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On the Sure Criticality of Tasks in Activity Networks
With Imprecise Durations

Stefan Chanas, Didier Dubois, and Pawet Zigkin

Abstract—The notion of the necessary criticality (both with re- available when the tentative plan is made up. This difficulty has
spect to path and to activity) of a network with imprecisely defined  peen noticed very early by the authors that introduced the PERT
(by means of intervals or fuzzy intervals) activity duration times is - 555r55¢h, since they proposed to model the duration of tasks by
introduced and analyzed. Itis shown, in the interval case, that both e .
the problem of asserting whether a given path is necessarily crit- prObab'I'tyd'S_mpuuons an_d tried to_eval_uate the me_a_n_value_and
ical and the problem of determining an arbitrary necessarily crit- ~ Standard deviation of earliest starting times of activities. Since
ical path (more exactly, a subnetwork covering all the necessarily then, there is an extensive literature on probabilistic PERT (see
critical paths) are easy. The corresponding solution algorithms are [27] for a bibliography). Even if the task durations are indepen-
E\r/(i)t?/?:er%cgg;vaer\illirétrniecglr ‘é%':g“n%ftz‘éae';a:g“ge"":fénercae gg’iﬁnczﬁ' dent random variables, it is admitted that the problem of finding
ditions are formulated which in some situations (but not in all pos- the distribution of _the_endlng time of a projectis intractable, due
sible) allow evaluating the necessary criticality of activities. to the dependencies induced by the topology of the network. An-

The results obtained for networks with interval activity duration ~ other difficulty, not always pointed out, is the possible lack of
times are generalized to the case of networks with fuzzy activity statistical data validating the choice of activity duration distribu-
d]l(”ation times. Iwolffffe‘]f“"‘]i a'goritm‘s of calllculating lthe ptlre]zgre? tions. Even if statistical data are available, they may be partially
OT hecessary critcality or a 1nxe atn, as well as an algoritnm or . . . I .
determining?;he pathsythat are necpessarily critical to the %aximum inadequate bgcause each prOJec_t takes place I.n a specific envi-
degree, are proposed. ronment and is not the exact replica of past projects.

The simplest form of noncommittal uncertainty representa-
tion for activity duration is the interval. Assigning some time in-
terval to an activity duration means that the actual duration of
this activity will take some value withii, but it is not possible

|. INTRODUCTION at present to predict which one. Strangely enough, the PERT
HE BASIC problem in scheduling is that of finding theanalysis with iII—knovv_n processing timgs m_odeled_by simple in-
critical activities and determining optimal starting time§ervals has not received much attention in the literature. Yet,

of activities in an activity network representing a project, that'€ Predictive computation of the minimal completion time of
is, a partially ordered set of activities of prescribed duration@ Project, the determination of critical paths and activities, and
forming a directed acyclic graph. Of major concern as well is e determination of activity floats have been considered as im-
determine the earliest ending time of the project. This problefi¢rtant problems and have been widely acknowledged to be per-
was posed in the 1950s, in the framework of project mana ided with uncertainty. However, the overwhelming part of the
ment, by Malcolmet al.[29] who proposed the basic underlyin iterature devoted to this topic adopts an orthodox stochastic ap-

graph-theoretic approach, called Project Evaluation and ReviB{ach. thus leading to a very complex problem that is still par-

Technique (PERT). The determination of critical activities il/ly Unsolved to-date. Until recently, and to the best of the au-

carried out via the so-called critical path method [24]. The usuliers’ knowledge, interval-valued PERT analysis seems to have
sted only as a special case of fuzzy PERT studies that ap-

assumption in scheduling is that the duration of tasks is precis§ _ _
known, so that solving the PERT problem is rather simple. HoR¢2ared in the late seventies. ,
ever, in project management, the duration of tasks is Semlonﬁesortlngto fuzzy set and possibility th_eo_ry for the modeling
precisely known in advance, at the time when the plan of /g4 ill-known task durations may help building a tradeoff be-
project is designed. Detailed specification of the methods a en the EXpressive power ar_1d the co_mputatl_onal d'ﬁ'CU|_t'eS
resources involved for the realization of activities are often n8i Stochastic scheduling techniques while tackling uncertainty
and possibly accounting for local specifications of preferences.
This kind of methodology is not yet so common in operational
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on fuzzy set applications in production management is suppliget computation of paths with maximal degrees of necessary
by Guiffrida and Nagi [20]. criticality are given. Only preliminary results for the graded

This paper is concerned with the critical path analysis of agtiticality analysis of isolated activities have been obtained.
tivity networks when the lack of knowledge about activity dura-
tions are modeled by intervals or fuzzy intervals. The member- Il. FUzzy SETS IN SCHEDULING: A CRITICAL REVIEW

ship fchtion of a fuzzy intervald/ i; g possibjlity distribution One difficulty with fuzzy scheduling is to figure out what
describing, for each valueof the activity duration, the extent to problem is really addressed in the various works found in the

which itis a possible value. Equivalently, it means that the dyjgeratyre. If we set aside the use of fuzzy sets in the modeling
ration belongs to the level-cutinterval™ = {¢ : v (t) = o} of priority rules applied to deterministic formulations, fuzzy
with confidence (or degree of necessity)- . scheduling addresses two very distinct issues: scheduling under
A basic result in standard (deterministic) activity networkgexible constraints and scheduling under incomplete or impre-
analysis states that a task is critical if and only if its earlieg{se information. Indeed, in the scope of decision theory, fuzzy
and latest starting times are equal, and that critical tasks fog@ts can be used either as substitute of utility functions or as
critical paths, that is, longest paths from the initial node (eventje substitute of probability functions. It reflects the ambiguity
to the final one. So finding the critical paths yields the criticadf membership functions that can be used both for preference
tasks. When the durations of tasks are ill-known and modeled g deling and for uncertainty handling. In the first group of pa-
intervals (and fortiori, fuzzy intervals), itis not longer true thatpers, fuzzy sets are used to model local or global requirements in
these results are valid. Namely, floats can no longer be recovefgg form of flexible constraints (see [45] and [15] for the general
from the intervals containing earliest and latest starting timesetting for fuzzy constraint propagation). Flexible requirements
and critical paths may no longer exist. include due-dates, release times of activities, and durations (see
This paper is devoted to the determination of surely criticfl4]). In this case, durations are controllable via decisions on
paths and activities in networks with imprecise (and fuzzy) dthe amount of resources, or the tuning of these resources. The
rations. In the interval-valued case, while a task will eventualfyroblem is then to find the best schedule that achieves a com-
turn out to be critical or not, three situations may be observ@domise between these requirements. This methodology is akin
at the time when the project is designed: a task will be eith&r constraint-directed methods and includes the optimization of
surely not critical, or surely critical, or possibly critical. A taska single criterion as a particular case. It is similar to Artificial
is necessarily critical if it is critical whatever the actual valuektelligence methods, like the work of Sadethal.[38], except
of task durations turn out to be. A task is possibly critical onlthat the latter maximizes the sum of the local degrees of satisfac-
when there are values of durations leading to a configurationtafn of valued constraints, while in the fuzzy methods, the max-
the network where the task is critical. In the fuzzy case, eathin approach tends to balance the local degrees of satisfaction.
task can be assigned both a degree of possible criticality an8wch fuzzy constraint-based scheduling methods are applied to
degree of necessary criticality, since durations are modeledjbk-shop problems rather than project scheduling, and so fall out
possibility distributions. of the scope of this paper. However, project scheduling under
Degrees of possible criticality have been studied by Dubdiszzy constraints is considered by Wang and Fu [42]. Their aim
and Prade [13] and Chanas and Ziskn[6], [7]. The latter isto minimize costs under flexible constraints on activity times
authors have carried out a full-fledged analysis of this notioor available budget.
including computational methods and complexity estimation. In the second group of papers, the aim is to analyze the main
This paper focuses on the dual notion of necessary criticalitharacteristics of a scheduling problem (including minimal
The next section proposes a brief survey of fuzzy methodsrnmakespan, critical paths, earliest and latest starting times of
scheduling problems and discusses their limitations for th&sks) when data, especially noncontrollable task durations,
PERT analysis under incomplete data. Its aim is to better situate ill-known and modeled by fuzzy intervals, in the setting of
the present work in a large body of existing literature applyingossibility theory [13]. Possibility theory proposes a natural
fuzzy sets to scheduling, and highlight our motivation. Sectidramework, simpler and less data-demanding than probability
Il presents the criticality analysis of interval-valued activitgheory, for handling incomplete knowledge about scheduling
networks. It proves that, in the case where all the duratiodata. Some scheduling problems involve both flexible con-
are imprecise, the necessarily critical path is unique whensiraints and uncertain data. Then, instead of optimizing average
exists. However, the new features of the possibility-theoretida¢haviors like in stochastic scheduling, fuzzy techniques
criticality analysis is that there may be no surely critical tasksather aim at finding robust fault-tolerant schedules where all
and, if some exist, they may be isolated and may not formcanstraints are satisfied to some extent, with a sufficient level
critical path. While the computation of the necessarily criticaf confidence [14].
path when it exists is easy, the detection of isolated necessarilyhe past fuzzy PERT literature has sometimes relied on the
critical activities turns out be much harder. This state of facé&ssumption that, since in deterministic PERT, most parameters
seems not to have been known before. Algorithms for criticalif interest are obtained by means of simple algorithms involving
analysis are provided that partly solve the problem. Sectianddition, subtraction, minimum and maximum, the same algo-
IV extends these results to the fuzzy case. Rigorous definithms, once fuzzified, can be straightforwardly used: the same
tions of various criticality indices are provided. Their actuatalculations can be carried out, changing numbers into fuzzy
computation heavily relies on the previous section becausenitmbers, exploiting results in fuzzy arithmetics (on this topic,
comes down to criticality analysis on level-cuts. Algorithms fosee [17] for an extensive survey).
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The first interesting problem is that of computing the fuzzgver, the height of this intersection can be maximal for paths
completion time of the project. It is the possibility distributiorthat are surely not critical. Slyeptsov and Tyshchuk [39] offer
of the minimal completion time. There is no constraint on the radices of criticality for path and activity which are also, as in
lease date nor the ending date. This question, and the relatedi§amburowski’'s approach [22], a generalization of the criticality
of finding the shortest or the longest distance between nodes indhe deterministic case to the fuzzy case. The criticality of a
graph with fuzzy-valued arcs, is easy using straightforward epath is based on comparing the fuzzy earliest finish time of each
tensions of deterministic algorithms (contrary to the same questivity lying on this path to the earliest start time of the activity
tion in stochastic PERT). It has been solved for a long tintbat takes place after and lying on this path. The criticality de-
(Chanas and Kamburowski [4], Dubois and Prade [10],[11dyee of an activity is equal to the maximal criticality degree of
Gazdik [19], Mar& [30], Matak [28]). Lootsma [26] compares paths crossing this activity. They aggregate such defined indices
the fuzzy and the stochastic approaches on this question.  of criticality with the ones proposed by Kamburowski [22], thus

