers and of the multiplication of a
fuzzy number with a scalar, which are de®ned in
De®nition 2. From the properties of these opera-
tions it follows that the objective function F �x� is a
fuzzy number.

4. Orlovsky's concept

We will present now a de®nition of the solution
of problem (2) based on the concept of the choice
of the best solution with respect to a fuzzy pref-
erence relation (de®ned on the set of feasible so-
lutions), presented by Orlovsky [11].

Let us denote with FN�R� the set of all fuzzy
numbers. Let us assume that on this set there is
de®ned a fuzzy preference (order) relation R with
the membership function lR : FN�R� � FN�R� !
�0; 1�. The value lR�A;B�, A;B 2 FN�R� denotes
the degree to which the fuzzy number A is pre-
ferred (greater) with respect to the number B.

De®nition 4. The fuzzy solution of problem (2) is
the fuzzy set ND of nondominated elements in
X with respect to a fuzzy relation R, i.e. the
fuzzy set ND with the following membership
function:

lND�x� � inf
y2X
�1ÿ lRs�F �y�; F �x���

� 1ÿ sup
y2X

lRs�F �y�; F �x��; �3�

where Rs is a fuzzy relation of strict preference
linked to the relation R with the membership
function de®ned in the following way:

lRs�A;B� � maxf0; lR�A;B� ÿ lR�B;A�g: �4�
The value of the membership function lND�x�
denotes the degree to which the vector x is not
dominated by another vector from the set X (the
truth degree of the statement ``x is not dominated
by any other vector y 2 X ''). The best solution
seems to be the solution with the maximal (great-
est) degree of the membership in the fuzzy set of
ND solutions.
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De®nition 5. A crisp optimal solution of problem
(2) is a vector x 2 X for which the function lND�x�
takes on the greatest value (the solution which is to
the greatest degree nondominated by other solu-
tions with respect to the relation R), i.e. the
solution of the following mathematical program-
ming problem: maxy2X lND�y�.

The following de®nition is of essential impor-
tance for the reasoning in this paper:

De®nition 6. If for a maximally ND solution x (i.e.
for an optimal solution according to De®nition 5)
the value of the membership function lND�x�
equals 1, then x is called an UND solution. The set
of UND solutions is denoted as UND.

The UND solutions ± if they exist, i.e. if UND
6� ; ± seem to be of a high practical signi®cance.
With respect to them there is no doubt that they
are the best ones, because the statement saying
that they are not dominated by any other solution
from the set of feasible solutions X is true to the
degree one.

It seems that a certain remark would be ade-
quate in this place: the concept of the ND solu-
tion according to Orlovsky cannot be identi®ed
with the concept of the ND solution (optimal
according to Pareto) used in the vector optimi-
zation. However, there is a certain intuitive sim-
ilarity between the two. In both cases the
solution of the problem is a solution with respect
to which there are no strictly preferred solutions.
In the case of the Orlovsky approach such solu-
tions are selected on the basis of a fuzzy relation
of strict preference, and in the vector optimiza-
tion on the basis of a certain ordering relation
for vectors.

A direct consequence of formula (3) and De®-
nitions 5 and 6 is the following theorem, which we
will use in Section 5 of the paper.

Theorem 1. A vector x 2 X is an UND solution
with respect to a fuzzy relation R, i.e. x 2 UND, if
and only if for each y 2 X the following formula
holds:

lRs�F �y�; F �x�� � 0:

5. Reduction of the LPPFCO problem to the

classical linear programming problem

Let us present a su�cient condition assuring
that the problem of determining an UND solution
of the LPPFCO problem, according to De®nition
6, can be reduced to that of determining the op-
timal solutions of a classical linear programming
problem. But ®rst of all let us remind the theorem
on the separating hyperplane (see Ref. [8]).

Theorem 2. If two convex sets @1 and @2 have in
common at the most some boundary points, then
there exists a hyperplane

f �x� � a1x1 � a2x2 � � � � � anxn � b; a 6� 0

which separates @1 and @2 in the following sense:

f �x�P b 8x2@1
and f �y�6 b 8y2@2

or

f �x�P f �y� 8x2@1;y2@2
:

We will now prove a lemma which we will make an
essential use of in the proof of Lemma 2.

