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Abstract

The paper analyzes the criticality in a network with interval activities duration times. A natural generalization of the
criticality notion (for a path, an activity and an event) for the case of network with interval activity duration times is
given. The computation complexity of five problems linked to the introduced criticality notion is presented. © 2002

Elsevier Science B.V. All rights reserved.
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1. Introduction

The critical path method (CPM), worked out at
the beginning of the 60s (see [13]), has become one
of the tools that is most useful in practice and is
applied to the planning and control of complex
projects.

The key notion used in this method is that of
criticality, what is confirmed by the very name of
the method. This notion concerns a path, an ac-
tivity or an event. We can talk about the criticality
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of an event only when the network model “activity
on arc” is used in the method, i.e., a network in
which the activities are represented by arcs and the
nodes stand for certain stages, moments (called
events) of the project. In the network model “‘ac-
tivity on node”, in which the activities are repre-
sented by network vertices, the notion of event
criticality does not occur. In this paper, we make
use of the “activity on arc” model. The critical
path is the longest path leading from the initial
vertex, representing the project start, to the final
event, determining the project end. In one network
there may be several critical paths, not only one.
The critical path length determines the shortest
possible duration time of the whole project. If this
duration is taken as the target project duration
time, then all the activities belonging to the critical
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paths are characterized by a zero time slack. This
means that each of them should start and finish in
exactly (unequivocally) fixed moments of time,
because otherwise the project dead line would be
violated. For this reason, those activities are called
critical activities. Similarly, the nodes belonging to
critical paths correspond to critical events, that
have to take place in strictly fixed moments of time
(and not in time intervals), if we want to keep the
project dead line. Information about all the critical
paths, activities and events is very useful to the
decision maker, because it allows him to concen-
trate, while controlling the project, on its most
important elements, crucial to the successful pro-
ject completion within the fixed deadline. All the
critical paths, activities and events can be deter-
mined effectively, i.e., in a time being a polynomial
function of the network size, by the CPM method.

What is essential in the CPM method is the
assumption that the activities duration times are
deterministic and known. Of course in practice,
this assumption cannot always be fulfilled. That is
why in the literature several methods have ap-
peared that are destined for the analysis of projects
with nondeterministic activities duration times,
represented in the network with random vari-
ables or fuzzy numbers (see e.g., [2,3,5,8,10,11,14,
16-18]).

In both cases, the problem arises already when
it comes to defining the notion of criticality. Of
course, the whole problem can be substantially
simplified. This is what is done in the classical
PERT method (see [15]), where those paths, ac-
tivities and events are considered to be critical that
are such for the mean activities duration times. It
is also possible to evaluate the probability (or the
degree, in case of fuzzy duration times) with which
the path (activity, event) is critical. But then, the
problem becomes very complicated from the
computational point of view (see e.g. [12]). The
simplest way of representing uncertainty with re-
spect to an activity duration time is an interval.
Assigning some time interval 7" to an activity du-
ration means that the actual duration of this ac-
tivity will take a certain value within 7, but it is
not known which one.

In this paper, we occupy ourselves with the
criticality analysis in a network with interval ac-

tivities duration times. We will give a natural
generalization of the criticality notion (for a path,
an activity and an event) for the case of a network
with interval activities duration times, and then we
will analyze the computational complexity of a
number of problems linked to the introduced
criticality notion. Three among five analyzed
problems will turn out to be difficult ones, al-
though representing activities duration times with
intervals seems to be the simplest method of
modeling non-deterministic activities times.

Before we pass on to the essential consider-
ations, let us recall the notions of the criticality of
a path, an activity and an event in a network with
deterministic activities times.

2. The criticality in a network with deterministic
activity times

A directed, connected, acyclic graph (network)
G(4,V) being a project arc model is given. V
(V] = n) is a set of nodes (events are represented
by the nodes of the graph) and 4 C V' x V' is a set
of arcs (activities are represented by the arcs of the
graph). A deterministic duration time ¢#; is associ-
ated with each activity (i,j) € 4. Two nodes are
specified in the graph G. ““1”’ being the start node
(the start event of the project) and “n” being the
end node (the end event of the project).

Let us denote by P(n) the set of all paths in G
from the node “1”’ to the node “n”.

