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Abstract This paper deals with the strongly NP-hard minmax regret version
of the minimum spanning tree problem with interval costs. The best known ex-
act algorithms solve the problem in reasonable time for rather small graphs. In
this paper an algorithm based on the idea of tabu search is constructed. Some
properties of the local minima are shown. Exhaustive computational tests for
various classes of graphs are performed. The obtained results suggest that the
proposed tabu search algorithm quickly outputs the optimal solutions for the
smaller instances, previously discussed in the existing literature. Furthermore,
some arguments that this algorithm performs well also for larger instances are
provided.
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1 Preliminaries

The minimum spanning tree problem is one of the most important and most
extensively studied problems in combinatorial optimization. We are given a
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connected and undirected graph G = (V, E) with a cost ¢, specified for each
edge e € E. A spanning tree T is a subset of precisely |V| — 1 edges of G that
forms an acyclic subgraph of G. We will use 7 to denote the set of all the
spanning trees of G. In the classical deterministic case we seek a spanning tree
whose total cost is minimal. This problem has many applications and we refer
the reader to [1] for a description of them. The minimum spanning tree is a
well known example of a matroidal problem. Recall that a matroid is a system
(E,F), where FE is a finite set of elements and F is a set of subsets of E closed
under inclusion (if A € F and B C A then B € F) and having the so called
growth property (if A,B € F, |B| < |A|, then there is e € A\ B such that
BU{e} € F). The maximal, under inclusion, subsets in F are called bases and
the minimal, under inclusion, subsets that are not in F are called circuits. It is
easy to verify that all the bases of a given matroid have the same cardinality.
A more detailed description of matroids can be found, for example, in [27].

Let E be the set of the edges of graph G and let F be the set of the subsets
of the edges which form acyclic subgraphs (forests) of G. It is not difficult to
show that the system (E,F) is a matroid and in the literature it is called a
graphic matroid [28]. The spanning trees of G form the bases of this matroid
and the simple cycles in G form its circuits. From the matroidal structure of
the problem it follows that a simple greedy algorithm can be used to obtain a
minimum spanning tree (see, e.g., [9,20,28]). The greedy algorithm is shown
in Figure 1. It picks the edges of G in nondecreasing order of their costs. An
edge e is excluded if it forms a cycle with the edges previously selected.

GREEDY
Require: Graph G = (V, E) with deterministic edge costs.
Ensure: A minimum spanning tree 1" of G.
: Order the edges of G so that ce; < cep, < -+ < cCe,,
T+ 0
for i < 1 to m do
if TU{e;} € F then T + T U{e;}
: end for
: return T'

Fig. 1 A greedy algorithm for solving the minimum spanning tree problem in graph G =
(V, E) with deterministic costs.

A direct implementation of algorithm GREEDY runs in O(|E|log|E|) time
and is known in the literature as Kruskal’s algorithm [19]. For the minimum
spanning tree problem Prim’s and Boruvka’s algorithms are also commonly
used [9,29]. One of the fastest algorithms up to now is the one developed
by Chazelle [8]. It runs in O(|E|a(|V],|E|)) time, where « is the inverse of
Ackerman’s function. This running time is very close to be linear with respect
to |E.



2 Minmax regret minimum spanning tree problem

We now consider the case in which the edge costs are not precisely known. We
investigate the simple and appealing model of uncertainty introduced in [31].
Assume that the edge costs are only known to belong to closed intervals, that
is for each edge e € E a range of possible costs [c,, C] is specified. If the cost
of e is precisely known, then it is represented by a degenerate interval such
that ¢, = ¢.. We make the assumption that the costs are unrelated, that is the
value of each cost does not depend on the values of the remaining costs. Denote
by I' the Cartesian product of all the cost intervals. Then I" forms a scenario
set, i.e. the set of all possible realizations of the costs, called scenarios. Thus
each scenario S € I' is a vector of the costs, (cJ)cer, which may appear with
a positive but perhaps unknown probability. Let us define

F(T,8) =Y ¢

ecT

The value of F(T,S) is the cost of the spanning tree T' under scenario S. Let
us also define

F*(S)=min F(T,S).

(8) = min F(T, 5)

Thus F*(S) is the cost of a minimum spanning tree under scenario S. The value
of F*(S) can be efficiently obtained by applying one of the known algorithms
for the deterministic minimum spanning tree problem. The mazimal regret of
a given spanning tree T' € T is defined in the following way:

Z(T) = max{F (T, 5) - F*(5)}. (1)

Hence the maximal regret expresses the largest deviation of T from the opti-
mum over all scenarios in I'. A scenario that maximizes the right hand side
of (1) is called the worst case scenario for T and a minimum spanning tree
under the worst case scenario is called the worst case alternative for T. In
this paper we focus on the following minmaz regret minimum spanning tree
problem:

Inin Z(T). (2)
We thus seek a spanning tree, called an optimal minmaz regret spanning tree,
which minimizes the maximal regret. The maximal regret is one of the robust
criteria for choosing a solution under uncertainty. For a deeper description of
various robust criteria, we refer the reader to [18].

It turns out that the value of the maximal regret Z(T') of a given spanning
tree T can be computed efficiently. Let us define scenario St as follows: ¢57 =
C.ife € T and 7 = ¢, if e € E\ T. In [31], it has been shown that S is the
worst case scenario for 7. We can thus express the maximal regret of T" in the
following way:

Z(T)=F(T,Sr) — F*(Sr) = F(T,St) — F(T", St),



where T* is a minimum spanning tree under Sy (i.e. T* is a worst case al-
ternative for T'). Consequently, the time required for computing the value of
Z(T) is nearly the same as the time required for solving the deterministic
minimum spanning tree problem. This important property is widely explored
in the literature.

We now recall another problem, which is closely related to the minmax
regret minimum spanning tree. A distance between two spanning trees 77 and
T5 is defined as follows:

d(Ty, Ty) = |1\ Ta| = |T» \ T1].

In the central spanning tree problem, we wish to find a spanning tree, called a
central tree, whose maximal distance to all the other spanning trees is minimal.
Namely, we seek an optimal solution to the following optimization problem:

min max d(7T,Ty).
TeT TheT

The central spanning tree problem has been discussed in [3,7,10,14] and it
has some applications, for example, in the analysis of transportation networks.
It was proven in [7] that the central spanning tree problem is strongly NP-
hard. We now show, following [5], that this problem is a special case of the
minmax regret minimum spanning tree. Indeed, let graph G = (V, E) be an
instance of the central spanning tree problem and let us associate the interval
cost [0,1] with each edge e € E of G. A simple verification shows (see [5])
that Z(T) = maxpe7 d(T,T1) for any T € T. In consequence, every central
tree is an optimal minmax regret spanning tree and vice versa. From this, it
follows immediately that the minmax regret minimum spanning tree problem
is strongly NP-hard even if all edges have [0,1] cost intervals [5,6]. Thus,
there is no hope to provide a polynomial time algorithm for the problem. In
Section 3, we will describe some attempts to solve it, which have been reported
in the literature to date.

3 Previous methods of solving the problem

The first method for solving the problem was proposed in [31], where the
authors formulated a mixed integer linear programming (MIP) model which,
together with some preprocessing rules, was able to solve the instances of the
problem with graphs having up to 25 nodes. Currently, these results can be
improved to 30 nodes by using faster computers and the latest versions of
the optimization software. For larger instances of the problem, the MIP ap-
proach appears to be very slow and useless in practice. By applying Bender’s
decomposition one can increase the efficiency of the MIP approach and solve
the instances with graphs having up to 40 nodes [24]. Other exact algorithms,
based on the branch and bound technique, were proposed in [4] and [23]. Us-
ing these algorithms, one can solve the problem for graphs having up to 40



nodes [4]. However, for the graphs with 40 nodes the branch and bound al-
gorithm requires many hours to compute an optimal solution. Generally, if
the number of nodes of the input graph is greater than 50, then solving the
problem is a rather difficult task. Interestingly, the problem seems to be much
harder than the minmax regret versions of some other network problems such
as the shortest path (see, e.g. [22]), which can be solved for much larger graphs.

Recently, a fast heuristic based on a simulated annealing, which can be
applied to larger graphs, has been proposed [26]. The author has shown the
results of experiments for graphs having up to 50 nodes. For the central span-
ning tree problem some heuristics were proposed in [14] and the computational
tests were performed for graphs having up to 200 nodes. These heuristics, how-
ever, cannot be applied directly to the more general minmax regret minimum
spanning tree problem.

Fortunately, there exists a simple and efficient approximation algorithm
for the problem, proposed in [17], which simply outputs a minimum spanning
tree for a midpoint scenario. Namely, the scenario S such that ¢ = 3(c, +2)
for all e € FE is first constructed and then a minimum spanning tree 7' un-
der S is determined. It can be shown [17] that Z(T') < 20PT, where OPT
is the maximal regret of an optimal minmax regret minimum spanning tree.
Thus the algorithm is a 2-approximation one for the problem. We will denote
it by AM and we will use it later in this paper. In [15,25], some computa-
tional tests suggested that AM may be additionally refined with a very small
computational effort. Namely, it may be advantageous to compute a minimum
spanning tree T7 under the midpoint scenario and a minimum spanning tree
Ty under the pessimistic scenario, i.e. S = (¢¢)ecr, where all the costs are
set to their upper bounds. Then the spanning tree with the smaller maximal
regret is chosen (77 or T3). This algorithm has also a performance ratio of 2,
but on average it seems to perform better than AM (see [15]). We denote
this algorithm as AMU. No additional approximation results for the problem
are known. In particular, we do not know whether there is an approximation
algorithm with a performance ratio better than 2. This is perhaps the most
important open question concerning this problem.

