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Abstract

We present some new properties of several fuzzy order relations, de®ned on the set of

fuzzy numbers, from among those introduced in [S. Chanas, M. Delgado, J.L. Verde-

gay, M.A. Vila, Information Sciences 69 (1993) 201±217]. The main result is proving

that four from among the relations considered in [S. Chanas, M. Delgado, J.L.

Verdegay, M.A. Vila, Information Sciences 69 (1993) 201±217] are strongly transitive (s-

transitive). Ó 1999 Elsevier Science Inc. All rights reserved.

1. Introduction

In paper [1] the authors de®ne eight fuzzy relations de®ned on the set of
fuzzy numbers, making use of some relationships between fuzzy and random
sets (see [4]). They prove a number of properties of those relations. Among
other things, they show that three from among them are max±min transitive. In
this paper we prove further properties of some of the relations introduced in
[1]. The main result is showing that four from among them are strongly
transitive (s-transitive). The property of s-transitiveness is of great importance
in case the relations are applied to the decision making according to Orlovsky's
concept (see [6]). At the end of this paper we present shortly Orlovsky's concept
of decision making with fuzzy preference relation, pointing out at the same
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time what signi®cance for the concept has the property of s-transitiveness of
the preference relation used there.

All the relations properties presented here are proven on the assumption
that their domain is limited to the set of fuzzy numbers of the same Lÿ R type.
This set is closed with respect to the operation of addition and multiplication
by a non-negative parameter. Such a limitation was not needed in [1]. The
properties proven there are true also on the assumption that fuzzy numbers
being compared with respect to the given relation are of di�erent types.

2. Fuzzy order relations in the set of fuzzy numbers and their properties

Let a set of interval fuzzy numbers of the same Lÿ R type be given. We will
denote this set by FN�L;R�. The shape functions L and R can be arbitrary, but
®xed. Let us recall that a fuzzy number A is an interval fuzzy number of the
type Lÿ R, A 2 FN�L;R�, if and only if its membership function,
lA : R! �0; 1�, has the form (see [3]):

lA�x� �
1 for x 2 �a; a�;
L aÿx

a

ÿ �
for x6 a;

R xÿa
b

� �
for x P a;

8><>: �1�

where L and R are non-negative functions de®ned on the half-line �0;1�, non-
increasing and such that L�0� � R�0� � 1. A fuzzy number A 2 FN�L;R� with a
membership function (1) is conventionally denoted as

A � �a; a; aA; bA�LÿR:

In the following we also assume that shape functions L and R are contin-
uous and strictly decreasing on those parts of the half-line �0;1� where they
are positive. Here are some examples of functions which can be used as shape
functions: max�0; 1ÿ y�, eÿyp

, max�0; 1ÿ yp�, y 2 �0;1�, p P 1.
Further on we will analyze six fuzzy relations Ri, i � 1; . . . ; 6, de®ned on set

FN�L;R�. The membership functions of these relations li : FN�L;R�2 ! �0; 1�,
i � 1; . . . ; 6, are given by the formulae:

l1�A;B� � Probfaÿ Lÿ1�Y �aA > b� Rÿ1�Y �bBg; �2�
l2�A;B� � Probfaÿ Lÿ1�Y �aA > b� Rÿ1�Z�bBg; �3�
l3�A;B� � Probfaÿ Lÿ1�Y �aA P bÿ Lÿ1�Y �aBg; �4�
l4�A;B� � Probfa� Rÿ1�Y �bA > b� Rÿ1�Y �bBg; �5�
l5�A;B� � Probfa� Rÿ1�Y �bA P bÿ Lÿ1�Y �aBg; �6�
l6�A;B� � Probfa� Rÿ1�Z�bA P bÿ Lÿ1�Y �aBg; �7�
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where Y and Z are independent random variables with the uniform distribution
on interval �0; 1�.

In order to simplify the notation, the symbols standing for the relations
analyzed here have been changed with respect to those used in [1]. The relations
correspond to the following six ones from among eight relations considered in
[1]: R1 ! R11, R2 ! R13, R3 ! R21, R4 ! R31, R5 ! R41, R6 ! R43.

In the following eight lemmas we formulate a number of properties of re-
lations Ri, i � 1; . . . ; 6. Some of these properties will be used in the proofs of
three further theorems concerning the s-transitiveness of those relations.
However, these properties are of a wider importance and can also be used for
other purposes.