Definition 1. A path p € P(n) is critical if and only
if it is the longest path in the graph G (assuming
that weights of the arcs are activities duration
times).

The length of the path p is the minimum time
required for completion of the whole project.

Definition 2. An activity (i, j) € 4 (an event i € V)
is critical if and only if it belongs to any critical
path p € P(n).

The definitions presented above are equivalent
to the definitions known from the literature
where the criticality is defined by means of slacks
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of activities and events. But Definitions 1 and 2
are more suitable for considerations in this

paper.

3. The CPM method with interval activity times

A graph Gi(V,A) is given. All elements of this
graph are the same as in the deterministic case
except for activities duration times which are
given by means of interval numbers, i.e., the in-
terval T = [t,,%;] containing possible duration
times of (i,j) is associated with each activity
(i,)) € 4.

Now we define notions of criticality.

Definition 3. A path p € P(n) is i-critical (interval
critical) in Gj if and only if there exists a set of
times #;, t; € [t,;,1;], (i, j) € 4, such that p is critical
in the sense of Definition 1, after replacing the
interval times 7;; with the exact values ¢;, (i, /) € 4.

Definition 4. An activity (i, /) € 4 (an event i € V)
is i-critical (interval critical) if and only if it be-
longs to any i-critical path p € P(n).

The key lemma for the further considerations is
Lemma | which determines a necessary and suffi-
cient condition of i-criticality of a given path

p € P(n).

Lemma 1. A4 path p € P(n) is i-critical in Gy if and
only if it is critical in the sense of Definition 1 in Gy,
in which the interval activity times T; = [t;,1;],
(i,7) € A, have been replaced with the exact values
t;; determined by means of the following formula:

tj =

Zij if <l7]> €p7
{tij if (i,7) & p- M

Proof. The if direction: Assume that p € P(n) is
i-critical. From Definition 3 we obtain that there
exists a set of times t;,t; € [t;,1], (i, /) € 4, such
that p is critical in the sense of Definition 1 (i.e., p
is the longest path in Gj), after replacing the in-
terval times 7}; with the exact values ¢;, (i, /) € 4. If
we increase the activity times #; to #; of all the

activities belonging to p and decrease the activity
times #; to ¢, of all the activities, which do not
belong to p, the path p will remain the longest path
in Gy for this new configuration of the activity
times.

The only if direction: Since there exists a set
of activity times t;, t; € [t;,;], for which p is
critical (the set determined by formula (1)),
from Definition 3 it follows directly that p is

i-critical. O

4. Definitions of problems

Now we define five problems, concerning the
CPM method with interval activity times, which
are the subject of the paper.

1. The problem of determining an i-critical path

(PDCP)

Input: A directed, connected, acyclic graph
Gi(4,V), where V is a set of nodes (events)
and A C V x V is a set of arcs (activities),
weights of the arcs (activities duration times)
(i,]) € A are determined by means of interval
numbers T; = [t;,1;], where ¢, and 7, are
nonnegative integer numbers (if the ends of
the intervals are rational numbers, then one
may scale them to obtain the integer ends),
two specified nodes “1” being the start node
and “n” being the end node.
Output: An i-critical path p € P(n) in Gy.

2. The i-critical path problem (CPP)
Input: The same as in PDCP and a path
p € P(n).
Question: Is p € P(n) i-critical in Gy?

3. The i-critical activity problem (CAP).
Input: The same as in PDCP and a specified
activity (i, /) € 4.
Question: Is (i, j) € 4 i-critical in G;?

4. The i-critical event problem (CEP).
Input: The same as in PDCP and a specified
eventic V.
Question: Is i € V i-critical in Gy?

5. The K i-critical paths problem (KCPP)
Input: The same as in PDCP and a positive
integer number K < 2/"1-2,
Output: All j-critical paths in Gy but not more
than K.
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5. The analysis of computational complexity

In this section, we analyze the computational
complexity of the problems which have been for-
mulated in Section 4.