4 Solving the problem by local search

One of the most successful methods of attacking large scale hard combinatorial
optimization problems is local search [2,21]. Every local search technique is
based on the concept of a neighborhood function, that is a mapping N, which
for each solution X assigns a subset of solutions N (X) that can be reached in
one move starting from X. The set N (X) is called a neighborhood of X. A local
search algorithm starts from a feasible solution Xy and performs a sequence
of moves, which consist of choosing a solution X;;; € N(X;). By specifying a
method of choosing a solution from the neighborhood and a stopping criterion
we obtain a particular type of the local search algorithms such as: iterative
improvement, simulated annealing, threshold acceptance or tabu search.



In this section, our goal is to construct a fast tabu search algorithm for
computing solutions of good quality for large instances of the minmax regret
minimum spanning tree problem. The standard works on the tabu search tech-
nique and some of its applications to hard combinatorial optimization problems
can be found in [11-13].

4.1 Neighborhood function and local minimum

In this paper, we use the fact that for the minmax regret minimum spanning
tree problem there is a natural definition of the neighborhood function, which
follows directly from the matroidal structure of the problem. Let us define

N(T)={Ty e T: |T\Ty|=1}.

Hence N(T) is a I-exchange neighborhood and it consists of all the spanning
trees differing from 7 in exactly a single edge. The neighborhood of a spanning
tree T can be generated by means of the algorithm presented in Figure 2. This
algorithm can be implemented efficiently by applying the techniques and data
structures described, for example, in [1].

NEIGHBORHOOD
Require: Graph G = (V| E), a spanning tree T of G.
Ensure: The neighborhood N(T).

1: N(T)«+ 0

2: for all {i,j} € E\T do

3: Determine the set of edges {f1,... fx} that are on the path from i to j in T’
4: for all f € {f1,..., fx} do

5: Add TU {i,5}\ f to N(T)

6: end for

7: end for

8:

return N(T)

Fig. 2 Generating the neighborhood N(T') of a given spanning tree 7.

The correctness of the algorithm NEIGHBORHOOD follows from the ma-
troidal structure of the problem. For each edge {i,j} € E\T the set TU{i, j}
contains the unique circuit (a simple cycle in G), which is formed by the
edge {i,j} and the unique path from ¢ to j in 7. A new spanning tree
can be obtained by removing any edge on this path (see Figure 3). Clearly,
IN(T)| = O(JE||V]) is bounded by a polynomial in the problem size. In con-
sequence, the neighborhood of T' can be generated efficiently. Notice that our
concept of the neighborhood is different from that in [26]. The approach used
here is more time consuming. Nevertheless, as we will see from the compu-
tational results, our algorithm based on the neighborhood N(T') will be also
very fast. Furthermore, using some properties of the l-exchange neighbor-
hood N(T), we will be able to compute efficiently the maximal regrets of
many solutions from this neighborhood (see Section 4.3.6).



Fig. 3 A sample move: edge e = {3, j} is added and an edge f on the path {f1, f2, f3} from
i to j is removed.

A spanning tree Ty,;, is a local minimum with respect to the 1-exchange
neighborhood if there is no spanning tree T € N(Tyin) such that Z(T) <
Z(Timin). Now an interesting question arises what is the quality of Tj,in,
namely how far from optimum this tree is? We now construct an instance
in which Z(Tin) = 20PT, where OPT is the maximal regret of an opti-
mal minmax regret spanning tree for this instance. Hence, the quality of a
local minimum is not better than the quality of a solution returned by the
2-approximation algorithm AM.

Consider an instance of the problem given in Figure 4. The input graph
G = (V,E) is formed by a complete graph composed of nodes 1,2,...,m;
two nodes a, b with edges {a,1}, {a,2}, {b,3} and {b,4}; nodes 5',...,m/
with edges {5',5},...,{m’,m} and edges {b,5'},{5,6'},...,{m’, a}. The cost
intervals of all the edges are [0, 1]. Let us focus on the spanning tree 7' shown
in Figure 4a. This tree is composed of 2m — 3 edges, thus F(T, St) = 2m — 3.
If we remove all the edges of the tree T from G, then the resulting graph G’
(see Figure 4b) is still connected. Hence, the worst case alternative T* for T is
such that F(T*,St) = 0 and so Z(T') = 2m — 3. Consider now a spanning tree
Ty, which is the result of a move from 7T'. This move consists in adding an edge
e € E\T to T and removing an edge f € T from T. However, observe that
it is not possible to disconnect graph G’ by removing a single edge from G’.
Hence, removing T} from G also forms a connected graph and consequently
F*(St,) = 0. Now it is clear that Z(T1) = Z(T) = 2m — 3 and T is a local
minimum.

Consider now the spanning tree R presented in Figure 5a. This tree is an
optimal minmax regret spanning tree for the sample instance. By removing R
from G we obtain the graph G’ (see Figure 5b) which is composed of m — 1
connected components. Hence, the worst case alternative R* for R is such that
F(R*,Sg) = m—2. In consequence, Z(R) = 2m —3—m+2=m—1. It holds

which is asymptotically equal to 2 for large m.
We are thus get the following result:
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Fig. 4 A local minimum (in bold). All the cost intervals are [0, 1].
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Fig. 5 The optimal minmax regret spanning tree (in bold). All the cost intervals are [0, 1].

Theorem 1 There exists a local minimum Ty, with respect to the 1-exchange
neighborhood such that Z(Tpmin) > (2 — e)OPT for any e > 0 even if all the
cost intervals are [0, 1].

Note that we have just found another hard example for the algorithms AM
and AMU. A graph constructed in [15] contains multiedges, while the graph
in Figure 4 does not. In consequence, the algorithms AM and AMU attain
asymptotically the bound of 2 even if the input graph has no multiedges. Fur-
thermore, both algorithms may output a 2-approximate solution which cannot
be improved by using a single edge exchange. We conjecture that the class of
graphs shown in Figure 4 is hard for any local search algorithm that uses the
1-exchange neighborhood. So, we use it to test our tabu search algorithm in
the next sections. Finally, it is worth pointing out that for the deterministic
minimum spanning tree problem, the 1-exchange neighborhood is ezxact. This
means that every local minimum with respect to this neighborhood is also a



global one (see., e.g. [21]). Clearly, this is not the case for the minmax regret
version of this problem.

4.2 Tterative improvement algorithm

The iterative improvement algorithm for the robust spanning tree problem
is shown in Figure 6. We start with an initial spanning tree T' (step 3) and
perform a sequence of improving moves (steps 4-10) until the current spanning
tree is a local minimum. We repeat this procedure, each time starting with
a different spanning tree, until some stop criterion is satisfied. A returned
spanning tree Tpes: is the best solution found and it is a local minimum. As
we have shown in Section 4.1, the spanning tree Tp.s; can be a factor of 2
away from the optimum. So the iterative improvement cannot improve the
worst case performance of the approximation algorithm AMU and it is also a
2-approximation algorithm for the problem. Nevertheless, we will show later
that this simple and fast algorithm returns good solutions for the instances
discussed in literature.

ITERATIVE IMPROVEMENT

Require: Graph G = (V, E) with interval costs of edges.
Ensure: A spanning tree Tpes; of G.
1: Zbest — o0
2: while stop criterion = false do
Compute an initial spanning tree 7" of G.
repeat
impr < false
Find a spanning tree T/ € N(T) of the smallest value of Z(T")
if Z(T') < Z(T) then
T + T, impr < true [+ A better solution has been found x/
9: end if
10: until impr = false
11:  if Z(T) < Zpest then

12: Zpest < Z(T)
13: Trest < T
14: end if

15: end while
16: return Tpeq

Fig. 6 The iterative improvement algorithm.

Later in this paper we will consider the following three versions of the
iterative improvement:

1. Single-run iterative improvement. The initial spanning tree in step 3 is the
one obtained by applying the algorithm AMU. The loop 2-12 is executed
only once. So the algorithm returns a local minimum reached by a sequence
of improving moves from a 2-approximate solution returned by AMU.

2. Multi-run random iterative improvement. The initial spanning tree in step 3
is chosen randomly. The stopping criterion is a fixed time of computations.
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3. Multi-run perturbed iterative improvement. The initial spanning tree in
step 3 is computed by a perturbed AMU algorithm. This algorithm per-
turbs the midpoint and pessimistic scenarios before executing AMU. The
method of perturbing the costs under both scenarios is the same as in [30].
The stopping criterion is a fixed time of computations.