The critical path analysis in deterministic PERT is based gmroviding generalized indices of criticality for path and activity.
the computation of latest starting times of activities from thelares’s evaluation [31] of the criticality of a path consists in
knowledge of the earliest ending time of the project. Then patbemparing the fuzzy length of this path to fuzzy lengths of all
containing critical activities, that is, activities with zero floatspaths in the network. Another view of criticality of activities is
are identified. When durations are ill-know, it is tempting td®ased on the notion of “most vital arcs” in fuzzy graph problems
compute the fuzzy latest starting times using the standard baf25]: the idea is to delete each activity in the network and see
ward local propagation method, using the fuzzy ending time bbw it affects the fuzzy duration of the project. The most critical
the project for initializing the process and using fuzzy subtratask is then the one that maximally decreases the project length
tion [36], [32]. However, as pointed out by several authors [8Jusing a fuzzy number ranking method).

[35], [37], [21], this method does not work for reasoning under Actually, a correct solution to the whole problem of critical
uncertainty. path analysis under fuzzy uncertainty cannot be reached by
McCahon and Lee [32], Moet al. [34], and Yao and Lin mending existing algorithms. It requires a mathematically
[44] propose to go back to standard critical path methods via ddean statement of the problem in the setting of possibility
fuzzification of the fuzzy processing times. McCahon [33] praheory. This step was taken by Buckley [1]. However, as seen

poses to compute fuzzy slack times of activities from the fuzbelow, the main difficulty of the criticality analysis in fuzzy
starting times obtained by the forward and backward recursioRERT, when fuzzy intervals represent ill-known processing
but these fuzzy variables are interactive so that what is obtairtédes, does not lie in the introduction of fuzzy sets. It is already
is only a rough imprecise approximation of the fuzzy range gffesent when only usual intervals are involved. Solving the
the actual float of the activity. Such a computation makes seria&erval valued case is the main difficulty. The fuzzy case can
only if the fuzzy due-date and the fuzzy release date of tiigen be rather easily solved, via the use of level-cuts. While
projects are prescribed independently of each other [13]. Kalfuckley [1] states the problem of computing fuzzy latest
mann and Gupta [23], Haplet al.[21] and Rommelfanger [37] starting times of tasks and their floats in a correct way, he
suggest substitutes to the fuzzy subtraction, so as to improve pleénts out its difficulty without proposing a solving method.
situation, but these techniques remathhoc Nasution [35] re- Such a method has been provided by Fargieal. [18] for
sorts to symbolic computations on the variable processing timestivity networks having a special topology, namely the one of
However this technique is unwieldy and highly combinatoriateries-parallel graphs, for which the proposed algorithms are
The computation of distributions of latest starting times of actiypolynomial. In the general case, the problem seems to be of
ities cannot be achieved using elementary techniques of fuzmponential complexity. The possibilistic criticality analysis
arithmetics, not even of interval arithmetics in the interval casis. carried out by Chanas and Zialki [6] for interval-valued

It is clear that the difficulty stems for the presence of intervalglurations, and Chanas and Zielka [7] for fuzzy durations.

be they fuzzy or not. They provide algorithms that decide if a path is possibly or not

Chanas [2] proposes to substitute each fuzzy processing tipssibly critical. Already in the interval-valued case, deciding
with a random variable whose distribution faithfully reflects thé an activity is possibly critical is proved to be of exponential
membership function of the fuzzy processing time. The activigomplexity. However, the question of finding paths or activities
network is then analyzed by means of probabilistic methods.in a project that are surely critical despite the uncertainty about

Another way of approaching the criticality analysis of actividurations was not addressed in these works. So, the criticality
ties is to directly check if a path or an activity is critical, whichanalysis carried out on the basis of possibly and nonpossibly
in the fuzzy case is a matter of degree. Kamburowski [22] triesitical tasks was incomplete. In the following, the full picture
and computes a criticality index for path and activities directlaf the criticality analysis of activity networks in an imprecise
The criticality of an activity is obtained from two fuzzy evalu-environment is provided, along with results for determining
ations of starting times of an activity: one using activities tharely critical paths and activities, if any.
precede it, the other from the activities that take place after, then
comparing the sum of these fuzzy evaluations to the maximal
fuzzy length of paths. For checking the extent to which a path is
critical, one computes the height of the intersection of the fuzzy
length of this path and the fuzzy completion time. Itis clear that A networkS = (V, A, 7)(|V| = n, |A| = m) being a project
if this intersection is empty, then the path is not critical. Howactivity-on-arc model is given (activities are represented by arcs

Ill. CRITICALITY IN NETWORKS WITH INTERVAL
ACTIVITY TIMES



396 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS, VOL. 32, NO. 4, AUGUST 2002

of a network).V is the set of nodes (events) addC V x V The next notion of necessary criticality has been proposed in
is the set of arcs (activities). The netwafkis a directed, con- [16], [18].
nected, acyclic graph with one initial node and one end node.Definition 7: A pathp € P is necessarily critical it$ if and
The setV’ = {1,2,...,n} is labeled in such a way that< j only if for each set of times;;, ¢;; € [t;;, %], (4,5) € A,pis
for each activity(¢, j) € A. Thus, the initial and end nodescritical in the usual sense ifi, after replacing the interval times
have labels 1 and, respectively. By means of functiah,7 :  T;; with the exact values;;, (4, j) € A.
A — I(R,), interval activity times in the network are assigned, Definition 8: An activity (k,1) € A is necessarily critical
7(i,7) def T;; = [t;:, ], wherel(R,) is the set of nonnega- in thg networksS if and only if for each set of timeg;;, ¢;; €
tive intervals, i.e.t;; > 0 for each(i, j) € A. Theintervalli; [t tisl: (¢,7) € A, (k,1) s critical in the usual sense B after
contains possible duration times @f ;) € A. LTD'aCing the interval timek;; with the exact values;, (i, j) €
And the last two notions are complementary to these given in
Definition 7 and 8.
Definition 9: A pathp € P is possibly noncritical irt' if and
) _ _ only if there exists a set of times;, t;; € [t,,,t;;], (4,7) € 4,
Before we pass on to the essential considerations, let us regglly, thay, is noncritical in the usual sense ) after replacing
the_ n_otlpns of crltlcahty,_ in the gsual sense, of a path and of &% interval times’}; with the exact values;, (i, j) € A.
activity in a networkS' with precise activity times. o Definition 10: An activity (k,1) € A is possibly noncritical
Let us denote by the set of all paths i from the initial i, the networks ifand only if there exists a set of timeg, ¢;,; €
event 1 to the final event. [ti;-tis): (i,4) € A, such that(k, ) is noncritical in the usual