Lemma 1. Let A;B 2 FN�L;R� be two arbitrary fuzzy numbers of the type
Lÿ R. For both fuzzy relations Ri, i � 1; 2 the following condition is fulfilled:

li�A;B� > 0) a > b �or equivalently a6 b) li�A;B� � 0�: �8�

Proof. Obvious. Condition (8) follows directly from formulae (2) and (3) as
well as from the properties of the shape function of a fuzzy number (indeed, it
holds Lÿ1�Y �P 0 and Rÿ1�Y �P 0). �

The following lemma is a consequence of Lemma 1:

Lemma 2. Relation Ri, i � 1; 2 is antisymmetric, i.e. for any two fuzzy numbers
A;B 2 FN�L;R� the following condition is fulfilled:

li�A;B� > 0) li�B;A� � 0: �9�

Proof. Let li�A;B� > 0, i � 1; 2. From Lemma 1 we get a > b. From this in-
equality and from the properties of fuzzy numbers (it holds a6 a and b6 b) we
obtain the inequality b6 a, from which ± after applying Lemma 1 again ± we
arrive at the equality li�B;A� � 0. �

Lemma 3. For any two fuzzy numbers A;B 2 FN�L;R� the following conditions
are fulfilled:

aÿ bÿ Lÿ1 1

2

� �
�aA ÿ aB�P 0 () l3�A;B�P

1

2
; �10�

aÿ bÿ Lÿ1 1

2

� �
�aA ÿ aB� > 0) l3�A;B� >

1

2
: �11�

Proof. Making use of formula (4) and of the fact that Lÿ1 is a strictly decreasing
function on the interval [0,1], the following formula for calculating the value of
the membership function l3�A;B� can be derived:
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l3�A;B� �
L aÿb

aAÿaB

� �
for aA < aB and a < b;

1 for aA6 aB and a P b;

1ÿ L aÿb
aAÿaB

� �
for aA > aB and a P b;

0 for aA P aB and a < b:

8>>><>>>: �12�

Formula (12) allows an easy justi®cation of conditions (10) and (11). �

Remark 1. Implication (11) is fulfilled also in the other direction, but only for
fuzzy numbers A;B 2 FN�L;R� fulfilling the condition a 6� b or aA 6� aB. In the
case a � b and aA � aB we have l3�A;B� � 1 > 1

2
with aÿ bÿ

Lÿ1 1
2

ÿ ��aA ÿ aB� � 0.

Using formula (12) again, it is easy to prove the following lemma:

Lemma 4. For any two fuzzy numbers A;B 2 FN�L;R� such that a 6� b or
aA 6� aB the following condition is fulfilled:

l3�A;B� � l3�B;A� � 1: �13�

Two further lemmas concern relation R4.

Lemma 5. For any two fuzzy numbers A;B 2 FN�L;R� the following conditions
are fulfilled:

aÿ b� Rÿ1 1

2

� �
�bA ÿ bB�P 0 () l4�A;B�P

1

2
; �14�

aÿ b� Rÿ1 1

2

� �
�bA ÿ bB� > 0 () l4�A;B� >

1

2
: �15�

Proof. Making use of formula (5) and of the properties of the shape function
Rÿ1, it is possible to derive a formula, similar to that numbered (12), for the
value of the membership function l4:

l4�A;B� �

R bÿa
bAÿbB

� �
for bA > bB and a6 b;

1 for bA P bB and a > b;

1ÿ R bÿa
bAÿbB

� �
for bA < bB and a > b;

0 for bA6 bB and a6 b:

8>>>><>>>>: �16�

Making use of (16), it is easy to justify conditions (14) and (15). �

Taking into account formula (16) again, it is possible to prove the following
lemma:
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Lemma 6. For any two fuzzy numbers A;B 2 FN�L;R� such that bA 6� bB or
a 6� b the following condition holds:

l4�A;B� � l4�B;A� � 1: �17�

Lemma 7. Let A;B 2 FN�L;R� be any fuzzy numbers of the Lÿ R type. For both
fuzzy relations Ri; i � 5; 6, the following condition is fulfilled:

li�A;B� < 1 () a < b

�or equivalently a P b() li�A;B� � 1�: �18�

Proof. Obvious. Condition (18) follows directly from formulae (6) and (7) as
well as from the properties of the shape function (Lÿ1�Y �P 0 and
Rÿ1�Y �P 0). �

Lemma 8. Both relations Ri, i � 5; 6 satisfy the condition

li�A;B� < 1) li�B;A� � 1: �19�

Proof. Let us suppose that li�A;B� < 1. From Lemma 7 we get the condition
a < b. From this condition and from the properties of fuzzy numbers (it holds
a6 a and b6 b) we obtain the inequality b > a, from which ± using Lemma 7
again ± we conclude the inequality li�B;A� � 1. �

Let us now remind the notion of s-transitiveness introduced by
Koµodziejczyk in [5].

De®nition 1. A fuzzy relation R, de®ned on a set X � X , is called s-transitive if
for any x, y, z 2 X inequalities

lR�x; y� > lR�y; x� and lR�y; z� > lR�z; y�
imply inequality

lR�x; z� > lR�z; x�:

Remark 2. The notion of s-transitiveness is more general than that of max±min
transitiveness, i.e. the category of max±min transitive relations is included in that
of s-transitive relations (see [5]).