4.3 Tabu search algorithm

The iterative improvement algorithm can be refined by applying the idea of
tabu search [11-13]. By using tabu search we avoid being trapped at local
minima, which allows us to explore a larger part of the solution space. The tabu
search algorithm for the robust spanning tree problem is shown in Figure 7.
We now describe all its details.

TABU SEARCH

Require: Graph G = (V| E) with interval costs of edges.
Ensure: A spanning tree Tpes: of G.

1: Preprocess the input graph G.

2: Compute an initial spanning tree T of G

3t Tpest < T, Zpest < Z(T)

4: TABU <+~ 0, E* <+ T*, k <+ 0

5: while stop criterion=false do

6:  N(T) <« {T1 € N(T) : the move to T} is not forbidden or Z(T1) < Zpest }
7:  Find a spanning tree T1 € N(T') of the smallest value of Z(T1)

8: k—k+1

9:  if Z(Th) < Zpest then

10: Thest < T1, Zpest < Z(T1) [* A better solution has been found =/
11: E* «— E*UTy

12: k<« 0

13: end if

14: if k > kmas then

15: Compute a random spanning tree T of G = (V, E*)

16: if Z(T) < Zpest then

17: Toest < Ty Zpest < Z(T) /* A better solution has been found x/
18: end if
19: Go to line 4 /* Restart the algorithm */
20: else
21: T < Ty /* Perform the move %/
22: Update TABU
23: end if

24: end while
25: return Tpeq

Fig. 7 The tabu search algorithm.

4.8.1 Preprocessing

Before applying any algorithm to an instance of the problem it may be advan-
tageous to use a preprocessing, proposed in [31]. We now briefly describe the
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idea of this preprocessing. An edge e € FE is called weak if it belongs to a min-
imum spanning tree under some scenario S € I'. An edge e € F is said to be
strong if it belongs to a minimum spanning tree under all scenarios S € I'. It
turns out that all the weak and strong edges can be efficiently detected [4,31,
16], which follows from the matroidal structure of the problem. Furthermore,
a non-weak edge cannot be a part of an optimal minmax regret spanning tree
and, in the absence of degeneracy (¢. > ¢, for all e € E), there is an optimal
minmax regret spanning tree which contains all strong edges. We can now use
these two facts to reduce the problem size. Namely, one need not to explore the
moves consisting of adding a non-weak edge or removing a strong edge (in the
absence of degeneracy). We can thus mark all the non-weak and strong edges
before executing the tabu search algorithm and use this information during
the search process. This is done in line 1 of the algorithm (Figure 7). In Sec-
tion 5.3, we will investigate the percent of the non-weak and strong edges for
different classes of graphs.

4.8.2 Initial solution

In our algorithm we prefer to start with a random spanning tree. By per-
forming some tests we have discovered that the use of AMU or its perturbed
version to generate the initial solutions does not improve the final solutions re-
turned by the tabu search algorithm but requires an additional computational
effort. Furthermore, we will show later that the tabu search outperforms the
iterative improvement for the classes of graphs for which the algorithm AMU
is equivalent to computing a random spanning tree.

4.8.3 Tabu list

In the tabu search algorithm, we do not terminate at a local minimum and
permit a move to a solution 7; such that Z(Ty) > Z(T). A simple way to
avoid oscillations around the local minima is to store the information about
the performed moves in the so called tabu list. This list contains a description
of the moves which are forbidden for a certain number of iterations.

Let T be a current spanning tree. Suppose that we have performed a move
by adding edge e € E\ T to T and removing edge f from 7. Hence, we have
obtained a spanning tree 77 = T\ {f} U {e} from N(T). In order to avoid
getting back to T, we add to the tabu list two elements: (Add(f), IterAdd)
and (Drop(e), Iter Drop). This means, that we forbid adding edge f to the
current solution for Iter Add iterations and dropping edge e from the current
solution for Iter Drop iterations. In consequence, each move in which we add
edge f or remove edge e is not allowed for a certain number of iterations. The
values of Iter Add and IterDrop will be specified later.
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4.8.4 Aspiration criterion

The aspiration criterion is a condition that allows us to perform a move even
though it is forbidden by the tabu list. In our tabu search algorithm, we use
the following simple aspiration criterion: we always permit a move that leads
to a solution better than the current best solution.

The tabu list and the aspiration criterion allow us to define the modified
neighborhood N(T) of a current solution T' (see line 6 of the tabu search
algorithm). Namely, we can now perform a move that is not forbidden by the
tabu list or satisfies the aspiration criterion.

4.8.5 Long-term memory function

A tabu list together with an aspiration criterion are the so called short-term
memory functions (see [13]) of a tabu search algorithm. This means that an
information about the search process, stored in the tabu list, is lost after a
small number of iterations. Because a search strongly tends to focus on locally
good solutions, only a small region of a solution space may be explored.

In order to achieve a global diversification some long-term memory func-
tions can be employed. In our tabu search algorithm, we incorporate the fol-
lowing method. We introduce a subset of the edges E* C FE. For the initial
solution 7" and each time 7" improves the current best solution, we add to E*
all the edges that belong to T (i.e. to a worst case alternative of T'). After
a fixed number of iterations, during which the current best solution has not
been improved, we restart the algorithm. This restart consists in generating a
new random solution in the subgraph G* = (V, E*) induced by E*.

Observe that the distance between T and T™* (that is [T\ T*|) is usually
large. Therefore, we may expect that a new spanning tree, derived from the
subgraph G* = (V, E*), allows us to move the search process to another region
of the solutions space. Moreover, a spanning tree composed of the edges of the
worst case alternatives of the currently best solutions may be itself a good
solution.

4.3.6 Some implementation details

It is clear that, contrary to the MIP and branch and bound approaches, the
proposed tabu search algorithm can be applied to large (or even very large)
instances of the problem. It follows from the fact that all the steps in the
algorithm can be implemented to run in polynomial time. The most time
consuming step is performed in line 7, where we seek a spanning tree in N (T)
of a minimum value of the maximal regret. In this step we have to scan the
whole neighborhood of the current spanning tree T'. A direct computation of
Z(Ty) for Ty € N(T) requires solving the deterministic minimum spanning
tree problem. We now show that it is not necessary to solve the deterministic
problem for all T} € N(T'). In other words, one can compute the value of Z(T})
having some information about the spanning tree T'. Before we proceed, we
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recall some useful results obtained for matroidal problems in [16]. Let o be a
sequence of the edges of G and pred(e, o) stands for the subset of the edges
which precede edge e in o. Let us denote by T, the spanning tree determined
by algorithm GREEDY (see Figure 1), in which o is the order of the edges in
line 1. The following proposition is useful:

Proposition 1 ([16]) Let o and p be two sequences of the edges such that
pred(e, o) C pred(e, p) for a given edge e € E. If e ¢ T, then e ¢ T),.

Let T be a current spanning tree and let T* be a worst case alternative
for T'. Recall that T™ is an optimal solution under scenario St. Suppose that
we explore a solution that has been obtained by adding edge e € E\ T and
removing edge f € T, so that Ty =T U {e} \ {f}. It holds

F(Ty,81,) = F(T,St) + ¢ — ¢;.

We now focus on computing the value of F*(St,). Our goal is to quickly
compute the spanning tree 77, i.e. a minimum spanning tree under scenario
St,, having the spanning tree T*. Let o be the sequence of edges sorted in
nondecreasing order of costs under scenario Sp. We get the spanning tree T
by applying the algorithm GREEDY to o (o is the ordering of the edges in
line 1). The scenario S, is obtained from St by increasing the cost of e to ¢,
and decreasing the cost of f to c;. Therefore, to keep the order of the elements
under St,, we move the element e a number of positions to the right and we
move the element f a number of positions to the left in . Let ¢’ denote
the resulting new sequence of the elements. The spanning tree T} can be
obtained by applying the algorithm GREEDY to ¢’. Assume that e ¢ T™*. Since
pred(o,e) C pred(o’,e), Proposition 1 implies e ¢ T;. Therefore, we must
check only whether f belongs to T7. This can be done as follows: if f € T,
then T} = T™*; otherwise T* U { f} contains the unique simple cycle composed
of the edges {f,g1,...,gk}; if there is g; whose cost under St, is greater than
cy, then TF =T* U {f} \ {gi}; otherwise Ty = T*. Thus, if e ¢ T*, then the
maximal regret Z(77) can be computed in O(|V|) time, which is required to
detect a cycle in T*U{f}. If e € T*, then we solve the deterministic minimum
spanning tree problem under scenario S, to obtain 77. However, this must
only be done |V| — 1 times since |T*| = |[V| — 1 and one may use the sequence
o to speed up the calculations (it is not necessary to sort the edges each time
T} is computed).

The above technical considerations together with appropriate data struc-
tures allow us to scan the neighborhood of a given solution very efficiently.