Definition 1: A pathp € P is critical if and only if it is @ sense in the network, after replacing the interval timeg;;
longest path it (assuming that weights of the arcs are activitiegiih the exact values;;, (i,7) € A.

duration times). _ » _ _ The following statements are obvious. They result from the
The length of a critical path is the minimum time required previously given definitions.
for co_m_p_letlor? of the whole project. _ Statement 2:A pathp € P (resp. an activity(k,l) € A)
_ Definition 2: An activity (z,j) € Ais critical if and only if js necessarily noncritical it§' if and only if it is not possibly
it belongs to a critical path € P. critical.
The definitions presented above are equivalent to thoseStatement 3:A pathp € P (resp. an activity(k,l) € A)
known from the literature, where the criticality is defined bys possibly noncritical inS if and only if it is not necessarily
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A. Basic Notions of Criticality Under Interval Activity Times

zero floats of activities and events. critical.
The following statement is obvious. Statement 4:1f a pathp € P (resp. an activityk, ) € A)is
Statement 1:A pathp € P is critical if and only if all activ- necessarily critical irf, then it is possibly critical.

ities belonging tg are critical. Note that from Statement 3 it results that on the basis of nec-
Now we introduce the criticality notions for a network withessary criticality of paths and activities we also have an infor-

interval activity duration times. mation about their possible noncriticality.

Definition 3: A pathp € P is possibly critical inS if and  The notion of possible criticality is thoroughly investigated
only if there exists a set of times;, ;; € [t;;,%i;],(¢,5) € A, in [6], [7]. It has been shown there that the problem of deter-
such thap is critical in the usual sense 8, after replacing the mjining an arbitrary possibly critical path and that of asserting if
interval timesT;; with the exact values;;, (i, j) € A. a fixed pathp € P is possibly critical in a networl§ are easy

Definition 4: An activity (k,1) € A is possibly critical in  and they can be solved in time bounded by a polynomial in the
the networks if and only if there exists a set of timég, #;; €  sjze of the network. However, not all the problems concerning
[t tis]; (¢,5) € A, suchthatk, ) is critical in the usual sense the possible criticality are easy. Some of them have turned out
in the networks, after replacing the interval timés; with the {5 be hard ones. In [6] it has been proven that the problem of
exact values;;, (¢, j) € A. asserting the possible criticality of a fixed activity \&P-com-

The above two notions have been proposed in [6], [7], whepéete in the strong sense. It is also shown there that the problem
instead of the term “possibly critical” the term-tritical” has of determining«” possibly critical paths igv P-hard.

been used. In the following points of this section the notion of necessary
The following two notions are complementary to these givestiticality (with regard to a path as well as to an activity) is
in Definitions 3 and 4. analyzed.

Definition 5: A pathp € P is necessarily noncritical i if

and only if for each set of timefs;, t,; € [t;;,1i;], (¢,7) € A,p g Necessarily Critical Paths

is not critical in the usual sense i after replacing the interval

timesT;,; with the exact values;;, (4, j) € A. Lemma 1 gives necessary and sufficient conditions for estab-
Definition 6: Anactivity (k,l) € Ais necessarily noncritical lishing the necessary criticality of a given pathe P. Itis a

in the networks$ if and only if for each set of times;;,¢;; € direct consequence of Definition 1 and Definition 7.

[ti;> tij]; (4,5) € A, (k1) is not critical in the usual sense in  Lemma 1: A pathp € P is necessarily critical irf' if and

S, after replacing the interval times; with the exact values only if it is critical in the usual sense in the netwaskin which

tij, (4,J) € A the interval activity timed;; = [t,;,%:;], (i, ) € A, have been
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replaced with the exact valuég determined by means of the
following formula:

o EZJ if (L,J) cp
tij = {t_u if (i,5) € p. .

Similarly, Lemma 2 provides necessary and sufficient condiig. 1. (a) A network withA’ containing paths but none are necessarily

tions for possible noncriticality (complementary to the notiofitical. (b) A network withA” (bold arcs) containing a necessarily critical path
. . . and a “protruding” activity.

necessary criticality) of a given pathe P. It follows directly
from Definition 9 and Definition 1. -

Lemma 2: A pathp € P is possibly noncritical inS if and The labeld, (resp.A.) denotes the set of all critical activities
only if it is not critical in the usual sense in the netwafkin in S in which the interval activity timed;; = [t;;, %], (i, j) €
which the interval activity time$;; = [t;;, %], (¢,7) € A,have A, have been replaced with the valugs(resp.;;).

been replaced with the exact valugsdetermined by means of ~ Since it may happen that there existdmpaths belonging to

the following formula: P composed of activities from’ = A, N A. but none of them
are necessarily critical, Step 5 is essential in Algorithm 1. An
_ [ty (5 ep, example of such a network is given in Fig. 1(a). All the activities
tij = {tij if (1,7) & p. of the network belong tet’. There are two paths — 3 — 4

andl — 2 — 4 and none is necessarily critical.

From Lemma 1 it follows that the problem of asserting if a Step 6 consists in removing all “protruding” activities from
fixed pathp € P is necessarily critical is easy. It reduces itselfhe setA’, i.e., activities which do not lay on paths belonging
to applying the classical CPM method to the netwStkafter to P and composed of activities from . In this way A~ after
replacing the interval timeg,;, #;;] with the exact values;; rejecting the “protruding” activities contains exactly one initial
determined with formula (1). node 1 and one final node and covers all necessarily critical

The problem of determining an arbitrary necessarily criticglaths inS. An example of a network in which contains “pro-
path is also easy. Algorithm 1, proposed by us, determines theding” activities is given in Fig. 1(b)4" is composed of the
connected subnetwork. = (V., A.,7)(V. C V, A. C A) of activities (1, 2), (2, 4) and (3, 4). (1, 2) and (2, 4) form a neces-
the networkS composed of all necessarily critical pathsSin  sarily critical path and (3, 4) is a “protruding” activity.

Now we give the lemma (Lemma 3), which justifies Algo-

rithm 1.

Algorithm 1 Determining a subnetwork. = (V., A, T) composed of all necessarily Lemma 3: Any pathp c Pis necessarily critical irs if
critical paths and only if it belongs to the subnetwotk = (V., A.,7) con-
Require: S = (V, A, 7)) with the interval activity timeq;; = structed by Algorithm 1

[t B:5], (59) € A Proof: Theonly ifdirection: Letp € P be any necessarily
Ensure: S. = (Ve, A, T)—if such a subnetwork exists. critical path inS. From necessary criticality gf(see Definition

Step 1Computed . (critical activities with durations equal tg ;). 7) it follows that each activity formin@ belongs to the S&_ﬁc

Step 2Computed . (critical activities with durations equal t ;). as well as to the seic. Hence, and from the fact thﬁtE P we

Step 3AssignA” := A, N A.. get thatp is contained irS..

Step 4Determine any patp € 1> composed of activities from”. Theif direction: We must show that any pathe P formed by

If such a path does not exist then stop (there are no necessarily activities fromsS.. is necessar”y critical it

e .

critical paths in5). Letp € P be the path inS, whose necessary criticality has

Otherwise go to Step 5. been checked in Step 5 of Algorithm 1.

Step S5Check, according to Lemma 1, if the patlis necessarily Assume thap' £p (if p’ =p then we immediately obtain

critical in 5. thatp is necessarily critical).

If it is not then stop (there are no necessarily critical pathS)n We claim that interval duration timéﬁj of activities, which

Otherwise go to Step 6. distinguishp’ from p, i.e., activities belonging to sép’ \ p) U

Step 6Remove fromA4’ all activities (i, j) such that 5 1 and (p \ p’) have to be precise .. =
) v LGy = Tij.