Lemma 1. If / : Rn � Rn ! R is a continuous and
anti-re¯exive function (i.e. such that /�x; x� � 0
for each �x; x� 2 Rn � Rn) and the set of couples
@ � f�x; y�: x; y 2 Rn;/�x; y� > 0g � R2n is convex,
then there exists a vector a 2 Rn, a 6� 0 such that

a1x1 � a2x2 � � � � � anxn

> a1y1 � a2y2 � � � � � anyn 8�x;y�2@:

Proof. From the continuity of function / it follows
that the set @ is open.

We build the set @1 � fxÿ y: x; y 2 Rn;
�x; y� 2 @g � Rn. The set is open (this follows from
the openness of the set @). We will show that it is
also convex. Let us take two elements from @1,
x0 ÿ y0 2 @1 and x00 ÿ y00 2 @1. Then for each
k 2 �0; 1�,
k�x0 ÿ y0� � �1ÿ k��x00 ÿ y00�
� �kx0 � �1ÿ k�x00� ÿ �ky0 � �1ÿ k�y00� 2 @1;

because �kx� �1ÿ k�x00; ky0 � �1ÿ k�y00� 2 @,
which follows from the convexity of @. Thus @1 is
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convex. Let us take a one-element set f0g � Rn,
where 0 is the zero vector. It is of course convex.
The intersection of the sets f0g and @1 is empty,
because if it held f0g � @1, then such vectors
would exist x; y 2 Rn that xÿ y � 0 (i.e. x � y)
and /�x; y� > 0, which would contradict the anti-
re¯exiveness of the function / (/�x; x� � 0).
Hence, the sets @1 and f0g are disjoint. As they are
also convex, Theorem 2 implies that there exists a
function

f �z� � a1z1 � a2z2 � � � � � anzn;

a 6� 0 such that

f �xÿ y�P f �0� � 0 8xÿy2@1
: �5�

Only boundary points of the set @1 can belong to
the hyperplane f �z� � 0 separating the sets @1 and
f0g. As the set @1 is open, it does not contain such
points. Therefore the inequality (5) is ful®lled with
a strict relation, i.e.

f �xÿ y� > f �0� � 0 8xÿy2@1
: �6�

As f is a linear function, condition (6) can be
written as

f �x� ÿ f �y� > f �0� � 0 8�x;y�2@:
This implies

f �x� > f �y� 8�x;y�2@;
which completes the proof of the lemma. �

Let us denote with ~R a fuzzy preference relation
generated by R, determining in the set Rn a fuzzy
order, whose membership function is de®ned in the
following way:

l ~R�x; y� � lR

Xn

j�1

Cjxj;
Xn

j�1

Cjyj

 !
;

where x; y 2 Rn and Cj 2 FN�R�, j � 1; . . . ; n.

Lemma 2. If for the fuzzy preference relation ~R the
membership function l ~R

s of the fuzzy strict prefer-
ence relation ~R

s
generated (implied) by ~R according

to formula (4) is continuous function and the set of
couples

@ � f�x; y�: l ~R
s�x; y� > 0g � R2n

is convex then there exists a ranking function
r : FN�R� ) R such that:

l ~R
s�x; y� � lRs

Xn

j�1

Cjxj;
Xn

j�1

Cjyj

 !
> 0

)
Xn

j�1

r�Cj�xj >
Xn

j�1

r�Cj�yj; �7�

or, equivalently,

Xn

j�1

r�Cj�xj6
Xn

j�1

r�Cj�yj ) lRs

Xn

j�1

Cjxj;
Xn

j�1

Cjyj

 !
� 0;

�8�
where Cj are fuzzy numbers, Cj 2 FN�R�, j �
1; . . . ; n.

Proof. Because of the convexity of the set @, the
continuity of the relation l ~R

s and its anti-re¯ex-
iveness, which follows from the de®nition of
relation l ~R

s , Lemma 1 implies the existence of a
vector a 2 Rn, a 6� 0 such that

a1x1 � a2x2 � � � � � anxn

> a1y1 � a2y2 � � � � � anyn 8�x;y�2@: �9�
Having made the following assignment:

r�Cj� � aj j � 1; . . . ; n;

we get implication (7) from inequality (9). �

The continuity condition of function l ~R
s in

Lemma 2 (like the continuity condition of function
/ in Lemma 1) can be replaced by a weaker con-
dition of the openness of set @. Thus the main
results of the paper expressed in Lemma 2 and the
essential Theorem 3 presented further on are true
for a wider class of preference relations R ± which
is used in the initial problem to compare fuzzy
values of the objective function. However, in
practice most preference relations known from the
literature satisfy the continuity condition; apart
from it seems easier to verify this condition than to
prove the openness of set @.