5 The computational results

In this section we present the results of computational tests performed for
various classes of graphs. There are three objectives, which we would like to
test. First, we wish to investigate the efficiency of the preprocessing. Namely,
we would like to know how many non-weak and strong edges one can expect in
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the input graph. Some tests performed in the existing literature (see, e.g., [31])
suggest that the preprocessing may significantly reduce the problem size. We
would like to confirm this observation. Next, we wish to test the performance
of the very simple and fast approximation algorithm AMU, which computes
optimal solutions for the midpoint and pessimistic scenarios and returns the
better of them. Finally, we would like to investigate the performance of the
iterative improvement and tabu search algorithms and compare them to the
existing simulated annealing algorithm constructed in [26]. We would like to
check when the usage of the simple iterative improvement is enough to obtain
good solutions and when the more sophisticated tabu search method performs
better. All the tests were carried out on a Pentium Core Duo 2.66 MHz com-
puter equipped with 2GB RAM. The MIP models were solved by using CPLEX
12.1 solver.

5.1 The classes of graphs

We consider all the classes of graphs, which were previously discussed in the
literature and two additional classes, which appears to be hard for local search
algorithms with the 1-exchange neighborhood. Namely, we consider the follow-
ing classes of graphs:

1. Ya(l,u)-n: Graph G is complete and has n nodes. For each edge e € E, ¢,
is uniformly distributed in [0,[] and €. is uniformly distributed in (c.,u].
This class has been considered in [31].

2. Hel-n: This class of graphs has been considered in [4]. Graph G represents
a two-level network. The lower level consists of clusters (complete graphs)
of 5 nodes whose edges are generated as in the class Ya(10,10)-n. The
upper level links the clusters and these edges have higher costs, i.e. the
class Ya(10,10)-n costs shifted by a constant. Notice that the graphs in
this class are complete and n is the overall number of nodes in G, which is
an integer multiple of 5.

3. He2-n: This class has been also discussed in [4] and it is similar to the class
Hel-n, except that the upper level links are organized as a binary tree. The
graphs in this class are not complete.

4. Mo(p)-n: Graph G is complete and has n nodes. These nodes are randomly
placed on a 50 x 50 greed. For all e = {i,j} € E, ¢, is randomly selected
in [d;;(1 —p),d;;) and € is randomly selected in (¢, d;;(1 + p)], where d;;
is the Euclidean distance between i and j, and p is a distortion parameter.
This class of graphs has been investigated in [23].

5. Ka-n: Graph G has n nodes and its structure is shown in Figure 4a. The
interval costs of all edges are [0,1]. Notice that the graphs in this class
have ”‘hard”’ local minima and only one global minimum, which is known
in advance (see Figures 4 and 5).

6. La-n: Graph G has n nodes and is composed of three layers (see Figure 8).
The first layer is formed by a complete graph G, /5. The second layer is
composed of n/2 — 1 nodes and each node in this layer is connected with
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exactly two random nodes from the first layer. Finally, the third layer
contains only one node which is connected with all the nodes from the
second layer. All the cost intervals are [0, 1]. The graphs of this type appear
in papers [6,7], where the complexity of the robust spanning tree problem
was investigated. We have also tested the graphs with different proportions
of the nodes in layers 1 and 2 and different number of edges linking these
two layers. However, the described class La-n appeared to be the most
difficult for our algorithms, so we decided to show the results only for this
particular graph structure.

Fig. 8 The graph La-n. All the cost intervals are [0, 1].

Notice that the classes Ka-n and La-n contain some instances of the
strongly NP-hard central spanning problem, which is a special case of the
minmax regret minimum spanning tree problem. For each particular class of
graphs (with fixed n, p, [ and u) we generated randomly 10 instances and per-
formed all the tests using them. We divided the instances into two groups. The
first group consists of the easy instances, i.e. the ones for which an optimal
minmax regret spanning tree can be computed efficiently (we assumed that it
can be computed within 1 hour) by using CPLEX or is known in advance, as
in the class Ka-n. The easy instances are listed in Table 1.

Table 1 The easy instances.

Ya(10,10)-10, Ya(10,10)-20
Ya(15,15)-10, Ya(15,15)-20
Ya(20,20)-10, Ya(20,20)-20
Ya(10,20)-10, Ya(10,20)-20
Ya(15,50)-10, Ya(15,50)-20
Ya(20,40)-10, Ya(20,40)-20
Hel-10
He2-10,He2-20,He2-30
Mo(0.15)-10, Mo(0.15)-20
Mo(0.50)-10, Mo(0.50)-20
Mo(0.85)-10, Mo(0.85)-20
Ka-10, ..., Ka-100

La-10, La-20
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Notice that the MIP model for the class Hel-n is surprisingly hard to solve.
We were unable to solve the instances, for which the number of nodes n > 20.
Note also that all the instances in Ka-n are easy, because we know the global
optimum for each such an instance.

The second group consists of the hard instances, for which an optimal solu-
tion cannot by computed efficiently by the usage of CPLEX. These instances
are formed by the graphs having a large number of nodes and no efficient ex-
act algorithm is known for most of them. Therefore, they require a different
treatment and our aim is to show some arguments that the tabu search algo-
rithm performs well for them. In the hard instances, the input graphs have up
to 100 nodes, so they are much larger than the graphs previously examined in
literature.

5.2 The parameters of tabu search

After performing some preliminary tests, we decided to fix the following pa-
rameters of the tabu search algorithm, which in our opinion give the best
performance. The algorithm stops after performing 1000 iterations, where
by iteration we mean the set of steps from line 6 to line 23 (see Figure 7).
The restart is performed if after 400 iterations the current best solution has
not been improved. Recall that the tabu list is composed of the elements
(Add(f), Iter Add) and (Drop(e), Iter Drop), where Iter Add is the number of
iterations for which we forbid adding the edge f to the current spanning tree
and IterDrop is the number of iterations for which we forbid removing the
edge e from the current spanning tree. The values of the parameters Iter Add
and IterDrop are crucial for the efficiency of our algorithm. In order to fix
them we performed some computational tests. Namely, we executed the tabu
search algorithm for 50 instances from the classes Ka-60, ..., Ka-100 and
the average deviations from the optimum reported for various Iter Addd and
Iter Drop are shown in Table 2.

Table 2 The average percent deviations from optimum reported for different values of
Iter Add and IterDrop.

Iter Drop

IterAdd |0 2 4 6 8 10 12 14 16
0 0.17 0.00 0.09 0.14 0.60 0.65 2.29 2.44 2.74
2 0.57 0.00 0.00 0.15 1.02 2.05 3.09 4.78 6.06
4 0.17 0.04 0.04 0.83 1.54 3.67 5.78 6.00 8.09
6 0.18 0.00 0.00 1.05 2.47 4.08 5.44 6.44 9.18
8 0.08 0.00 0.35 1.30 3.39 4.96 5.89 8.12 9.17
10 0.00 0.00 0.15 0.95 2.99 4.96 6.34 9.27 10.64
12 0.26 0.00 0.09 1.55 2.96 5.28 7.26 8.72 10.37
14 0.00 0.00 0.08 1.67 3.55 5.62 7.67 9.64 11.49
16 0.08 0.00 0.15 1.95 2.70 5.00 7.04 9.25 10.20
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It is well seen that the value of the parameter Iter Drop should be rather
small and its best value is 0,1 or 2. For these values of Iter Drop, the best values
of Iter Add seem to be located in the range 6,...,16. We decided to choose
IterAdd = 10 and IterDrop = 2 for the hard instances. Some additional
experiments suggested that for the easy instances a slightly better results can
be obtained if IterAdd = 10 and IterDrop = 0. We chose the class Ka-n
for the tests, because we know the optimum for each instance in this class.
Furthermore, the assumed values of Iter Add and Iter Drop turned out to be
good also for all the remaining classes and the corresponding results will be
shown in the next sections.

The parameters are the same for all the tested instances and, in particular,
they do not depend on the size of an instance. There are two reasons of this.
With the number of iterations assumed the algorithm is always fast. For the
largest instances, with 100 nodes, its average running time is about 60 seconds.
Furthermore, as we will see from the obtained results, the algorithm with
these settings returned an optimal solution for all the easy instances and we
conjecture that its performance is not much worse for the hard instances.
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Fig. 9 Four sample executions of the tabu search algorithm for graph Ka-100. The dashed
line represents the maximal regret of a best solution and the solid line represents the maximal
regret of the current solution.
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In Figure 9 four sample executions of the tabu search for various values of
Iter Add and IterDrop are shown. As we can see, the algorithm starts with a
random spanning tree and reaches a good solution within 1000 iterations. For
the settings Iter Add = 0 and Iter Drop = 50, between iterations 800 and 900,
the restart can be observed after which a better solution is found.

5.3 The results of the preprocessing

We first check what happens in line 1 of the tabu search algorithm, i.e. how
many non-weak and strong edges one can expect for each class of graphs. We
investigate only the classes 1-4, since in the classes Ka-n and La-n all the
edges are weak and there are no strong edges. The results obtained are shown
in Table 3.

Table 3 The average percent of non-weak (nw.) and strong (str.) edges.