there is no(k, 1) € A" with i =  and all activities(s, j) such that Indeed, assume on the contrary that there exists an ac-
j # nandthereisndk, 1) € A with j = k. tivity (i*,j*) € p \ p such thatt,.;. < %;;.. Since the
AssignA. o= A7, Ve o= {i] 3(,J) € AT0r3(j, ) € A}, stop (the pathsp and p belong to S. the following equation holds
subnetworkS, = (V., A., 7') covers exactly all necessarily critical pathsSj Z(i ey t“ _ Z(i hep t“ If we increase duration time of
(i*,5%) € p to t;+;~ then we get a configuration of times
The subnetworlS. does not always exist, i.e., it may happet;;,t;; € [t;;,%;],(i,7) € A, for which p is longer thanp.
that there are no necessarily critical pathS iisee Step 4 and 5). This contradicts that is necessarily critical.
Naturally, the number of paths . may be very greatasitmay Similarly, assume that there exists an activity, ;*) € p\ p’
increase exponentially together with the network size extensiauch that,. ;.. < #;-;-. Since the pathg andp belong toS.
However, the subnetworK. is available in a time bounded bythe following equation hold$ ", e,/ i = 22 jyep tis- If
a polynomial in the size of the network we decrease duration time (if*,j*s € ptot;.;. thenwe geta
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configuration of times for whicp is shorter thap’. This fact . The set of all paths fron#, which do not contain an
contradicts thap is necessarily critical. activity (k,1) € A:
Since interval duration time®;; of activities belonging to B
(® \p) U (p\ p) are such that;; = %;, the lengths of P=(k,l)={p|p € P, (k1) € p}.
pathsp andp’ are the same for each configuration of times . The set of all activities, which belong to paths from the
tij tij € [ti;,ti5],(¢,7) € A. Thus, from necessary criticality setP*(k,1) and do not belong to paths frofr (k, [):
of p it follows thatp is necessarily critical. [ |
An interesting property of necessarily critical paths has beeh (k,1) = {(¢,5) | (¢,5) € p,p € P (k,D)}\
obtained in the proof of Lemma 3. ) {6, 9)1,7) €p,p € P (k, 1)}
Lemma 4: For any necessarily critical pathsp € P,p #
p’, the following equality holds: . The set of all activities, which belong to paths from the

setP~(k, 1) and do not belong to paths frofrt (&, {):
A™(k, D) ={(,9) | (4,5) € p,p € PT(k, DI\

{(@.9)1(5) € pp € PT(k,D}.

The configuration of activity duration times i

consisting of the left (resp. right) ends of intervals
Ejv (LvJ) € A:

{(i,) | t;; < %y, (i,4) € pY = {(0.5) | t;; < Fij, (i,5) € p }.

Corollary 1: Letp € P be a necessarily critical path i
If duration times of activitiegi, j) € p are such that;; < ¢;;
thenp is the unique necessarily critical pathSn

Itis clear at this point that the critical path analysis of activity
netwo_rks when durations of a<_:ti_vit_ies are imprecisely_knov_vn is T = (ij),yea (vesp. T = ()6, 5)e) -
very different from the deterministic case: a necessarily critical
path may not exist, and if it does, and contains only imprecise® ~ The set of all paths itP*(k,) being critical, in the
duration activities then it is unique. usual sense, witlf’ (resp.Z’):

o o Pk, 1) = {p|pis critical with T} C Pt (k,1)

C. Necessarily Critical Activities (PH(k, 1) = {p|pis critical with T} € P+ (i, ).

Now we focus on the problems of determining necessarily
critical (or equivalently possibly noncritical) activities. We deal A~ (k,!) is composed of tasks which are parallel(fg {),
with two problems. The first one concerns determining all nethich are performed concurrently with, 7). A*(k,1) is com-
essarily critical activities and the second one consists in dsed of tasks which, if different frortk, ), either precede
serting the necessary criticality of a fixed activity. Of coursé@r succeed t@k, ) only. Of course, the following relationship
these problems are strictly connected with each other. If the fifglds
problem may be solved easily then this is true also for the second A B DA A (B D) — 0
one, and the other way round. We distinguish two situations. (k)N A7 (k,1) = 0.

Both will be analyzed in this section. The first one concems the these sets are easy to determine, i.e., they can be calculated
case, when there exist necessarily critical paths in the netwogka time bounded by a polynomial in the size of the network
The second situation concerns the case, when there are no icfy pe precise, we should say in the case of £eték, 1) and

paths in the network. As we have mentioned in Section Ill.B—;; ) that only subnetworks covering these sets can be easily
such case may occur and it does not seem to be rare. It turns@ttrmined.

that in the first case the problem of determining all necessarily| emma 5: If there exists a necessarily critical pathe P
critical activities is computationally solvable by means of thg, g, then all necessarily critical activities belong to necessarily
polynomial algorithm (Algorithm 1) presented in Section Ill.Beyitical paths inS (equivalently there does not exist an isolated

that determines all necessarily critical paths in the network. dfitical activity i.e., an activity which belongs to no necessarily
is so because all the activities forming necessarily critical patBgtical path).

are the only necessarily critical activities in the network. This  pygof- We conduct an indirect proof. Let us assume that
property will be shown formally in Lemmas 5 and 6. there exists an isolated necessarily critical actiyityl) € A,
The second situation mentioned above, i.e., the case WhN an activity which belongs to no necessarily critical path in
there are no necessarily critical paths in the network and ordy
isolated necessarily critical activities may exist (activities which \we claim that there exists in sBt"(k, [) a pathp* being crit-
belong to no necessarily critical path), seems to be hard to soli with 7 (i.e.,p* € PF(k, 1)), and all its activitieg:, j) such
Before we pass on to the basic consideration let us defifiat (s, j) € A*(k, 1) are assigned precise times, i), = ti;.
some sets of paths and activities, which will be helpful in forAssume on the contrary that such ppﬂ’does not exist. ThUS,
mulating and proving the lemmas and statements in this sectigich path fromP;(k,!) contains at least one activity ', j )
. The set of all paths fron®, which contain an activity such thati',5') € At (k,1) andt, ; < t,,. From necessary
(k1) € A: criticality of the pathp it follows thatp is critical with activity
times7'. Indeed, the lengths of all paths froft(k,1), with
activity timesT’, are equal to the length of the path(the re-
Pk, 1) ={p|pe P, (k1) € p}. maining paths fromP*(k, 1) are shorter thap).
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Fig. 2. A network with the necessarily critical activitk, ) without parallel
activities.

Fig. 3. A network with only one isolated necessarily critical activity (6, 7).
If we simultaneously decrease duration tinigg of the ac-

tivities (i, ) to £y 7 we get a ”?"J‘r’ configuration of activity noge ysegk, 1) and this is the real reason of its necessary criti-
times for which all the paths fron?:;"(k, ) are shorter thap.  ¢ity. According to that one may formulate the following state-
Therefore(k, 1) is not critical with this configuration of activity yent.

times and from Definition 8 we obtain thak, ) is not neces-  gtatement 5:1f a setA~ (k1) is empty, then activityk, {) is
sarily critical. This fact contradicts necessary criticalityofl). necessarily critical.

Thus, we have shown that there exists a @ﬂmj: € P (k,1), Let us consider a more complicated case occurring in the net-
and all its activities(i, j) such that(z, j) € AT (k,l) are as- \york presented in Fig. 3. There is only one isolated necessarily
signed precise times, i.€;; = #;;. critical activity (6, 7) but proving this claim is not so obvious as

We claim that all activitieg¢, j) such that(i,j) € p and jj the previous example.

(4,4) ¢ p* are assigned precise times. Indeed, assume on theps |ast example indicates that the problem of evaluation of
contrary that there exists an activity,j ) such thaii ,j') € npecessary criticality (or possible noncriticality) of an activity in
p, (0,5 ) ¢ p"andgy o <t ;. Naturally, the length op™, 5 general case may be not easy. On the contrary, it seems to be
with activity timesT’, is equal to the length of the path | a hard one. However, the question of complexity of the problem

If we decrease duration timg ; of the activity (¢ ,j ) t0 is not resolved yet. At this moment we can only formulate the
ty ; We geta new configuration of activity times for which thegiowing conjectures.

pathp* is longer tharp. Thereforep is not critical with this  conjecture 1: The problem of asserting if a fixed activity
configuration of activity times and from Definition 7 we gely, 1) e A is necessarily critical ir§ is N P-Hard.

thatp is not necessarily critical. This fact contradicts necessary Conjecture 2: The problem of asserting if a fixed activity

criticality of p. Thus, we have shown that all activitigs ) such (k,1) € Ais possibly noncritical ir§ is N P-Complete.

that(i, j) € pand(i, j) ¢ p* have precise duration times. The following lemma (Lemma 7), which confirms the combi-
Since the interval duration timé; of activities(z, j), Such  natorial nature of the investigated problem, supports the above

that (i, j) € p*and(i,j) & por(i,j) € pand(z,5) € p*  conjectures. Before formulating the lemma let us introduce the

are precise, the lengths of the pathandp* are the same for notion of an extreme configuration.

each configuration of timess;, ;; € [t,;,%;;], (¢,5) € A.From  pefinition 11: Let B C A be a fixed subset of activities. The

that and the necessary criticality pft follows that the patty™  assignment of;,; to activities(i, j) € A such that

is necessarily critical. S@k, /) belongs to a necessarily critical

path. This fact contradicts thék, !) is the isolated necessarily t;, for(i,j) € B,
critical activity. n tij = {tij’, for (4,7) & B.
Lemma 6: A pathp € P is necessarily critical irb' if and
only if all activities belonging t@ are necessarily critical. will be called an extreme configuration generatedibgnd de-
Proof: It results directly from Definitions 7, 8 and State-noted with75.
ment 1. ] Let us denote byd.(B) the set of all critical activities in

From Lemmas 5 and 6 it follows that if there exist necessarityonfigurationZ’s. For special cases we hat®a = 7,7y =
critical activities in the networl§, then either they all belongto 7', A, (A) = A_, A.(0) = A., whereT’, T, A, A, are the nota-
necessarily critical paths or they are isolated. Therefore, in tliens defined earlier.
first case, as we have mentioned before, it is enough to applyThe following lemma holds.