For instance, relations Ri, i � 3; . . . ; 6 are s-transitive, but are not max±min
transitive. Examples showing that they are not max±min transitive are con-
structed in [1].

Since, as it is shown in [1], relations R1 and R2 are max±min transitive, ac-
cording to the above remark they are also s-transitive.

We will show now that also fuzzy relations Ri, i � 3; . . . ; 6 are s-transitive.
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Theorem 1. Relation R3 is s-transitive.

Proof. Let A;B;C 2 FN�L;R� be any fuzzy numbers of the Lÿ R type (A 6� B,
B 6� C, A 6� C). Let us suppose that

l3�A;B� > l3�B;A� and l3�B;C� > l3�C;B�: �20�
It is to show that l3�A;C� > l3�C;A�.

From assumptions (20) and the properties of the membership function of a
fuzzy relation (l3�A;B�6 1, l3�B;C�6 1) follow the following inequalities:

l3�B;A� < 1 and l3�C;B� < 1: �21�
On the basis of inequality (21) and formula (4) (or (12)) we conclude that

the following conditions are true: a 6� b or aA 6� aB, b 6� c or aB 6� aC. From this
as well as from Lemma 4 and condition (20) we obtain the following in-
equalities:

l3�A;B� >
1

2
and l3�B;C� >

1

2
: �22�

Making use of inequality (22) and of Remark 1 we conclude that

aÿ bÿ Lÿ1 1

2

� �
�aA ÿ aB� > 0; �23�

bÿ cÿ Lÿ1 1

2

� �
�aB ÿ aC� > 0: �24�

Summing inequalities (23) and (24) by sides, we obtain

aÿ cÿ Lÿ1 1

2

� �
�aA ÿ aC� > 0: �25�

From (25) it follows that the condition a 6� c or aA 6� aC is ful®lled. From
this as well as from condition (25) and Lemma 3 it follows that

l3�A;C� >
1

2
: �26�

Making use of Lemma 4 and inequality (26), we get

l3�A;C� > l3�C;A�;
which proves the theorem. �

Theorem 2. Relation R4 is s-transitive.

Proof. Let A;B;C 2 FN�L;R� be any fuzzy numbers of the Lÿ R type (A 6� B,
B 6� C, A 6� C). Let us suppose that

l4�A;B� > l4�B;A� and l4�B;C� > l4�C;B�: �27�
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It is to show that l4�A;C� > l4�C;A�.
From assumptions (27) and the properties of the membership function of a

fuzzy relation (l4�B;A�P 0, l4�C;B�P 0) follow the following inequalities:

l4�A;B� > 0 and l4�B;C� > 0: �28�
On the basis of inequality (28) and formula (5) (or (16)) we conclude that the

following conditions are true: a 6� b or bA 6� bB, b 6� c or bB 6� bC. From this as
well as from Lemma 6 and condition (27) we obtain the following inequalities:

l4�A;B� >
1

2
and l4�B;C� >

1

2
: �29�

Making use of inequality (29) and of Lemma 5 we conclude that

aÿ b� Rÿ1 1

2

� �
�bA ÿ bB� > 0; �30�

bÿ c� Rÿ1 1

2

� �
�bB ÿ bC� > 0: �31�

Summing inequalities (30) and (31) by sides, we obtain

aÿ c� Rÿ1 1

2

� �
�bA ÿ bC� > 0: �32�

From (32) it follows that the condition a 6� c or bA 6� bC is ful®lled. From
this as well as from condition (32) and Lemma 5 it follows that

l4�A;C� >
1

2
: �33�

Making use of Lemma 6 and inequality (33), we get

l4�A;C� > l4�C;A�;
which proves the theorem. �

Theorem 3. Both relations Ri, i � 5; 6, are s-transitive.

Proof. Let A;B;C 2 FN�L;R� be any fuzzy numbers of the Lÿ R type (A 6� B,
B 6� C, A 6� C). Let us suppose that

li�A;B� > li�B;A� and li�B;C� > li�C;B�: �34�
It is to show that li�A;C� > li�C;A�.