Let us now present an answer to the question
formulated in the introduction. The following
theorem gives a su�cient condition assuring that
a ranking function exists and the problem of
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determining the UND solutions of problem
LPPFCO can be reduced to that of determining the
optimal solutions of a linear programming problem.

Theorem 3. Let X be a bounded set of feasible
solutions of problem (2). If a fuzzy preference
preference ~R ful®ls the assumptions of Lemma 2,
then a ranking function exists r : FN�R� ! R such
thatXn

j�1

r�Cj�x�j � max
x2X

Xn

j�1

r�Cj�xj ) x� 2 UND: �10�

Proof. From Lemma 2 follows the existence of a
ranking function r : FN�R� ! R such that

Xn

j�1

r�Cj�xj6
Xn

j�1

r�Ci�yj ) lRs

Xn

j�1

Cjxj;
Xn

j�1

Cjyj

 !
� lRs�F �x�; F �y�� � 0:

�11�
We will show that this function ful®ls condition
(10). Let x� 2 X be a vector such thatXn

j�1

r�Cj�x�j � max
x2X

Xn

j�1

r�Cj�xj: �12�

Such a vector exists, because the set of feasible
solutions of problem (2), X � Rn, is bounded and
closed, and thus compact, and

Pn
j�1 r�Cj�xj is a

continuous function. Eq. (12) implies that for each
y 2 X the following inequality is ful®lled:Xn

j�1

r�Cj�yj6
Xn

j�1

r�Cj�x�j : �13�

Making use of Eq. (13) and condition (11) we
obtain

lRs�F �y�; F �x��� � 0; y 2 X : �14�
Condition (14) and Theorem 1 imply that
x� 2 UND. �

There may of course exist several ranking
functions ful®lling condition (10) in Theorem 3. If
we have one such mapping, we can identify other
ones by carrying out a sensitivity analysis of the
linear programming problem from Eq. (10), with

respect to the changes in the objective function
coe�cients.

6. Computational example

Before we give an example illustrating the use-
fulness of Theorem 3, we will present several
proposals of fuzzy preference relations and the
ranking functions for those relations. These are of
course not the only de®nitions of fuzzy preference
relations which have been proposed so far. A
systematic survey and classi®cation of various
methods of comparing fuzzy numbers can be
found in the paper of Chen and Hwang [5].

Baas and Kwakernaak [1] have suggested fuzzy
preference relation R1 with the following mem-
bership function:

lR1
�A;B� � sup

x P y
minflA�x�; lB�y�g;

x; y 2 R; A;B 2 F �R�:
Koøodziejczyk [9] de®ned another fuzzy preference
relation R2, a more complicated one, which has
the following membership function:

lR2
�A;B�
� �d�AL _ BL;BL� � d�AP _ BP ;BP ��=
�d�AL;BL� � d�AP ;BP ��;

where d�A;B� �df R
R
j lA�x� ÿ lB�x� j dx is the

Hamming distance between the fuzzy numbers A
and B, it is also assumed that

R
R

lA�x�d x < �1
and

R
R

lB�x�d x < �1, _ is the operation of the
maximum of two fuzzy numbers, i.e. lA_B�t� �
supt�max�x;y� min flA�x�; lB�y�g for t 2 R and

lAL�x��df lA�x� for x6 z;
1 for x P z;

�

lAP �x� �df lA�x� for x P z;
1 for x6 z;

�
where z is a number ful®lling the condition
lA�z� � 1.

Delgado et al. [6] proposed the relation R3

whose membership function has the following
form:
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lR3
�A;B� � 1ÿ sup

x2R
flAk;L�x�tlB�x�g;

A;B 2 F �R�;
where

lAk;L�x� � �1� � k�lAL�x�� 1�= � klAL�x�� ;
k 2 �ÿ1; 0�;

t is a t-norm (see Ref. [14]). Relation R3 is anti-
re¯exive and anti-symmetric, thus the following
relationship holds: R3 � Rs

3.
The values of the membership functions of re-

lations Ri, i� 1, 2, 3, denote the truth degree of
the statement A P B.