Class nw. str. Class nw. str. Class nw. str.
Ya(10,10)-10 46.00 1.33 Ya(15,15)-10 45.33 2.44 Ya(20,20)-10 47.56 5.11
Ya(10,10)-20 58.05 0.47 Ya(15,15)-20 59.74 0.74 Ya(20,20)-20 60.16 0.79
Ya(10,10)-30  65.79 0.11 Ya(15,15)-30 68.30 0.34 Ya(20,20)-30  68.07 0.28
Ya(10,10)-40 70.56 0.10 Ya(15,15)-40 72.33 0.14 Ya(20,20)-40 70.83 0.15
Ya(10,10)-50  73.71 0.08 Ya(15,15)-50 74.35 0.10 Ya(20,20)-50 73.84 0.04
Ya(10,10)-60  75.58 0.03 Ya(15,15)-60 76.02 0.03 Ya(20,20)-60 75.74 0.06
Ya(10,10)-70  78.05 0.04 Ya(15,15)-70  78.16 0.04 Ya(20,20)-70 77.16 0.04
Ya(10,10)-80  79.01 0.02 Ya(15,15)-80 78.64 0.05 Ya(20,20)-80  78.91 0.04
Ya(10,10)-90  80.18 0.02 Ya(15,15)-90  80.15 0.03 Ya(20,20)-90  80.02 0.02
Ya(10,10)-100 81.50 0.01 Ya(15,15)-100 81.21 0.02 Ya(20,20)-100 80.90 0.03

Ya(10,20)-10 21.56 0.89 Ya(15,30)-10 24.00 1.56 Ya(20,40)-10 26.22 2.00
Ya(10,20)-20  40.00 0.32 Ya(15,30)-20 44.37 0.53 Ya(20,40)-20  43.05 0.42
Ya(10,20)-30  50.94 0.09 Ya(15,30)-30 50.62 0.14 Ya(20,40)-80 54.07 0.16
Ya(10,20)-40 57.45 0.04 Ya(15,30)-40 57.65 0.10 Ya(20,40)-40 56.67 0.06
Ya(10,20)-50 61.75 0.05 Ya(15,30)-50 61.74 0.03 Ya(20,40)-50 62.97 0.07
Ya(10,20)-60 64.45 0.00 Ya(15,30)-60  65.99 0.02 Ya(20,40)-60  65.47 0.06
Ya(10,20)-70 68.02 0.02 Ya(15,30)-70  68.03 0.03 Ya(20,40)-70 67.64 0.01
Ya(10,20)-80  69.77 0.01 Ya(15,30)-80  70.93 0.01 Ya(20,40)-80  70.40 0.03
Ya(10,20)-90 71.90 0.01 Ya(15,30)-90 71.51 0.01 Ya(20,40)-90 71.98 0.01
Ya(10,20)-100 73.48 0.01 Ya(15,30)-100 73.02 0.02 Ya(20,40)-100 72.57 0.01

Hel-10 53.78 4.22 He2-10 53.78 4.22
Hel-20 69.37 2.58 He2-20 60.78 3.83
Hel-30 77.31 1.91 He2-30 61.03 3.24
Hel-40 79.72 1.27 He2-40 61.65 3.02
Hel-50 82.40 1.00 He2-50 62.03 3.82
Hel-60 84.30 0.86 He2-60 61.39 3.42
Hel-70 86.00 0.68 He2-70 62.52 3.98
Hel-80 87.24 0.66 He2-80 61.78 3.27
Hel-90 87.98 0.58 He2-90 62.03 3.60
Hel-100 88.87 0.53 He2-100 61.90 3.59

Mo(0.15)-10  71.33 14.22 |[Mo(0.85)-10  40.44 4.89 |[[Mo(0.50)-10  58.89 9.56
Mo(0.15)-20  87.11 8.00 |[Mo(0.85)-20 59.84 2.05 ||Mo(0.50)-20  76.53 4.32
Mo(0.15)-30  91.22 5.13 |[Mo(0.85)-80  69.38 1.06 ||Mo(0.50)-30  83.86 2.76
Mo(0.15)-40  93.29 3.79 |[Mo(0.85)-40  75.15 0.95 ||Mo(0.50)-40  87.44 2.09
Mo(0.15)-50  94.84 3.02 |[Mo0(0.85)-50  79.51 0.69 ||Mo(0.50)-50  90.68 1.64
Mo(0.15)-60  95.63 2.54 |[Mo(0.85)-60  81.58 0.52 ||Mo(0.50)-60  91.80 1.35
Mo(0.15)-70  96.18 2.14 |[M0(0.85)-70  84.43 0.51 ||Mo(0.50)-70  92.88 1.16
Mo(0.15)-80  96.64 1.84 |[Mo(0.85)-80  86.70 0.34 ||Mo(0.50)-80  93.83 0.99
Mo(0.15)-90  96.95 1.64 ||Mo(0.85)-90  87.44 0.28 |[Mo(0.50)-90  94.14 0.82
Mo(0.15)-100 97.33 1.50 ||[Mo0(0.85)-100 88.85 0.32 ||Mo(0.50)-100 94.97 0.78
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One can see that the number of the non-weak edges is very large. For the
class Mo(p)-n over 90% of the edges may be non-weak. One can also expect
several strong edges in each instance. It is interesting that the percent of the
non-weak edges increases with the number of nodes and this holds true for
each class of graphs. We can thus conclude that it is very advantageous to
perform the preprocessing, because it allows us to avoid many unnecessary
moves during the execution of the algorithm. Our results confirm the obser-
vations noticed previously in papers [4,23,31].

5.4 The results for the easy instances

In this section we discuss the easy instances, for which the optimal solutions
are known. All these instances, except for the ones in the class Ka-n, were
solved by CPLEX. The minimal, average and maximal computational times
required by CPLEX to solve the instances are presented in Table 4. These re-
sults demonstrate that the MIP formulation is an inefficient method of solving
the problem, which confirms the conclusions made previously in literature [4,
23,31]. The running time of CPLEX grows very fast with the problem size
and, in practice, only very small instances can be solved in reasonable time.

Table 4 The minimal (min), average (av.), and maximal (max) computational times in
seconds required by CPLEX to solve the problem.

CPLEX time (s.) CPLEX time (s.)
Class min av. max Class min av. max
Ya(10,10)-10 | 0.14 0.40 0.61 Ya(15,15)-10 |0.19 0.49 1.00
Ya(10,10)-20 | 25.12 324.19 755.56 Ya(15,15)-20 | 40.78 213.40 794.11
Ya(20,20)-10 | 0.16 0.34 0.64 Ya(10,20)-10 10.19 0.49 0.87
Ya(20,20)-20 | 28.95 150.18 641.66 Ya(10,20)-20 | 21.23 112.11  176.55
Ya(15,30)-10 | 0.23 0.56 1.33 Ya(20,40)-10 |0.19 0.49 1.26
Ya(15,50)-20 | 28.69 147.78  393.31 Ya(20,40)-20 |29.83 103.39 202.51
Hel-10 0.16 0.40 1.44 He2-10 0.14 0.41 1.45
He2-20 4.84 24.18 48.59
He2-30 25.46 604.37  1847.72
Mo(0.15)-10 |0.05 0.24 0.78 Mo(0.50)-10 |0.12 0.26 0.48
Mo(0.15)-20 |7.18 31.78 113.90 || Mo(0.50)-20 |10.08 85.56 273.22
Mo(0.85)-10 |0.19 0.33 0.76 La-10 0.12 0.28 0.59
Mo(0.85)-20 |23.37 401.83  2413.62 || La-20 191.04 1775.38 4931.49

Table 5 shows the application of AMU, the single-run iterative improve-
ment, and the tabu search to the easy instances. We additionally consider the
algorithm AR, which simply outputs a random spanning tree (recall that a
random spanning tree is a starting solution for the tabu search). As we can
see, the tabu search found an optimal solution for all the 340 easy instances
(10 instances in each of 34 classes), even for all the instances of the class Ka-
n. In column f(s.), the average time in seconds when an optimal solution was
found is shown and this time can be compared to the average running time
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of the algorithm shown in column t(s.). We can conclude that, for the easy
instances, the tabu search algorithm finds an optimal solution very quickly.
For the considered classes, it outperforms CPLEX as well as the branch and
bound algorithms proposed in the literature [4,23]. The approximation algo-
rithm AMU seems to perform quite well, except for the classes Ka-n and La-n.
This is not surprising, because for the instances of these classes AMU behaves
exactly the same as the random algorithm AR and AR is very poor as one
could expect. If we omit the classes Ka-n and La-n, then the worst deviation
reported for AMU over all the remaining 220 easy instances is 17.90%. Finally,
observe that the single-run iterative improvement is not much worse than the
tabu search, except for the classes Ka-n and La-n for which the tabu search is
much better. For the class La-n, the single-run iterative improvement is only
slightly better than the random algorithm AR, while the tabu search always
finds an optimal solution.

Table 5 The minimum (min), average (av.) and maximum (max) percent deviation from
optimum reported for the easy instances. For the classes Ka-n and La-n, AMU and AR are
equivalent. The running time of the iter. impr. is less than 1 s. for each instance.

AMU Sng.-run it. impr. AR Tabu search
Class min av. max | min av. max | min av. max |min av. max f(s.) t(s.)