5.1. Complexity of PDCP and CPP

The problem of determining an arbitrary
i-critical path (PDCP) and the problem of assert-
ing the i-criticality of a fixed path p € P(n) (CPP)
are easy ones, i.c., they can be solved in the time
bounded by a polynomial in the size of Gy(4, V).
In the first case, it is enough to apply the classical
algorithm for finding the longest path in an acy-
clic, directed graph to G; with deterministic
weights of the arcs, #;;, which are any values chosen
from the respective intervals, i.e., #; € [t;, 1],
(i,i) € A. And in the second one it is sufficient to
apply the classical algorithm for finding the long-
est path in an acyclic, directed graph to Gj, after
replacing the interval weights of the arcs
T; = [t;;,1;], (i) € 4, with the exact values ¢; de-
termined as in Lemma 1. If the length of a path
P € P(n), determined in this way, is equal to the
length of given path p € P(n), then from Lemma 1
it follows that p is i-critical otherwise p is not
i-critical.

5.2. Complexity of CAP and CEP

Now we prove that CAP is strongly NP-com-
plete (the strong NP-completeness has been de-
fined in [6]). First, we give the proof that there
exists a pseudo-polynomial transformation from a
known strongly NP-complete decision problem to
CAP. As a known strongly NP-complete problem,
we have chosen the CNF-satisfiability problem
(CNF-SAT). CNF-SAT is defined as follows (see
e.g.[7]).

Input: A set of Boolean variables X =

{x1,...,x,}, a set of clauses C = {C,...,C,}

composed of the variables and their negations,

a Boolean expression F in conjunctive normal

form, F=C;A---AC,, where C; =1V -V

I, and Uyi=1,... ,n;, 1s a literal, i.e., VU is ei-

tﬁerx, or ~x.,r=1,...,p.

Question: Is there an assignment “True’’(1) and

“False” (0) to the variables xy,...,x, such that

the Boolean expression F is satisfiable (F has

value 1)?

The transformation from an instance of CNF-
SAT to an instance of CAP consist of two stages.
In the first stage we construct, on the basis of an
expression F, an expression F' = C} A--- A C), by
means of Algorithm 1. The idea of constructing F’
is similar to transformation from CNF-SAT to
three-CNF-SAT (see e.g., [1, p. 384]).

Algorithm 1 (Construction of F').

lI:. F «F

2: 4 —q+1

3:  Construct new clause C;, —z {zis a new

variable}

4. F —F A C;/

5 j<0

6: forr—1tog—1do

7 for i — 1 to n, do

8: if literal /7 does not contain a new

variable then

9: for s —r+1togdo

10: for k — 1 to n, do

11: if /7 is negation of [}’ then

12: j—Jj+1

13: qd —q+1

14: Construct new clause
Cy — iV ~y; { y;is a new
variable}

15: Fr—F NC,

16: In clause C! replace literal /}f
with literal y;

17: end if

18: end for

19: end for

20: end if

21: end for

22: end for

The construction of the expression F’ consists
in systematic elimination of the contradictory lit-
erals from clauses C} A--- A Cy.
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For example, F is given as follows
F = ()Cl\/ ~ XV NX3) N (N x1V ~x; \/X3)
A (X] VxoV o~ X3),

then the expression F’, according to the presented
construction, has the following form:
F = (X1V ~ XV NX3) AN (y1V ~ X3 \/y3)

A X ViV ~x3) AzA (~ Vo~ xp)

A~ Vx) A~y Vx), (2)
where yi,»,y3,z are new variables.

The expression F’ has additional significant

properties, which we formulate in the form of two
statements.

Statement 1. An expression F =CyA---AC, is

satisfiable if and only if the expression
F'=CyA--- ANC), is satisfiable.
Statement 2. In the clauses Cj,j=1,...,q, of the

expression F’ there are no literals /7, I} belonging
to the different clauses, r,s = 1,...,¢(r # s), such
that /7 is negation of /. The same property holds
for the clauses C},j=¢q+2,...,q"

In the second stage, on the basis of the ex-
pression F’ we build an instance of CAP.

Let us denote by Gj(4’, V") a graph (a network)
for this instance. Each literal lj-j,i =1,... ,n}, of
clause C},j=1,...,q, corresponds, in Gj, to an
activity (an arc) («/,v}) with a duration time equal
to the [0,1] interval. We link by an activity (v/, ™)
with duration time [1,1] the end-point v/ of each
activity corresponding to literal of clause C} with
the start-point /"' of each activity corresponding
to literal of the next j+ Ist clause,
j=1,....,4 —1. Then, we link by an activity
(v/,u;) with duration time [2(s—r),2(s—r)]
events v/ and u},r <, if literals /" and [} corre-
sponding to them are contradictory (/7 is negation
of /). Finally, we add the start event (“1”") and
link it by activities with duration times [1,1] with
events u!,i =1,...,n}, then we add the end event
(“n”) and link events v?/7i =1,... ,n;,, with it by
activities with duration times [1,1].