It can be shown (we omit the proof because of
its arithmetical character) that the fuzzy relations
of strict preference Rs

i , i � 1; 2; 3, linked to the
presented fuzzy relations Ri, i � 1; 2; 3, ful®l the
assumptions of Theorem 3. Thus, from Theorem 3
it follows that for the relations Rs

i , i � 1; 2; 3, there
exist ranking functions, ri, i � 1; 2; 3, respectively,
which allow us to reduce the problem of deter-
mining the ND solutions of problem LPPFCO to
the determination of the optimal solutions of a
linear programming problem. In order to build up
such ranking functions, it is enough to indicate
such ri for which the implication (7) (Lemma 2) is
ful®lled. For the relation Rs

2, i � 2, the function r2

ful®lling implication (7) is equal, as shown in Ref.
[2], to the following ranking function suggested by
Yager [15]:

r2�A� �df 1

2

Z1
0

�a�a� � a�a�� da;

where

a�a� � inf
x2R
fx: lA�x�P ag;

a�a� � sup
x2R
fx: lA�x�P ag:

a�a� and a�a� are the ends of the interval consti-
tuting the a-level of the fuzzy number A, i.e.
Aa � fx: lA�x�P ag. For the relations Rs

i , i � 1; 3,
functions ful®lling implication (7) take on, which is
easy to notice, the form ri�A��df a�1�, i � 1; 3, where
a�1� is the right end of the interval of the modal

values of the fuzzy number A, i.e. A1 �
fx: lA�x� � 1g.

Let us pass on to the announced computational
example. Let a linear programming problem with
fuzzy coe�cients in the objective function be giv-
en:

F �x� � C1x1 � C2x2 ! max
2x1 � 3x2 6 10
3x1 � 2x2 6 15

x1; x2 P 0;

�15�

where C1 � �3; 5; 8; 6�LÿR, C2 � �1; 2; 1; 6�LÿR are
fuzzy numbers of the Lÿ R type (see De®nition 3)
with the shape functions L�y� � eÿy and R�y� �
max�0; 1ÿ y2�.

In order to obtain an UND solution of problem
(15) with respect to relation Ri, i � 1; 3, it is nec-
essary, as follows from Theorem 3, to solve an
adequate linear programming problem:

5x1 � 2x2 ! max
2x1 � 3x2 6 10
3x1 � 2x2 6 15

x1; x2 P 0;

�16�

where ri�C1� � 5, ri�C2� � 2, i � 1; 3, are the val-
ues of the ranking function ri, i � 1; 3, which
correspond to the fuzzy coe�cients C1, C2 of the
original problem. The solution of problem (16) is
the vector x� � �5; 0� and it is an UND solution of
the original problem with respect to the relation
Ri, i � 1; 3.

Similarly, in order to obtain an UND solution
of problem (15) with respect to relation R2, we
have to solve the adequate linear programming
problem:

2x1 � 3x2 ! max
2x1 � 3x2 6 10
3x1 � 2x2 6 15

x1; x2 P 0;

�17�

where

r2�C1� � 1

2

Z1
0

�8� 8 lna� 6
�����������
1ÿ a
p

� da � 2;
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r2�C2� � 1

2

Z1
0

�3� lna� 6
�����������
1ÿ a
p

� da � 3

are the values of the ranking function r2, which
correspond to the fuzzy coe�cients C1, C2 of the
original problem. The solution of problem (17)
is the vector x� � �0; 3:333�, which is an UND
solution of problem (15) with respect to the rela-
tion R2.

7. Conclusions

The main result of the paper are the conditions
which should be ful®lled by the strict fuzzy pref-
erence relation assumed in the de®nition of the
solution, which ensure that the problem of deter-
mining UND solutions of problem LPPFCO can
be reduced to that of determining the optimal so-
lutions of a linear programming problem, with the
coe�cients in the objective function being the
values of a ranking function which exists for this
relation. These conditions are a consequence of the
theorem we have proven, concerning the existence
of a so called ranking function (Theorem 3).
Theorem 3 is a generalization, for the continuous
case, of the result obtained by Koøodziejczyk [10]
for the case of the discrete problem with a ®nite set
of feasible solutions. For some relations, this the-
orem allows to use the existing classical methods
of linear programming in order to determine the
UND solutions with respect to those relations and
to avoid the necessity to develop speci®c algo-
rithms.

The practical usefulness of Theorem 3 was il-
lustrated by the computational example, where we
determined the UND solutions with respect to
three fuzzy preference relations known from the
literature.

The example illustrates also the fact that the
conditions which have to be satis®ed by a fuzzy
preference relation for the transition from the
fuzzy problem to the usual one (according to
Theorem 3) to be possible, do not seem to be ones
that would considerably limit the presented ap-
proach ± although they are not always easy to
verify. Most relations that are important in the

literature (both such simple ones as the relation of
Baas and Kwakernaak and more complicated
ones, as e.g. the relation of Koøodziejczyk) ful®l
these conditions.
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