Ya(10,10)-10(0.00 2.27 7.38 | 0.00 0.00 0.00 | 52.56 113.94 162.56 [0.00 0.00 0.00 0.00 0.04
Ya(10,10)-20(0.00 2.22 4.49|0.00 0.11 1.09 | 83.68 130.02 200.05 |0.00 0.00 0.00 0.02 0.43

Ya(15,15)-10(0.00 0.94 5.33|0.00 0.27 2.69 | 67.57 109.59 156.17 [0.00 0.00 0.00 0.00 0.04
Ya(15,15)-20(0.00 0.94 5.33|0.00 0.00 0.00|99.71 137.65 188.09 |0.00 0.00 0.00 0.01 0.44

Ya(20,20)-10(0.00 2.69 8.30|0.00 0.00 0.00 [ 41.56 92.32 207.78 [0.00 0.00 0.00 0.00 0.03
Ya(20,20)-200.00 0.86 3.80| 0.00 0.00 0.00 | 93.89 149.33 194.92 |0.00 0.00 0.00 0.01 0.41

Ya(10,20)-10(0.00 0.50 3.03|0.00 0.00 0.00 | 67.82 141.74 302.79 [0.00 0.00 0.00 0.00 0.09
Ya(10,20)-20[0.00 0.43 1.40 | 0.00 0.00 0.00 |131.37 164.67 206.84 |0.00 0.00 0.00 0.01 0.55

Ya(15,30)-10(0.00 2.23 11.58[ 0.00 0.00 0.00 | 80.92 111.79 233.39 [0.00 0.00 0.00 0.00 0.08
Ya(15,30)-20[0.00 0.77 2.86 | 0.00 0.00 0.00 |149.79 199.96 236.80 |0.00 0.00 0.00 0.01 0.45

Ya(20,40)-10(0.00 1.01 3.79|0.00 0.00 0.00 | 79.78 131.41 165.79 [0.00 0.00 0.00 0.00 0.05
Ya(20,40)-20[0.00 0.25 1.70 | 0.00 0.00 0.00 |126.96 217.75 312.70 |0.00 0.00 0.00 0.01 0.42

Hel-10 0.00 4.59 10.19] 0.00 0.47 4.73 ]| 50.08 448.15 1388.16/0.00 0.00 0.00 0.00 0.02
He2-10 0.00 4.59 10.19| 0.00 0.47 4.73 | 50.08 448.15 1388.16(0.00 0.00 0.00 0.00 0.02
He2-20 0.00 3.91 10.39| 0.00 0.28 2.78 |218.29 472.34 912.52 (0.00 0.00 0.00 0.00 0.10
He2-30 0.00 2.14 7.02|0.00 0.19 1.88 |207.06 510.81 817.52 |0.00 0.00 0.00 0.00 0.23

Mo(0.15)-10 [0.00 0.00 0.00 [ 0.00 0.00 0.00 | 0.00 413.86 1849.10(0.00 0.00 0.00 0.00 0.01
Mo(0.15)-20 [0.00 1.93 17.90{ 0.00 0.00 0.00 | 0.00 175.25 770.43 [0.00 0.00 0.00 0.00 0.02

Mo(0.50)-10 [0.00 0.64 5.86 | 0.00 0.00 0.00 [128.62 254.97 506.71 [0.00 0.00 0.00 0.00 0.01
Mo(0.50)-20 [0.00 1.94 6.23 | 0.00 0.00 0.00 | 86.71 190.54 299.77 [0.00 0.00 0.00 0.00 0.06

Mo(0.85)-10 [0.00 0.14 1.42|0.00 0.00 0.00 [136.86 277.51 486.63 [0.00 0.00 0.00 0.00 0.02
Mo(0.85)-20 [0.00 2.56 7.40 | 0.00 0.00 0.00 |185.15 303.58 477.71 [0.00 0.00 0.00 0.00 0.19

Ka-10 - - - 0.00 30.00 60.00| 60.00 74.00 80.00 [0.00 0.00 0.00 0.00 0.03
Ka-20 - - - |30.00 43.00 70.00| 70.00 81.00 90.00 |0.00 0.00 0.00 0.01 0.25
Ka-30 - - - |13.33 39.33 66.67| 73.33 83.33 93.33 |0.00 0.00 0.00 0.08 0.88
Ka-40 - - - |20.00 42.50 65.00| 80.00 85.50 90.00 |0.00 0.00 0.00 0.25 2.27
Ka-50 - - - |32.00 42.40 52.00| 80.00 84.40 92.00 |0.00 0.00 0.00 0.99 4.68
Ka-60 - - - 123.33 37.00 53.33| 83.33 86.67 93.33 |0.00 0.00 0.00 1.99 9.06
Ka-70 - - - |20.00 35.14 57.14| 82.86 88.57 94.29 |0.00 0.00 0.00 3.77 15.03
Ka-80 - - - |20.00 35.00 45.00| 82.50 87.75 92.50 [0.00 0.00 0.00 9.09 25.16
Ka-90 - - - |24.44 34.89 46.67| 86.67 89.56 91.11 |0.00 0.00 0.00 14.57 36.19
Ka-100 - - - [28.00 38.00 46.00| 82.00 86.80 92.00 ]0.00 0.00 0.00 31.37 53.52
La-10 - - - |14.29 22.86 33.33| 28.57 44.05 50.00 [0.00 0.00 0.00 0.00 0.02

La-20 - - - |20.00 22.57 28.57| 26.67 29.38 35.71 |0.00 0.00 0.00 0.09 0.24
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All the easy instances were also solved by using the multi-run random and
perturbed iterative improvement algorithms (see Section 4.2). In order to com-
pare these algorithms to the tabu search, we fixed their running time to be
approximately the same as the running time of the tabu search. For all the
considered classes of graphs, except for Ka — n and La — n, the performance
of both multi-run iterative improvement algorithms is the same as the perfor-
mance of the tabu search, i.e. an optimal solution was always found. However,
for the classes Ka —n and La —n the performance of the tabu search is much
better as we can see in Table 6. For the class Ka—n with n > 40, the multi-run
iterative improvement algorithm had never found an optimal solution. Notice
that for both Ka — n and La — n the perturbed and random versions of the
iterative improvement algorithm are equivalent.

Table 6 The minimum (min), average (av.) and maximum (max) percent deviation from
optimum reported for the easy instances in the classes Ka-n and La-n by using different
versions of the iterative improvement algorithm and the tabu search.

Sng.-run Mult.-run rand. (pert.) Tabu search

Class min av. max| min av. max t(s.) |min av. max t(s.)
Ka-10 | 0.00 30.00 60.00( 0.00 0.00 0.00 0.14 {0.00 0.00 0.00 0.03
Ka-20 |30.00 43.00 70.00| 0.00 4.00 10.00 0.44 |0.00 0.00 0.00 0.25
Ka-30 |13.33 39.33 66.67| 0.00 9.33 13.33 1.16 [0.00 0.00 0.00 0.88
Ka-40 |20.00 42.50 65.00( 5.00 13.00 20.00 2.62 (0.00 0.00 0.00 2.27
Ka-50 |32.00 42.40 52.00({12.00 17.20 24.00 4.96 (0.00 0.00 0.00 4.68
Ka-60 |23.33 37.00 53.33|13.33 19.33 23.33 8.90 (0.00 0.00 0.00 9.06
Ka-70 |20.00 35.14 57.14(14.29 18.29 25.71 14.93|0.00 0.00 0.00 15.03
Ka-80 |20.00 35.00 45.00(15.00 22.25 30.00 22.50|0.00 0.00 0.00 25.16
Ka-90 |24.44 34.89 46.67(15.56 19.78 24.44 32.52(0.00 0.00 0.00 36.19
Ka-100]28.00 38.00 46.00({16.00 22.60 28.00 47.51{0.00 0.00 0.00 53.52

La-10 |14.29 22.86 33.33| 0.00 0.00 0.00 0.12 {0.00 0.00 0.00 0.02
La-20 |20.00 22.57 28.57| 6.67 8.95 14.29 0.34 [0.00 0.00 0.00 0.24

5.5 The results for the hard instances

In this section we consider the hard instances, for which the optimal solutions
cannot be computed efficiently by using CPLEX. For each hard instance, we
define a reference solution as the best one obtained by executing multiple
times the tabu search algorithm, with different random starting solutions and
different settings. Hence each reference solution is the best heuristic solution
available for each particular instance. For all the hard instances we computed
the deviations from the reference solutions. The results are presented in Ta-
bles 7-10.

The tabu search algorithm found the reference solution for almost all tested
instances. The worst performance was reported for the class La-n. However,
even for this artificial and hard class of graphs, the tabu search was able to
improve the starting solutions significantly in contrast to the iterative improve-
ment. Notice, however, that the single-run iterative improvement is not worse
than the tabu search for the classes Ya(u,l)-n and Mo(p)-n. This suggests that
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Table 7 The minimum (min), average (av.) and maximum (max) percent deviation from
the reference solutions reported for the class Ya(l,u)-n. The running time of the iter. impr.
is less than 1 s. for each instance.