Algorithm 1 for determining all necessarily critical activities in  Lemma 7: The set of all necessarily critical activities,
S. Inthe second one, problems arise. Further on, in this sectigdenotedA,,..,, is exactly equal to the intersection of all sets
we investigate the problem of finding necessarily critical activi4.(B), B C A, i.e.,

ties in the case when necessarily critical paths do not exist in

The simplest example of an activity which is certainly neces- Ape = ﬂ A.(B).
sarily critical, though a necessarily critical path may not exist in BCA
a network, is the activityk, [) in the network given in Fig. 2. -
In this network there are no parallel activities#,!) (i.e, Proof: We only have to prove thaf)z-, A.(B) C

A~ (k,1) = 0), so each path leading from the initial to the final4,,.—the reverse inclusion is obvious.
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For suppose not. It means that there exists an actijty) € (k,1) is also critical withT’), there exists a nonempty subset
Ngc.4 Ac(B) which is not necessary critical, i.€, j) € An.. P (k,1) C PT(k,1). Naturally, the lengths of all paths from
Thus there is a configuratidhi, not extreme, wher@, j) isnot P+ (k, 1), under activity time<’, are equal to the length of the
critical. It means each path frof* (i, 5), i.e, a path belonging pathp (the remaining paths from?* (%, ) are shorter thap).
to P and including the activitys, 7), is not critical inT". Let Let us decrease iif the activity times;; to ¢, of all the ac-

p € P be any critical path ir?". Of coursep € P~(i,j) and it tivities from P} (k, 1), which simultaneously belong to the set
is longer than any path from?* (s, 5). AT(k,1). From the last assumption of the statement it follows
Let us take now the extreme configurati@h,, (see Defi- that all paths fromPt(k, 1) are shorter thap for the new con-

nition 11). We claim that also in the configurati@h,, all the figuration of activity times. Thus(k, ) is not critical with this
paths are shorter than the pathReally, letp’ be any path be- configuration and from Definition 8 we obtain thét, 7) is not
longing to P* (s, 7). The length difference betweenandp  necessarily critical (equivalently it is possibly noncritical)m
may only occur in arcs which are not common, i.e., in arcs Statement 8:If an activity (k,l) € A, N A, and there exists
(¥ \p) U (p\ p). But replacingl’ with T4\, one only may an activity (r, s), such that(r,s) € A~(k,l),(r,s) € A, and
increase the length of comparing with the length gf since .. < ts, then(k,1) is not necessarily critical (equivalently it
the durationg;,; at the most are increased far,j) € p\ p’ is possibly noncritical).

and decreased fdi,j) € p \ p. Hence we have shown that Proof: Let us consider the configuration of activity times
no pathp € Pt(4,7) is critical in the extreme configuration Z. From the second assumption it follows that there exists an
T4\, and therefords, j) is not critical inZyy,, i.e., (4,5) ¢ activity (r, s) € A—(k,l)_ being critical withZ'. So, there exists
A.(B) for B = A\ p. So, we obtair(i, j) ¢ Npgc4 Ae(B), @Ppathp € PI(r,s). Since(k,l) € A, the subsef; (k,1)
contradiction. - m is nonempty. Naturally, the lengths of all paths fr@t (&, 1),

Lemma 7 suggests an algorithm, unfortunately ineffectiiér activity timesT’, are equal to the length of the pait(the
(with exponential complexity), for determining all necessariljemaining paths fron®* (k, ) are shorter thap).
critical activities. Thus, according to this lemma it is enough to Let us increase iy’ the activity timet, ; to ¢,.;. We get a
determine the sets of critical activities.(B) for all extreme new configuration of activity times for which all the paths from
configurationsZz and then take the intersection of them. Buf’Z (k,1) are shorter thap. Thus,(k, 7) is not critical with this
the number of all possible configurations is equatta configuration of activity times and from Definition 8 we obtain

Now we formulate, in the form of statements, conditions athat (%, 7) is not necessarily critical (equivalently it is possibly
lowing to reject some activities, which are not necessarily crigoncritical). u
ical. The Statements 6—8 are useful from a practical point of view,

The first of the statements (Statement 6) is a direct cofis the conditions contained in their assumptions are easy to
sequence of Lemma 7. It seems to narrow down the set@teck. It may be done in a time bounded by a polynomial in
candidates for necessarily critical activities drastically, thoughe size ofS. Therefore, Statements 6-8 may be applied to the
in some cases other two extreme configuratidfis and effective evaluation of necessary criticality of some (but not all)
Tp,B,D C A (instead off’y andTj) would provide, may be, activities. Let us pay attention to the example in Fig. 3 again, it
a better preliminary approximation of the set of all necessarilyworth noticing that (5, 6) is a candidate for being a necessarily
critical activities. Of course, ifi, N A, = (), then there are no critical activity, i.e.,(5,6) € A. N A.. However, by means of

necessarily critical activities in the network. presented conditions (Statements 6, 7 and 8), one can not reject
Statement 6:If an activity (k,1) ¢ A, N A,, then(k,l)isnot it. _ o
necessarily critical (equivalently it is possibly noncritical). Algorithm 2, proposed by us, determining an upper bound for

In particular, the case of Fig.8, N A. reduces to tasks (5, 6) the set of all necessarily critical activities, is a kind of summary
and (6, 7). In order to prove (6, 7) is the only necessarily critic@f the results presented in this and the previous section.
task one must use a configuratioyy = 1,%¢;3 = 4,t34 =  Algorithm 2 Determining an approximation set of all necessarily critical activities
2,t46 = 2, sothatpath — 3 — 4 — 6 has length 8 while path Require: 5 = (v, 4, 7) with the interval activity timeg; ; =
1 — 5 — 6 haslength 5 and path— 3 — 5 — 6 has length [z, ,
7. Such configurations are hard to guess in a systematic way. ng.
The following statements (Statements 7, 8) hold for the hgnsure: A,,,.—a set of potentially necessarily critical activities.
brid network when all activities have precise or imprecise durastep 1Execute Algorithm 1.
tions. If there is inS a necessarily critical path then assigR .. := A.
Statement 7:If an activity (k,1) € A.NA., A=(k,[)NA. # and stop—,.... is the exact set of all necessarily activitiesin
() and there does not exist in sBt"(k, ) a path being critical  othemwise, go to Step 2.
with 7', all activities(4,j) € A*(k,1) of which have precise step 2assignAp,.. i= A, N A. If Ay, = 0 then stop—there are
durations, i.e.t;; = ti;, then(k,1) is not necessarily critical no necessary critical activities i.
(equivalently it is possibly noncritical). Otherwise, go to Step 3.
Proof: Let us consider the configuration of activity times step 3Fork = 1 tong
T. From the second assumption it follows that there exists agenerate a random extreme configuratiog, , compute-. (By,)
activity (r,s) € A= (k1) (i.e., an activity parallel to the ac- and assignt,ne == Apne N Ac(By).
tivity (%,1)) being critical with the activity times equal tD. Step 4If A,,. = @ then stop—there are no necessary critical
Thus, there exists a pathe P (r, s). Since(k,l) € A, (i.e.,  activitiesinS.

t;;], (¢,3) € A, anumber of generated extreme configuration
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Otherwise, use Statements 7 and 8 to remove, if possible, from Let us treat the subnetwok” as a counterpart of the subnet-
setA . surely not necessarily critical activities and Stopkps, work determined in Step 6 of Algorithm 1%(is the single initial
contains potentially necessarily critical activitiesSh node and* is the single final node instead of 1 an)i Making

use of Lemma 3, we obtain that all pathsdn leading from:*

Step 3 of Algorithm 2 is based on Lemma 7. A number dP v* are necessarily critical if”. Lemma 4 implies that these
generated extreme configuratiary, should be given by a de- paths differ from each other only with activities, which have pre-
cision maker. The greater numbey the better approximation Cise duration times. Hence, the lengths of the paths are the same
of the setA,,. may be probably obtained. for each configuration of times;;, t;; € [t;;, %], (¢,5) € A.