From assumptions (34) and the properties of the membership function of a
fuzzy relation (li�A;B�6 1, li�B;C�6 1) follow the following inequalities:

li�B;A� < 1 and li�C;B� < 1: �35�
From (35) and Lemma 7 we have

a > b and b > c: �36�
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Making use of (36) and of the fact that b6 b we conclude

a > c: �37�
From inequality (37) and Lemma 7 it follows that

li�C;A� < 1: �38�
From (38) and Lemma 8 we have li�A;C� � 1. From this and condition (38) we
get the inequality

li�A;C� > li�C;A�;
which proves the theorem. �

3. Decision making with a fuzzy preference relation

We will now shortly present Orlovsky's concept of an optimal decision se-
lection on the basis of a fuzzy preference relation de®ned on the set of feasible
solutions [6]. Let a set X of alternatives be given. Let an objective function
f : X ! Z be de®ned on this set, where Z is the evaluation space. Usually Z is
equal to the set of real numbers (exact evaluations). However, it can also be a
set of fuzzy numbers, e.g. Z � FN�L;R�, (imprecise evaluations of the decision
utility), or a set whose elements are not numbers. Let us suppose that on set Z
there is de®ned a fuzzy preference relation R with the membership function
lR : Z � Z ! �0; 1�. The value lR�z1; z2� gives the degree to which evaluation
z1 2 Z is preferred by the decision maker with respect to evaluation z2 2 Z, i.e.
to which degree the relation z1 P z2 is true. Relation R de®nes a fuzzy order on
the alternatives set X. The value lR�f �x1�; f �x2��, x1; x2 2 X , gives the degree to
which alternative x1 2 X is better than alternative x2 2 X with respect to ob-
jective function f and the preference relation R.

De®nition 2. The set of non-dominated solutions in X with respect to fuzzy
relation R, denoted with ND, is the fuzzy set in X with the membership
function

lND�x� � inf
y2X
�1ÿ lRs�f �y�; f �x��� � 1ÿ sup

y2X
lRs�f �y�; f �x��; x 2 X ;

where Rs is a fuzzy relation of strict preference connected to relation R. Ac-
cording to Orlovsky's concept, the membership function of relation Rs has the
following form:

lRs�z1; z2� � maxf0; lR�z1; z2� ÿ lR�z2; z1�g:
The value of membership function lND�x� stands for the degree to which

alternative x 2 X is not dominated by another alternative from set X (the de-
gree of truth of the statement ``x is not dominated by any alternative y 2 X '').
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The best alternative seems to be the one which to the maximal degree is non-
dominated by other alternatives, i.e. one ful®lling the condition:

lND�x� � max
y2X

lND�y�:

If lND�x� � 1 then alternative x is called an unfuzzy non-dominated solution.
The set of all the unfuzzy non-dominated solutions is denoted with UND.

Unfuzzy non-dominated solutions ± if there are any, i.e. if UND 6� ; ± seem
to be of great practical importance. It is so, because with respect to them there
is no doubt that they are the best ones: the statement that they are not dom-
inated by any other solution from the set of feasible solutions X is true to
degree 1. It is thus interesting to ask on which conditions set UND is not
empty.

In his source paper [6] Orlovsky has shown that if fuzzy preference relation
R is max±min transitive then UND 6� ;. Koµodziejczyk has given in [5] more
general condition, proving that UND 6� ; if relation R is s-transitive.

In [2] the authors of the present paper analyze the linear programming
problem in which the objective function coe�cients are given in the imprecise
form of fuzzy numbers of the Lÿ R type, i.e. the following one:

F �x� �
Xn

j�1

Cjxj ! max; �39�

x 2 X :

Pn
j�1

aijxj6 bi; i � 1; . . . ;m;

xj P 0; j � 1; . . . ; n;

8<:
where Cj � �cj; cj; aj; bj�LÿR, j � 1; . . . ; n are fuzzy numbers of an identical
Lÿ R type. The other coe�cients of the problem are crisp.

The evaluation of a solution x, F �x�, is in this situation also a fuzzy number
of the Lÿ R type. This means that the space of the evaluations of the feasible
solutions of problem (39) is equal to set FN�L;R�. Making use of the fact that
relations Ri, i � 1; . . . ; 6, considered here, are s-transitive, and thus the set
UND is not empty with respect to each one of them, the authors of paper [2]
undertook an analysis of problem (39) from the angle of a computationally
e�ective characterization of set UND for all the relations. They show that for
each relation Ri, i � 1; . . . ; 6, set UND for problem (39) is equal either to the
set of solutions of a certain system of linear inequalities or to the set of so-
lutions of a certain classical linear programming problem. This means that
fuzzy non-dominated solutions of problem (39), with respect to the above
mentioned relations, can be e�ectively determined by means of well developed,
classical linear programming methods. An interested reader can consult source
paper [2].
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4. Conclusions

In the paper we prove further useful properties of fuzzy preference relations
de®ned on the set of fuzzy numbers, which were introduced in [1]. One of the
most important properties is that of s-transitiveness, which can be used in
decision making. In order to point out the usefulness in decision making of the
property of s-transitiveness of a relation, in the last part of the paper we present
Orlovsky's concept of decision selection with respect to a fuzzy preference
relation, indicating the point in which the property in question is of a sub-
stantial practical importance for this concept.
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