AMU Sng.-run it. impr. AR Tabu search
Class min av. max|min av. max min av. max |min av. max f(s.) t(s.)
Ya(10,10)-30 {0.00 0.78 2.48[0.00 0.00 0.00 [118.97 161.24 198.12{0.00 0.00 0.00 0.03 1.27
Ya(10,10)-40 |0.00 0.93 1.98|0.00 0.00 0.02 |152.95 196.75 243.16{0.00 0.00 0.00 0.21 2.88
Ya(10,10)-50 |0.22 0.51 0.94|0.00 0.00 0.00 |183.83 221.81 263.87|0.00 0.00 0.00 0.24 5.61
Ya(10,10)-60 |0.00 0.57 1.29({0.00 0.00 0.00 |196.37 237.39 296.28|0.00 0.00 0.00 0.52 9.81
Ya(10,10)-70 |0.00 0.23 0.53(0.00 0.00 0.00 |229.02 261.95 314.80{0.00 0.00 0.00 0.97 15.29
Ya(10,10)-80 |0.00 0.30 0.78|0.00 0.00 0.00 |238.83 290.45 322.68|0.00 0.00 0.00 2.53 35.29
Ya(10,10)-90 |0.00 0.16 0.73|0.00 0.00 0.00 |239.66 298.26 343.76|/0.00 0.00 0.00 6.04 45.24
Ya(10,10)-100]0.00 0.10 0.26[0.00 0.00 0.00 |292.37 320.49 344.53|0.00 0.00 0.00 5.36 57.11
Ya(15,15)-30 [0.00 1.22 3.76|0.00 0.27 2.69 [117.39 172.91 297.81{0.00 0.00 0.00 0.03 1.22
Ya(15,15)-40 |0.02 0.56 2.61{0.00 0.00 0.00 |160.55 194.47 237.15/0.00 0.00 0.00 0.10 2.82
Ya(15,15)-50 |0.00 0.57 1.64{0.00 0.00 0.00 |176.39 224.38 257.68|0.00 0.00 0.00 0.34 7.86
Ya(15,15)-60 |0.00 0.25 1.08|0.00 0.00 0.00 |198.03 246.53 277.20{0.00 0.00 0.00 0.52 9.98
Ya(15,15)-70 |0.00 0.44 1.73|0.00 0.00 0.00 |208.09 252.90 299.34|0.00 0.00 0.00 1.37 22.04
Ya(15,15)-80 |0.00 0.29 0.63|0.00 0.00 0.00 |253.55 281.65 305.32|/0.00 0.00 0.00 2.54 36.07
Ya(15,15)-90 |0.00 0.18 0.43(0.00 0.00 0.00 |277.06 313.27 336.99|0.00 0.00 0.00 3.65 44.42
Ya(15,15)-100]0.00 0.16 0.58(0.00 0.00 0.00 |316.48 342.19 376.14|0.00 0.00 0.00 5.50 62.04
Ya(20,20)-30 0.05 1.36 4.12{0.00 0.00 0.00 [112.55 181.59 240.29/0.00 0.00 0.00 0.03 1.22
Ya(20,20)-40 |0.27 0.77 1.16{0.00 0.04 0.44 |160.43 208.83 270.90/0.00 0.01 0.07 0.24 2.76
Ya(20,20)-50 |0.00 0.50 1.34|0.00 0.00 0.00 |178.35 226.99 264.38{0.00 0.00 0.00 0.35 8.27
Ya(20,20)-60 |0.00 0.33 0.79/0.00 0.00 0.00 |199.99 233.92 272.02{0.00 0.00 0.00 0.50 9.87
Ya(20,20)-70 |0.00 0.26 1.13(0.00 0.00 0.00 |220.16 247.86 294.96|0.00 0.00 0.00 1.42 22.03
Ya(20,20)-80 |0.01 0.25 0.60(0.00 0.00 0.00 |236.96 294.14 354.38|0.00 0.00 0.00 2.56 37.22
Ya(20,20)-90 |0.00 0.22 0.75(0.00 0.00 0.00 |244.81 319.43 355.97|0.00 0.00 0.00 3.76 45.07
Ya(20,20)-100|0.00 0.16 0.57|0.00 0.00 0.00 |255.47 318.82 366.94|0.00 0.00 0.00 5.39 58.08
Ya(10,20)-30 {0.00 0.33 1.50{0.00 0.02 0.16 [190.88 235.58 287.95{0.00 0.00 0.00 0.04 1.60
Ya(10,20)-40 |0.00 0.39 1.42|0.00 0.00 0.00 |224.84 272.12 353.27|0.00 0.00 0.00 0.13 3.71
Ya(10,20)-50 |0.00 0.21 0.80|0.00 0.00 0.00 |259.45 308.20 368.10{0.00 0.00 0.00 0.46 10.45
Ya(10,20)-60 |0.00 0.15 0.45(0.00 0.00 0.00 |249.68 333.29 386.49|0.00 0.00 0.00 0.69 12.41
Ya(10,20)-70 |0.00 0.09 0.38(0.00 0.00 0.00 |341.63 384.97 440.05|0.00 0.00 0.00 1.81 26.25
Ya(10,20)-80 |0.00 0.09 0.52|0.00 0.00 0.00 |393.28 429.39 471.34|/0.00 0.00 0.00 3.30 43.44
Ya(10,20)-90 |0.00 0.06 0.31|0.00 0.00 0.00 |363.81 439.26 497.86|/0.00 0.00 0.00 5.02 60.24
Ya(10,20)-100]0.00 0.04 0.13[0.00 0.00 0.00 |412.97 456.80 522.31|0.00 0.00 0.00 7.03 72.85
Ya(15,30)-30 [0.00 0.21 1.03|0.00 0.00 0.00 [184.71 243.54 342.82{0.00 0.00 0.00 0.04 1.61
Ya(15,30)-40 |0.00 0.42 1.17{0.00 0.00 0.00 |231.64 297.89 410.65/0.00 0.00 0.00 0.13 3.37
Ya(15,30)-50 |0.00 0.12 0.48({0.00 0.00 0.00 |240.53 311.30 352.21|0.00 0.00 0.00 0.47 9.85
Ya(15,30)-60 |0.00 0.19 0.77|0.00 0.00 0.00 |305.63 358.19 456.39|/0.00 0.00 0.00 0.67 12.36
Ya(15,30)-70 |0.00 0.07 0.26/0.00 0.00 0.00 |330.49 386.50 439.27|0.00 0.00 0.00 1.71 26.24
Ya(15,30)-80 |0.00 0.05 0.17|0.00 0.00 0.00 |363.36 436.15 512.61{0.00 0.00 0.00 3.14 41.76
Ya(15,30)-90 |0.00 0.07 0.28(0.00 0.00 0.00 |357.38 447.26 521.52{0.00 0.00 0.00 4.75 56.05
Ya(15,30)-100]0.00 0.04 0.25[0.00 0.00 0.00 |459.59 498.36 554.28|0.00 0.00 0.00 7.07 73.88
Ya(20,40)-30 0.00 0.36 1.97[0.00 0.00 0.00 [181.33 246.90 295.96/0.00 0.00 0.00 0.04 1.52
Ya(20,40)-40 |0.00 0.11 0.55[{0.00 0.00 0.00 |184.47 281.99 376.21|0.00 0.00 0.00 0.13 3.52
Ya(20,40)-50 |0.00 0.08 0.47|0.00 0.00 0.00 |252.11 328.89 407.05|0.00 0.00 0.00 0.43 9.51
Ya(20,40)-60 |0.00 0.08 0.32|0.00 0.00 0.00 |300.95 371.84 426.07|0.00 0.00 0.00 0.64 11.86
Ya(20,40)-70 |0.00 0.08 0.33(0.00 0.00 0.00 |339.78 404.53 494.57|0.00 0.00 0.00 1.80 27.36
Ya(20,40)-80 |0.00 0.06 0.16(0.00 0.00 0.00 |349.46 412.48 451.09|0.00 0.00 0.00 3.11 42.74
Ya(20,40)-90 |0.00 0.07 0.27(0.00 0.00 0.00 |392.29 458.14 535.22{0.00 0.00 0.00 4.94 56.92
Ya(20,40)-100|0.00 0.04 0.20|0.00 0.00 0.00 |362.92 483.75 543.70|/0.00 0.00 0.00 7.05 73.44

every local minimum for these two classes is, in most cases, the global one and
it is enough to compute such a local minimum. The single-run iterative im-
provement behaves a little bit worse for the classes Hel-n and He2-n. Finally,
the tabu search is much better than the single-run iterative improvement for
the class La-n. In fact, for La-n the single-run iterative improvement is not
much better than the random algorithm AR. Observe also that, except for the
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Table 8 The minimum (min), average (av.) and maximum (max) percent deviation from
the reference solutions reported for the classes Hel-n and He2-n.The running time of the
iter. impr. is less than 1 s. for each instance.