This completes the definition of Gj(¥”,4"). Note
that G’ is connected, acyclic and directed. The rest

of the input to CAP is defined as follows. “1” and
“n” are specified nodes and (u"',v""") corre-
sponding to the only one literal of clause C7,, is a
specified activity.

The construction of F’ as well as of G} can be
done in the time bounded by polynomial in the size
of CNF-SAT.

The graph Gj built on the basis of expression (2)
is shown in Fig. 1. The activities duration times
being one pointed intervals have been written as
deterministic times — in the form of single num-
bers.

From the properties of F’ and the way of con-
structing Gj, the following statements result.

Statement 3. A path p € P(n) in the graph G;
contains the specified activity (u!™',v?"") if and
only if it does not contain an activity linking
events corresponding to contradictory literals.

Statement 4. A path p € P(n) in the graph G
contains the specified activity (u!"', v?"") if and

only if it fulfills condition [/ =2¢ 4+ 1, where
I = Z(u,v)ep Lup-

Statement 5. A path p € P(n) in the graph G
does not contain the specified activity if and only
if it fulfills condition [=2¢ +2, where

[ = Z(u‘v)Ep f“l"

The main property of presented transformation
is included in the following lemma.

Lemma 2. An expression F is satisfiable if and only
if there exists an i-critical path p € P(n) in G

containing the specified activity (u?™", v1*").

Proof. The if direction: Suppose that there exists
an 0-1 assignment to the variables xi,...,x, such
that F is satisfiable. We determine a path p € P(n)
containing the specified activity (u/"',s"") and
show that it is i-critical.

From Statement 1 it follows that F’ is satis-
fiable. Therefore, each clause C},j=1,...,4,
contains at least one literal /7 with assigned value
1. From each of clauses we choose one such lit-
eral and complete a set of activities correspond-
ing to these literals by activities linking them to
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Fig. 1. The graph G obtained on the basis of expression (2).

obtain a path p € P(n). This construction is un- Let us replace the interval activities duration
ique. We will prove that this path is indeed i- times with the exact values f; determined as in
critical. Lemma 1. From Statement 4 it results that the
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length =3, c, tw
2q¢' + 1.

If ¢ = g + 1, then paths belonging to the P(n)
in G contain the specified activity. From State-
ment 4, we get that their lengths are at most
2q' + 1. Hence, p is critical. Lemma 1 implies that
p is i-critical.

Let ¢ > g+ 1. Assume to the contrary that
there exists a path p' € P(n), p’' # p, with length
I’ 1 < I'. From Statements 3 and 5 we obtain that
P’ contains an activity which links events corre-
sponding to contradictory literals. The events
linked by this activity, belonging to the path p/,
cannot belong to p simultaneously. Let us denote
these events by v/, u] € p/. Statement 2 implies that
they fulfill the condition 1<r<q,q+2<s<¢.
Only one of the following three cases may be ful-
filled.

L. v €pu & p,

2. V] €p,uy € p,

3. v €p,u, €p.

From Statement 5, we conclude that 2¢’ + 2 is the
maximum length of p’ and it can be reached only if
duration times of activities belonging to the path p/
are equal to the right ends of intervals (value 1).
For each above case it is easy to show that p’ with
activities duration times determined as in Lemma 1
contains at least one activity with duration time
which is equal to the left end of interval (value 0).
Hence, the length /' =} ., t, of p/ fulfills the
condition /' < 2¢' 4+ 1 which contradicts that / < /'.
Thus, the path p is critical with activities duration
times determined as in Lemma 1. By this lemma p
is i-critical.

The only if direction: Let p € P(n) be any i-
critical path in G containing the specified activity
!, v7""). Each clause Cl,j=1,...,q is repre-
sented in p by one activity which corresponds to
one of literals of this clause.