The following three Statements 9-11 are different frof@n the basis of above facts and necessary criticality of the se-
the previous statements and they are rather of theoreti@dence(i™,j*), (5%, k%), ..., (u",v") we conclude that all ac-
importance. They allow to assert necessary criticality of certditities from A” are necessarlly critical i. u
activity only in some cases, in which one has information about The above results show that the traditional criticality anal-
other necessarily critical activities. They provide knowledggsis of activity networks is not robust and ceases to be valid
about the mutual location of necessarily critical activities iwhen the activity durations are ill known. The fact that under
the network. imprecise information, surely critical activities can be isolated

Statement 9:If an activity (k,1) € A is necessarily critical ones had never been pointed out in the literature previously.
andt,, < #, then no activity fromA~(k, 1) is necessarily Also new is the claim that modeling durations by intervals is

critical. enough to move the criticality analysis from the class of easy
Proof: Let us consider any activityi, j) from the set Problems to the class of hard ones. The above results leave the
A= (k,1). open problem of finding an efficient complete algorithm for de-

Case 1: (i,5) € A,NA,. From necessary criticality ¢, [) tecting isolated surely critical activities, and of determining its

we get that(k,l) € A,. Since(i,j) € A~ (k.l), we have computational complexity. The next section shows that going
(k.1) € A=(i,7). Consequently, as algg, < #;, from State- fromintervals to fuzzy intervals provides a more expressive rep-

ment 8 we obtain tha, 5) is not necessarily critical. resentation framework without significantly increasing the dif-

Case 2: (4,7) € A, N A.. It follows directly from Statement ficulty of the problem.
6 that(¢, j) is not necessarily critical.

Statement 10:If any two activities(k, 1) € A, (r,s) € Aare |V. CRITICALITY IN NETWORKSWITH Fuzzy ACTIVITY TIMES
such thatd—(k,1) = A= (r, s) and(k, ) is necessarily critical,
then(r, s) is also necessarily critical.

Proof: Since the sets of activitied~(k,7) and A~ (r, s)
are equal, the sets of patRs (k,7) andP*(r, s) are also equal.
From that and necessary criticality @f, ), we get thatr, s) is
also necessarily critical (see Definitions 2 and 8). m A AFuzzy Number Notion and Its Interpretation

Statement 11:Let A* be sequence of successive necessarily The most general definition of a fuzzy number is the fol-
critical activities forming a subpath ifi, starting with eveni*  lowing one.
and ending with event*. Let S° = (V" , A", T) be subnet-  Definition 12: A fuzzy numberA is a normal convex fuzzy
work of S formed by paths startmg it and ending in’*, made set in the space of real numbdtswith an upper semi-contin-
of activitiesA, N A.. If (i,5) € A", then(s,j) is a necessarlly uous membership function ;.
critical activity in S. Let us remind that a fuzzy set in R is convex if and only

Proof: Let us consider the subnetwofk determined as if its membership function is quasiconcave, i.e., it fulfills the
in the assumptions. We prove that all activitiessofare neces- condition: pilz) 2 mln{/{A( x), v ;(y)} for eachz,y, z such
sarily critical. U thatz € [, y]. Afuzzy setd is normal if and only if there exists

Case 1:¢" = 1 andv* = n. (i, j%), (j*, k), ..., (u*,v*) 2 € R such thay ;(z) = 1.
is a path inP containing necessarily critical actlvmes hence a Let us notice that an intervédt, a] is a special case of a fuzzy
necessarily critical path, from Lemmas®. , from its definition, number with the membership function:
is thus the subnetwork determined in Step 6 of Algorithm 1 (see
Section I1I-B). After applying Lemma 3, we have tht covers 1, forz € la,a],
all necessarily critical paths ifi. From Lemma 5 we get that’ pi(r) = {07 for z ¢ [a, a).
is composed of all necessarily critical activitiesdn B

Case 2:i* # 1 or v* # n. In this case Thus, a real numbey is also a fuzzy number since it may be
(&*, %), (5%, k*),...,(«*,v*) is an isolated sequence oftreated as a one- point interval, ).
necessarily critical activities inS. These activites are A fuzzy numberA, which we could call gartially precise
necessarlly cr|t|cal ins” as well. They form a path leading fuzzy numberdetermined by a membership function
from ¢* to v* in S". From this fact and necessary criticality
of activities (¢*, 5*), (*,k*), ..., (u*,v*) and after applying 1, forz =a,

Lemma 6, we have thati*, %), (5%, k%),...,(u*,v*) is a filz), fora<z<a,
necessarily critical path i§”. Lemma 5 implies that there are 1ale) g;i(z), fora<az<a,
no isolated necessarily critical activities$n . 0, for z & [a, @),

Before going to the fundamental consideration regarding nec-
essary criticality in fuzzy networks let us recall the notion of a
fuzzy number and give some remarks on its interpretation.

)
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/ A“, whereV is a variable andi is a fuzzy number, generates
pi(z) the possibility distribution oft” with respect to the following

1 formula (see [46)):
pa PosgV =z) = pi(x), z€R. 4)
ga The same assertion induces the possibility and necessity mea-
sures forV in the following way:
z - Pos$V € [a,b]) = sup{\| A* N [a,b] # 0}, (5)
a NedV € [a,b]) = 1 —inf{\| A* C [a,b]}, (6)

Fig. 4. The partially precise fuzzy number. where[a, b] € I(R) andI(R) is the set of all intervals. Thus, for

) ) ) ] ) any continuous fuzzy numbet of the L — R type, excluding
is another interesting special case which may be useful for appiz case whed is a crisp interval, the following formula holds:
cation (see Fig. 4). Functionf;(+) andg ;(x) are continuous,
fi(z) is increasing (from O t@.4), g ;() is decreasing (from NedV e AN =1-1x, Ae(0,1]. @)
gato0)andp, ¢4 are any numbers from the unitinteryél 1].
Now we recall the definition of the special case of a fuzzy For a partially precise fuzzy number with a membership
number, introduced by Dubois and Prade [9]: function (2) we have the following relations: Péds #
Definition 13: A fuzzy numberd is called a fuzzy number of @) = max{p.4,qa},Pos$A < a) = ps,PosgA > a) =
the L — R type if its membership functiop ; has the following ¢4,NeqA > a) =1 —p4,NedA < a) =1 - g4,NedA =
form: a) = min{Ned A > a),Ned A <a)} =min{l—ps,1—q4}.
In the second interpretation it is assumed that a parameter

L for z € [a, ], modeled by a fuzzy number is controllable and the membership
pa(z) = L (%) , forz<a, (38) function describes a preference distribution for values assigned
R (m) fore>a to the parameter (see e.g., [14]).
Ba )7 ’ Further on we use the fuzzy numbers in the first role, i.e., we

wherelL and R are continuous nonincreasing functions, definegssume that all fuzzy parameters (fuzzy activity times) are ill
on [0, o), strictly decreasing to zero in those subintervals ¢f70wn and their membership functions generate corresponding
the interval[0, +occ) in which they are positive, and fulfilling possibility and necessity functions in the sense of the formulae
the conditionsZ(0) = R(0) = 1. The parameters 4 and3, (4) (5) and (6).

are nonnegative real numbers.

We will use the following notation, introduced in [9], for aB' Basic Notions of Fuzzy Criticality

fuzzy numberA of L — R type. A network S = (V, A, T) is given. All elements of this
network are the same as in the interval case except for func-
A=(a,a,4,B4)L—R. tion 7" which is now defined in the following wayl’ : A —

_ . F(R,), whereF'(R, ) is the set of nonnegative fuzzy numbers.
In Definition 13 the cases = 0 and/or3 = 0 are admissible. Fli T e AF AUMbef.: imprecisely deter-
Then, it is assumed thdt((e — x)/0) = 0 and/orR((z — (L’J) _d ”’t.(L’Jt). < 'f uzt_zy_t u ZLITE ! {) hi
a)/0) = 0. Thus, any intervala, a] and any precise number;n”'"?[.S a l:'ra lon |mte oractivi %.’Izjt) 3 t.'b t'e m;emﬂ:arsdm
y are also fuzzy numbers df — R type unction iz, - generates a possibility distribution for the dura-
tion time of activity(¢, ) € A with respect to the formula (4).
[a,d] = (a,3,0,0)1_g, LetZ” be a configuration of activity duration times in the net-
work with activity timest;; € R, (¢,5) € A. The (joint) pos-

v, 9] = (45,0, 0)r—r- sibility distribution over configurations, induced by tiig’s is

Let us recall the notion of-cut of a fuzzy number. 7(1) = ming jyea pg, (ti;), T € R

Definition 14: Let A be a fuzzy number. The interval Now we introduce the criticality notions for a network with

fuzzy activity duration times. The first two notions have been
A =@M = {x € R|ps(x) > A} for A € (0,1] proposed in [7].
. Definition 15: The following formula determines the possi-

is calledA-cut of the fuzzy numben. bility that a pathp € P is critical in S:

Let us give in this place some comments on the interpretation
of a fuzzy number assumed in this paper. There are two possible Posgp is critical) = sup w(T).
interpretations of a fuzzy number applied to the description of an T:p is critical inT

unknown parameter in a model. In the first case a fuzzy numberDefinition 16: The following formula determines the possi-
expresses uncertainty connected with the ill known parameg?lrity that an activity(k, 1) € A is critical in §

modeled by this number. It generates possibility and necessity ’
functions for sets of values likely to contain the unknown param-  posg(k, 1) is critical) = sup 7(T).

eter. More formally, we say that the assertion of the fofmi$ T:(k,1) IS critical inT
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Definition 17: The following formula determines the possii.e., activity times should be determined by means of fuzzy

bility that a pathp € P is noncritical inS numbers of the samé — L type.
) - Before presenting the methods we formulate some theorems,
Posgp is noncritica) = sup (). which form the theoretical basis for these methods. These theo-

T:p is not critical inz rems determine relationships between indices Mec¢ritical)

Definition 18: The following formula determines the possi-and Posg{is noncritical) and the notions of necessary criticality

bility that an activity(k,!) € A is noncritical inS and possible noncriticality (see Definitions 7 and 9).
Let us denote byS?* the A-cut of the network S,
Pos$(%, ) is noncritica) = ~osup  7w(T). ie., the network S with the interval activity times
T:(k,0) is not critical inT T = Tﬁ = [té\j,t_?j],(i,j) € A, and byS> = (A, V., T
subnetwork composed of all necessarily critical paths in

Due to possibility-necessity relations (see [12]) we can obté
: o S*M A € (0,1].
a necessity measure of criticality. _ i )
Definition 19: The following formula determines the neces; 'llljhe]?remrl. l;?\r a pathp € P the following equivalence
sity that a pattp € P is noncritical inS olds for a fixed\ < (0, 1]

. gy . . .y . )\
Ned(p is noncritica) = 1 — Posgp is critical) Posgp is noncritica) > A <= p s possibly noncritical ir6™.

= il = (1-=(T). Proof: Itfollows directly from Definition 9, Definition 17,
Tipis critical inT and the fact that it < 3 thenT}] C T2, (i, ) € A. n
Definition 20: The following formula determines the neces- Theorem 2:For a pathp € P the following equivalence
sity that an activity(k, /) € A is noncritical inS holds for a fixedX € (0, 1]
Ned((k, 1) is noncritica) = inf 1—w(T)). Posgp is noncritica) < A <= p is necessarily critical ™.

T:(k,0) IS critical inT
Proof: Itfollows directly from Theorem 1 and the fact that
Definition 21: The following formula determines the necesthe notion of possible noncriticality is complementary to the
sity that a pattp € P is critical in.S notion of necessary criticality, and reversely. [
Theorem 3:For a pathp € P the following equivalence

Nedp is critical) = 1 — Pos$p is noncritica) holds for a fixed\ € [0,1)

=  inf  (1A-=(T)).
T:p is not critical inz Ned(p is critical) > \ <= p is necessarily critical ir§* ~*.
Definition 22: The following formula determines the neces- . _— ) (8)
sity that an activity(k, 1) € A is critical in S Proof. From Definition 21 we have:
Ned((k, 1) is critical) — b (1—w(D)). Nedp is critical) > A <= Posgp is noncritica)
T:(k,) IS not critical inT <1l—-2A, A€0,1), (9

In [7]_ twq \_effective methods of calculating the value_ of indexd from Theorem 2:
Possp is critical) have been presented. The first one is adapted
to fuzzy activity times given in a general form and the secorRbsgp is noncritica) < 1 — A
one, pased on Iinqar programming, is valid only for fuzzy ac- . pis necessarily critical is* ™, A €[0,1). (10)
tivity times determined by fuzzy numbers of the same- L
type, i.e., each fuzzy activity tim®;;, (¢, ) € A, is given by And finally, we obtain (8) directly from conditions (9) and
means of fuzzy number of the — R type (see Definition 13), (10). [ |
in which the left shape functiof;, is equal to the right shape The nexttheorem provides a tool for calculating the Poiss(
function 1;; and additionally the left shape functidnis the noncritical) and Neg{ s critical) indices.
same for all activity duration time€, = L,; = R,;,(¢,7) € A. Theorem 4: For a pattp € P the following equalities hold:
Naturally, those methods may be also applied to calculating the ) . ) ] TN
index Necg is noncritical) determined in Definition 19. Posgpis noncritica) = sup{ A| pis possibly noncritical irs " },

In the next section we present specific methods for calculating (11)
the value of index Neg(is critical). Of course, these methods  Neq(pis critical)=sup{A|pis necessarily critical is*—*}.
can be also applied, by the relation given in Definition 21, to

. . " (12)
calculating the index Pogs(s noncritical).

. i i Proof. Obvious. The equalities (11) and (12) follow di-
C. Calculating the Degree of Necessity That a Path Is Criticglacyly from Theorems 1 and 3, Definitions 9 and 7 and the fact

In this section, we present two effective methods of detethat if « < 3 thenTg - T}‘}, (i,7) € A ]
mining the necessity degree that a path is critical. The first The above theorem may be formulated in another, clearer,
method enables to determine the necessity degree in a genfenan.

case while the second one needs special assumptions on thEheorem 5: Nec(p is critical) = A, (and Posg{ is noncrit-

membership functions of the fuzzy activitytimég, (i,j)e A ical)=1-X,,) 0 < X, < 1, ifand only if p is necessarily
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critical for each\ > 1 — X, and possibly noncritical it$” for can be reduced, according to Theorem 4, to the following math-
eachh < 1-—X,. ematical programming problem:
1) General Case:Now we propose the algorithm (Algo-

. ; . . A — max,

rithm 3) for calculating the necessity degree that a fixed path I o

p € P is critical (Definition 21) for a general case, i.e., the tj—ti—t;;" =0, (i,j) €p,

case when the activity times are fuzzy numbers in a sense of t;—t — E}j_’\ >0, (4,75 €,

Definition 12. The algorithm is based on the idea of bisection =0, 0<A<I1,

of the unit interval of possible values of to compute the £>0, (i=2....n), (14)

optimal value in (12) or, in other words, to find the valig
fulfilling the conditions of Theorem 5. This value is computedf A,..x is the optimal objective value of (14) then Ngdé
with accuracy equal te = 10~ critical)= Apax. If the problem (14) is infeasible then we have
the case Neg(is critical)= 0.
Let us assume that fuzzy activities duration times

Algorithm 3 Calculation of Negg is critical) Ti;,(i,j) € A, are given by means of fuzzy numbers of
Require: $§ = (V, A, T, afixed pathp € P, absolute error of the samel. — L type (see Definition 3 = L = Rij)y ie.,

computation= = 10™", K > N/logy, 2. T = (t;;:tij; g, Bij)—r- In this case(l — A)-cuts of a
Ensure: Nec(p is critical). fuzzy numberT;;, A € [0,1), have the form

Step 1Assignk := 0.

Tl—)\ _ [tl—)\ EI—A
Step ZTest if p is necessarily critical ir5*. ij T g 0y

1Y

= L7 = Nayy By + L7H1 = V)By)

Putting® = L~!(1 — \), and taking advantage of the fact that
the functionL=*(y) is decreasing in th@, 1] interval, we can
transform the problem (14) to the following linear programming

If it is not then assigM\max := 0 and go to Step 6. = [ﬁ
Step 3Assign A, := 1 and test ifp is necessarily critical ir5°.
If it is then assigM\max := 1 and go to Step 6.

Step 4Assignk := k + 1,

problem:
e {)\k—l + 1/2’]: if pis rTecessarin critical ir51 M e—1, © — max,
Ax_1 — 1/2% otherwise tj—ti—t;; +0a;0 =0, (i,5) € p,
Test if p is necessarily critical ir51~ % . t;—ti— f” _ /37‘,j@ >0, (L,J) Zp,
If it is then assigMumax = Ag. t = 07 Q < &) < @7
Step 5If & < K then go to Step 4. £ >0 (L 2 771)7 (15)

Step 6Assign Necg is critical): = Ampax, StOp. _
where® = L71(1),0 = L71(0). If ©,,.« is the optimal ob-
jective value of (15) then Neg(s critical}= 1 — L(®ax). If

Ateach iteratiork: in the algorithm, we test if is necessarily the problem is infeasible then Ned critical)= 0.
critical in S*—*+. The testing can be reduced to applying the

classical CPM method to the netwask—+, after replacing the D. Determining Paths With Maximal Necessity Degree of
interval timeSF%_A’“ with the exact values;; determined as in Criticality

Lemmq L. . Now we consider the problem of determining paths with
2) Linear Programming ApproachAnother approach tothe yhe maximum necessity degree of criticality. Let us denote

problem of determining the necessity degree that a path is cgg, S.max @ Subnetwork ofS composed of all paths with

ical is based on linear programming. We show that this problefy, vimal necessity degree of criticalitNECC .., Where
can be reduced, under certain assumptions about members§i Cuax = max,cp Nec@ is critical).