We claim that p does not contain an activity
corresponding to contradictory literals. Let us re-
place the interval activities duration times with the
exact values ¢; determined as in Lemma 1. From i-
criticality of p it implies that p is the longest
(critical) in Gj. By Statement 4 p is of length
2q' + 1. Assume to the contrary that there exist
activities (u/,v}), (u},v]) € p corresponding to

IR
contradictory literals /7,7, where 1<r<

of the path is equal to

q,q9 +2<s<q (see Statement 2). But then there
exists a path p’ € P(n) which does not use the
specified activity. It is composed of the parts of p:
from the node “1” to the node v/, from ] to “n”
and activity (v7,u]) ¢ p which links events v/, u}
corresponding to contradictory literals. From
Statement 5 it follows that p’ is of length 2¢’ + 2
which contradicts criticality of p.

Now we may assign the 1’s to all literals /7,
corresponding  to  activities  (u,v}) € p,j =
1,...,q, without risking assigning simultaneously
the 1 to a literal as well as to its negation. Hence,
each clause C, j=1,...,¢, of F' is satisfiable.
From Statement 1 it follows that F is also satisfi-

able. O

For the expression (2) the following 0-1 as-
signment to the variables is satisfiable:
x1=Lx=0x=0y=0=0)=0z=1.
The i-critical path in Gj corresponding to this as-
signment has been marked in Fig. 1 by the dotted
line.

Theorem 1. CAP is strongly NP-complete.

Proof. We show that CAP is in NP. A Nondeter-

ministic Turing Machine (NDTM) first “guesses’

sequence of nodes p being an i-critical path in Gy
which uses the specified activity. Then NDTM
verifies p i.e., it checks:

1. if for all consecutive nodes i,j € p it holds
(i,]) € 4,

2. if p contains the specified activity,

3. if p e P(n),

4. if p is critical in Gy after replacing the interval
weights of arcs, with the exact values deter-
mined as in Lemma 1.

The verification can be done in the time bounded

by a polynomial in the size of Gy, so CAP belongs

to NP.

Now we prove that there exists a pseudo-
polynomial transformation (see definition in [6])
from an instance of CNF-SAT to an instance of
CAP.

Let us consider the transformation from the
instance of CNF-SAT to the instance of CAP,
presented in this section. Since this transformation
can be done in the time bounded by a polynomial
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in the size of CNF-SAT, the first condition of
pseudo-polynomial transformation is fulfilled. The
second one, i.e., the answer for the instance CNF-
SAT is “yes” if and only if the answer for the
corresponding instance CAP is also “yes”, follows
from Lemma 2. The rest of the conditions of
pseudo-polynomial transformation are also satis-
fied. Thus, CAP is strongly NP-complete. [

Theorem 2. CEP is strongly NP-complete.

Proof. Analogous to the proof of Theorem 1. It is
enough to set one of the events u?"' or v*' to be

the specified event in G;. [0

5.3. Complexity of KCPP

Now we occupy ourselves with KCPP and
prove that it is NP-hard. Let us define the decision
K i-critical paths problem (D-KCPP).

Input: The same as in KCPP.

Question: Are there K different i-critical paths
in C;I‘7

And let us additionally define the extended
decision K i-critical paths problem (ED-KCPP).

Input: The same as in KCPP and a natural
number /.

Question: Are there K different i-critical paths
in G fulfilling the following condition

S i1 (3)

(u,v)€pi

fori=1,...,K.

Lemma 3. There exists polynomial transformation
from ED-KCPP to D-KCPP (ED-KCPPxD-
KCPP).

Proof. A polynomial transformation of an instance
of ED-KCPP to an instance of D-KCPP consists in
adding to Gy an activity (arc) with duration time
[/, '] which links the start event (“1”’) and the end
event (“n”’). I' is defined as follows

y_ [ i<l
T iz,

where [ is length of the longest path in Gj, after
replacing the interval activities duration times
Tjj, (i, /) € 4, with the exact values ¢;. It is easy to
show that there are K different i-critical paths in Gy
fulfilling (3) if and only if there are K + 1 such
paths in G}. Note that the set of i-critical paths in
Gy is the set of i-critical paths in G; extended by
additional path (1,n). O

Theorem 3. D-KCPP is NP-hard.