functions of fuzzy activities duration timés;, to that of deter- Itis easy to prove the following theorem, similar to Theorem
mining the optimal solution of a classical linear programming (in fact this theorem follows directly from Theorem 5).
problem. From Lemma 1 it follows that statingsifis neces-  Thaorem 6:NECCoax = Ao, 0 < Ao < 1, if and only if

sarily critical inst=4, forafixed € [0,1), can be reduced 10 to aach) 1 — ), there exists a necessarily critical path in
checking |f_the following system of equalities and |nequal|t|e§,\ (i.e., there exist§§ in S*) and for each\ < 1 — )\, there
has a solution: does not exist a necessarily critical pathsit (i.e., there does
not existS) in SH).
tj—t; — ggj—A =0, (4,9)€p, Letusrecall _thaS;\_denotes th_e)\subnetwork 6f composed
t—t; — E;A >0, (i,j) ¢p, of all nece;sarlly critical paths 6", o o
Depending on assumptions on the duration times of activities,
t =0, we have two cases:
t, >0, (i=2,...,n), (13) Case 1: Activity times are given by means of fuzzy numbers
in general form (see Definition 12). In this caseNiECC 5 >
where variableg; denote moments of occurrence of the eventy then there may exist pathsshwith different necessity degree
i € V in network S'~*. Hence, the determination of the ne-of criticality. In fact it may happen only in the case when there
cessity degree of criticality of a pathe P, Nec( is critical), exist activities with partially precise durations, determined by
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Case 2: Activity times are given by means of fuzzy numbers
T;; of Lij — R;; type (4,7) € A (see Definition 13). In this
case, if there exists any pathe P with Nec(' is critical)> 0,
we haveNECC,.x = Neo(p' is critical) and there are two
groups of paths i, i.e., paths with the necessity degree of crit-
icality equal to zero and paths with the same necessity degree of
criticality equal to Negq is critical). In other words, for each
a, 3 > NECCpax We haveS? = S¢ = S, ... Thus, deter-
mining S. max reduces itself to applying Algorithm 1 t8' for
finding a subnetworl§! and computing the necessity degree of
criticality Necg' is critical) of any pathy’ € P composed of
activities (¢, 1), (4, j) € AL, by applying Algorithm 3—ifs*
exists. If S} does not exist, theNECC,,,,. = 0.

E. Degree of Necessity of Criticality for Activities

At the end of this section we briefly discuss the problem of
Fig. 5. A network containing paths with different necessity degree Salculating the necessity degree of criticality of a fixed activity.
criticality. Generally the problem does not seem to be easy, since itis more
general than the problem, in the interval case, of stating if an

. . activity is necessarily critical.
membership functions of the form (2). An example of such a Actually, the following theorem, similar to Theorem 4 for a

network is given in Fig. 5. There are three paths with different

. L ath, may be formulated.
necessity degree of criticality. Paths— 2 — 4,1 — 3 — 4 path, ] L . .
and1 — 4 have the degrees of criticality/6, 1/3 and 1,2, Theorem 7: For an activity(k, [) € A the following equality

respectively. holds: Ne¢(k,1) is critical) = sup{A|(k,l) necessarily crit-

. . Lo . ical in ST},
To find S, ,,.x We propose Algorithm 4. Like in Algorithm AT
3, the idea of this algorithm is based on bisection of the unit Proof. Similar to the proof of Theorem 4. »

interval to find the valuéy, fulfilling the conditions of Theorem net'g\slvseaxerlzlrriliigme (s);tléztr'; ?r? ;V;i\?t?gsegalﬂ?ﬁ ﬂ}ﬁfgrer?]r;iisn()f
6. This value is computed with accuracy equad te 10~ In y Y y g

this algorithm at each iteratioly, we find a subnetworl§!—*+ provided by Algorithm 4. Exactly, NECCyay > 0, then these
i - e N degrees may be calculated, both in Case 1 and 2, by applying
composed of all necessarily critical pathssit*+ by applying
Algorithm 1 to §1 = Theorems 8 and 9.
The first theorem concerns Case 1 (general fuzzy numbers).
Theorem 8:If (k, 1) does not belong t8. ..., then

. . _ 1o
Require: S =< V, A, T >, absolute error of computatien= 10"%, Nec((k, l) IS Crltlcal) B Sup{)\ | (k’ l) belongs tas; ™,
K > N/logy 2. 0< A< NECCmaX}, (16)

Ensure: S. max @ subnetwork composed of all paths with maximal

Algorithm 4 Determining all paths with maximal necessity degree of criticality

otherwise
necessity degree of criticaliff ECC,,, x—if such a subnetwork

exists. NECCax < Ned(k,1) is critical) < 1. a7

Step 1Assignk := 0. Proof: Formula (16) follows from Lemma 5, Theorem 7

and the fact that ife < 3 thenS—#% C §i-=,
The lower and upper bounds (17) are obvious. [ |
According to the formula (16) one may construct an algo-
rithm, similar to Algorithms 3 and 4, for computing the neces-
sity degrees of criticality of some activities. For other activities
one can only give lower and upper bounds of these degrees.
The second theorem concerns Casé 2 R fuzzy numbers).
A e { Ako1 4 1/2% ifthere existss: At in ST -1, Theorem 9:If (k, 1) does not belong t&.. .., then

A1 —1/2%  otherwise . "
Ned(k,1) is critical) = 0, (18)

Step 2Apply Algorithm 1 to S for finding a subnetworks! .

If Sg does not exist then assig,.x := 0 and go to Step 6.
Step 3AssignA;, := 1 and apply Algorithm 1 ta5“ for finding a
subnetworksS;, .

If S¢ exists then assighn, .« := 1 and go to Step 6.

Step 4Assignk := k + 1,

App:yf:lgorithm 1to.S'~*k for finding a subnetworks: ™ | otherwise
If S.~ ¥ exists then assigAax 1= As.
Step 5If & < K then go to Step 4. NECCax < Ned(k,1) is critical) < 1. (29)

Step BASSIgNNECCax := Amaxs Semax = St max stop. .
Proof: Equality (18) follows from Lemma 5, Theorem 7

and the fact that for each,3 > NECC,,. the following
The correctness of Algorithm 4 follows directly from The-equality holdsS? = S% = S. pax.
orem 6 and the fact that it < 3thenS!=# C Sl The lower and upper bounds (19) are obvious. [ |
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V. FINAL REMARKS [4]

In the paper the notion of necessary criticality (both with re- [5]
spect to path and to activity) in a network with imprecisely de-
fined (by means of intervals or fuzzy interval numbers) activity
duration times is introduced and analyzed.

In the interval case we show that both the problem of stating
whether a given path is necessarily critical and the problem of[7
determining an arbitrary necessarily critical path (more exactly,

a subnetwork covering all the necessarily critical paths) are eaS)I.S]
We give corresponding solution algorithms. Unfortunately, the
problem of evaluating whether a given isolated activity is neces-
sarily critical does not seem to be straightforward. In the paper[
we formulated a hypothesis (see Conjectures 1 and 2) that thjso]
problem is hard. The question of proving this fact is still open. It

is interesting that the attempt of applying a similar proof metho 11]
to that used in the case of the corresponding problem of evalu-
ating the possible criticality (see [6]) has failed. The reason i$!2]
maybe that the problem considered here is only apparently sirrﬂm
ilar to that solved successfully in [6]. In reality the two problems
differ substantially one from another. A possibly critical activity [14]
always belongs to a possibly critical path, i.e., no isolated POS5
sibly critical activity can ever exist in a network. In each net-
work there is always at least one possibly critical path. The sit-
uation in the case of necessarily critical activities is different [*®!
It is possible (and this case is not very rare) to have a network
without any necessarily critical path, but there may be isolatel?]
necessarily critical activities. And these activities are just those
difficult to identify. The problem is easy to solve when a necesq1g]
sarily critical path exists, since all the necessarily critical activi-
ties belong then to the necessarily critical paths, which are easyq
to determine.

In the paper we formulated conditions which in some sit-[20]
uations allow evaluating the necessary criticality of activities
also in case when there is no necessarily critical path. Howevepzi]
they do not cover all the possible situations, so do not solve the
problem completely. 22]

We generalized the results obtained for networks with intervaﬁ
activity duration times to the case of networks with fuzzy ac-
tivity duration times. We proposed effective algorithms of cal- 23]
culating the degree of the necessary criticality of a path, as wejp4]
as an algorithm of determining the paths that are necessari
critical to the maximal degree. Unfortunately, we have not bee
able to propose such algorithms for evaluating the degree gfs]
the necessary criticality of an activity. It will be not easy if the
hypotheses formulated in Sect. IIl.C, concerning the computa[—27]
tional complexity of the corresponding interval problems, arg2s)
true.

(6]

b

(29]
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