Proof. NP-hardness of D-KCPP is result of using
polynomial Turing transformation from CNF-
SAT to ED-KCPP, CNF-SATx7ED-KCPP (see
definition in [7,9]). It is enough to give an algo-
rithm A solving CNF-SAT by using a procedure P
where P solves ED-KCPP. The algorithm 4 would
be polynomial if procedure P was polynomial.

Suppose that P(Gy(4,V),T,K, ) is a procedure
solving ED-KCPP for the following parameters:
Gi(4,V) — an acyclic directed graph, T = {T;,},
(i,j) € A, — interval activities duration times,
0 < K<2"1"2 and / > 0 — constants. Algorithm 2
corresponds to the algorithm A which solves CNF-
SAT by using the procedure P.

After calling P(Gy(4',V"),T',L*,2¢'+2) in A
we obtain the answer “yes” or “no’” If it is ““yes”,
then all i-critical paths in G} satisfy inequality (3)
in the strong sense. Statement 5 implies that none
of them contain the specified activity (u/*',v7"").
Making use of Lemma 2 we get the answer “no”
for CNF-SAT. Otherwise, there exits an i-critical
path in Gj such that / =24’ + 1. Statement 4 im-
plies that it contains the specified activity
(u!™, v""). Again from Lemma 2 we obtain the
answer “‘yes” for CNF-SAT.

Algorithm 2 (Algorithm A — solving CNF-SAT by
means of procedure P).

1: Build an instance of CAP, Gj(V',4'), T,
(u?™' v, on the basis of an instance of
CNF-SAT according to the presented in Sec-
tion 5.2 construction

2: Lmin —0

3: Lmax — 2“/[‘72

4: while L, — Ly, # 1 do

5 L« (Lmax + Lmin)/z
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6: P(Gy(A', V"), T',L,2¢' + 1)

7: if Answer after calling P is “yes” then
8: Lmin — L

9: else

10: Lpax — L

11:  end if

12: end while

13: L* « Ly, { L* is the maximum number of i-
critical paths, in G}, fulfilling inequality (3) for
[=2¢'+1}

14: P(Gy(4', V"), T, L*,2q' +2)

15: if Answer after calling P is “yes” then

16:  write(“no”) {the answer for CNF-SAT is
“no”

17: else

18:  write(“yes”) {the answer for CNF-SAT is
“yes”}

19: end if

Since the construction of instance of CAP can be
done in polynomial time and the number of calls
of P is equal to |V'| — 1, the presented algorithm 4
would be polynomial for CNF-SAT if the proce-
dure P was polynomial for ED-KCPP.

We have proved that CNF-SATx;ED-KCPP.
Lemma 3 implies that ED-KCPPxD-KCPP. A
polynomial transformation is a special case of a
polynomial Turing transformation so ED-
KCPPo;D-KCPP. Making use of transitivity of a
polynomial Turing transformation we get CNF-
SATx;D-KCPP. This completes the proof. [

Corollary 1. KCPP is NP-hard.

Proof. It follows from existence of polynomial
Turing transformation D-KCPPx;KCPP. [

6. Conclusions

In the paper, we have given a natural general-
ization of the notion of criticality for the case of a
network with interval duration times of the activi-
ties, by introducing the notion of i-critical path,
activity and event. We have shown that both the
problem of determining an arbitrary i-critical path
and that of the estimation of the i-criticality of a

fixed path are easy problems. Solving them reduces
itself to applying the classical CPM method to a
network with deterministic duration times of the
activities. Unfortunately, the problem of deter-
mining K i-critical paths, as well as that of esti-
mating the i-criticality of a fixed activity and a fixed
event have turned out to be hard ones, as shown in
this paper. The results obtained are important per
se. They can be useful in situations where the in-
terval as the set of all possible duration times of an
activity can be considered a suitable (sufficient)
model of the activity duration time. However, we
would like to emphasize that we have made a
substantial use of the results presented here in the
criticality analysis of a network where the duration
times of the activities are represented by interval
fuzzy numbers (see [4]). It was that problem that
inspired us to examine criticality in a network with
interval activities duration times, as an interval
fuzzy number can be unambiguously represented
by a set of intervals (the set of its A-cuts). There
exist close links between the notion of f-criticality
(fuzzy criticality) introduced in [4], in a network
with fuzzy activities duration times, and that of i-
criticality in a network with interval activities du-
ration times analyzed here.
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