AMU Sng.-run it. impr. AR Tabu search

Class min av. max [min av. max min av. max |min av. max f(s.) t(s.)
He1-20 [0.00 4.64 10.56{0.00 0.00 0.00 |375.76 825.85 1173.97|0.00 0.00 0.00 0.00 0.16
He1-30 |1.05 2.65 6.76 |{0.00 0.00 0.00 |418.43 907.80 1230.08|0.00 0.00 0.00 0.00 0.35
He1-40 |0.11 3.02 5.74(0.00 0.00 0.00 | 795.08 1162.99 1630.44|0.00 0.00 0.00 0.02 0.81
He1-50 |0.52 3.19 7.38 {0.00 0.00 0.00 |1014.72 1461.61 2358.88|0.00 0.00 0.00 0.14 2.34
Hel-60 |0.82 3.66 7.75(0.00 0.00 0.00 |1219.48 1502.14 2138.16|0.00 0.00 0.00 0.32 2.41
He1-70 |1.33 2.78 4.49|0.00 0.03 0.28 |1152.68 1610.04 2185.50|0.00 0.00 0.00 0.32 5.65
He1-80 |0.81 1.93 4.76 {0.00 0.02 0.22 |1439.18 1777.22 2496.94|0.00 0.00 0.00 0.93 8.30
He1-90 |0.81 2.75 8.20 |{0.00 0.00 0.00 |1419.15 1675.45 2085.29|0.00 0.00 0.00 0.81 9.92
Hel-100(1.04 2.72 5.22|0.00 0.02 0.23 [1248.96 1651.72 1991.89(0.00 0.00 0.00 2.24 12.63
He2-40 |1.08 2.79 4.89(0.00 0.12 1.16 |295.80 671.27 1106.72{0.00 0.00 0.00 0.04 0.50
He2-50 |1.02 2.93 5.87(0.00 0.09 0.90 |340.53 701.43 1124.78|0.00 0.03 0.31 0.20 0.79
He2-60 |0.96 2.89 5.49 |0.00 0.09 0.88 |589.19 727.84 1061.20|0.00 0.00 0.00 0.09 1.23
He2-70 |1.41 3.56 6.64 {0.00 0.25 1.76 |551.87 750.19 1125.34|0.00 0.00 0.00 0.09 1.94
He2-80 |0.79 2.86 6.10 {0.00 0.07 0.69 |508.46 670.64 847.94 |0.00 0.00 0.00 0.21 2.30
He2-90 |1.74 3.27 5.67|0.00 0.10 0.63 | 552.87 677.75 897.97 |0.00 0.03 0.31 0.38 2.93
He2-100|1.40 3.43 4.77|0.00 0.07 0.59 |534.71 682.41 912.68 |0.00 0.00 0.00 0.43 4.32

Table 9 The minimum (min), average (av.) and maximum (max) percent deviation from
the reference solutions reported for the class Mo(p)-n.The running time of the iter. impr. is
less than 1 s. for each instance.

AMU Sng.-run it. impr. AR Tabu search

Class min av. max|min av. max min av. max |min av. max f(s.) t(s.)
Mo(0.15)-30 [0.00 0.91 5.93[0.00 0.00 0.00 1.77 103.67 209.77(0.00 0.00 0.00 0.00 0.07
Mo(0.15)-40 |0.00 0.25 1.67|0.00 0.00 0.00 |94.85 205.27 404.48(0.00 0.00 0.00 0.01 0.10
Mo(0.15)-50 |0.00 0.71 4.61|0.00 0.00 0.00 | 74.41 181.35 409.33|0.00 0.00 0.00 0.00 0.14
Mo(0.15)-60 |0.00 0.25 2.25/0.00 0.00 0.00 | 34.03 154.56 240.00|0.00 0.00 0.00 0.01 0.19
Mo(0.15)-70 |0.00 0.38 1.67(0.00 0.00 0.00 | 90.21 141.32 203.01|0.00 0.00 0.00 0.02 0.31
Mo(0.15)-80 |0.00 1.07 3.27|0.00 0.00 0.00 | 80.90 160.18 245.22|0.00 0.00 0.00 0.02 0.45
Mo(0.15)-90 |0.00 1.17 4.33|0.00 0.00 0.00 |143.46 189.81 299.77|0.00 0.00 0.00 0.03 0.67
Mo (0.15)-100]0.00 0.57 4.43|0.00 0.00 0.00 |102.77 190.33 276.22{0.00 0.00 0.00 0.05 0.78
Mo (0.50)-30 [0.00 0.98 5.92[0.00 0.00 0.00 [177.81 289.59 438.08{0.00 0.00 0.00 0.01 0.19
Mo(0.50)-40 |0.00 2.44 5.13|0.00 0.00 0.00 |150.32 261.07 416.11{0.00 0.00 0.00 0.01 0.41
Mo(0.50)-50 |0.60 2.84 5.63|0.00 0.00 0.00 |149.17 230.78 369.63|0.00 0.00 0.00 0.02 0.65
Mo(0.50)-60 |0.16 2.30 4.11|0.00 0.00 0.00 |139.54 237.99 322.41|0.00 0.00 0.00 0.03 0.98
Mo (0.50)-70 |0.00 2.94 6.51|0.00 0.00 0.00 |187.05 256.28 359.17|0.00 0.00 0.00 0.06 1.53
Mo (0.50)-80 |0.30 3.45 8.84|0.00 0.00 0.00 |179.63 234.66 311.72|0.00 0.00 0.00 0.09 2.25
Mo(0.50)-90 |0.57 3.24 5.43|0.00 0.00 0.00 |235.77 286.50 353.49(0.00 0.00 0.00 0.17 3.36
Mo(0.50)-100]0.77 2.10 3.81|0.00 0.00 0.03 |216.43 247.33 281.41|0.00 0.00 0.00 0.42 4.20
Mo(0.85)-30 [0.01 1.56 4.00[0.00 0.00 0.00 [311.78 438.17 630.02{0.00 0.00 0.00 0.02 0.63
Mo(0.85)-40 10.31 2.41 4.19|0.00 0.00 0.00 |334.85 450.97 628.65|0.00 0.00 0.00 0.04 1.25
Mo(0.85)-50 |0.21 1.38 3.44|0.00 0.01 0.09 |323.71 491.38 616.45|0.00 0.00 0.00 0.20 2.17
Mo(0.85)-60 |0.50 1.78 3.25|0.00 0.01 0.12 |329.70 505.74 707.51{0.00 0.00 0.00 0.37 3.75
Mo (0.85)-70 |0.89 2.38 5.40|0.00 0.00 0.00 |418.85 545.98 729.56|0.00 0.00 0.00 0.32 5.41
Mo(0.85)-80 0.34 1.67 2.98|0.00 0.01 0.12 |407.23 501.53 615.86|0.00 0.00 0.00 0.54 8.33
Mo(0.85)-90 0.90 2.01 3.20(0.00 0.00 0.00 |453.52 560.05 640.01|0.00 0.00 0.00 0.91 13.36
Mo(0.85)-100(0.68 1.71 2.81|0.00 0.02 0.14 |414.62 553.35 677.20{0.00 0.00 0.00 1.83 13.98

class La-n, the approximation algorithm AMU returns good solutions in most
cases. Therefore, it may be a good choice if a solution for a large graph must
be computed quickly.

We also executed the multi-run random and perturbed iterative improve-
ment algorithms (see Section 4.2) for all the hard instances. The running time
of both algorithms was fixed to be approximately the same as the running
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Table 10 The minimum (min), average (av.) and maximum (max) percent deviation from
the reference solutions reported for the class La-n. The algorithms AMU and AR are equiv-
alent. The running time of the iter. impr. is less than 1 s. for each instance.

AMU Sng.-run it. impr. AR Tabu search
Class |min av. max| min av. max | min av. max|min av. max f(s.) t(s.)
La-30 | - - - [12.50 22.23 28.57(20.83 27.96 38.10(0.00 2.73 9.52 0.23 0.81
La-40 | - - - [15.15 20.40 26.67(18.18 23.89 30.00(0.00 0.31 3.13 0.89 1.67
La-50 - - - |17.07 19.24 23.08(19.51 22.23 25.64|0.00 1.01 2.56 0.61 3.03
La-60 - - - [18.37 21.68 28.89(20.41 23.78 31.11|/0.00 1.94 6.67 2.14 5.31
La-70 - - - [15.52 20.24 25.93(18.97 22.18 27.78(0.00 1.24 3.57 4.31 8.32
La-80 | - - - [16.42 21.53 23.81(17.91 23.09 25.40(0.00 0.00 0.00 6.70 11.77
La-90 - - - |17.33 19.77 22.22|18.67 21.13 23.61|0.00 0.27 1.37 13.82 17.28
La-100| - - - [15.29 17.25 20.99(16.47 18.45 22.22{0.00 1.07 3.53 16.50 25.98

time of the tabu search. For all the classes of graphs discussed in the existing
literature, i.e. Ya(u,l) —n, Mo(p) —n, Hel —n and He2 — n, both multi-run
iterative improvement algorithms gave us the same results as the tabu search,
i.e. for each particular instance a reference solution was almost always found
(with a few exceptions). However, in most cases the tabu search was able
to find a reference solution faster than the iterative improvements. Perhaps,
this follows from the fact that the multi-run iterative improvement algorithms
generate a lot of random initial solutions, which is time consuming, while the
tabu search generates an initial solution only several times when performing
the restart. More interesting results were obtained for the class La —n. For the
instances in this class the tabu search algorithms outperforms the multi-run it-
erative improvement and the results are shown in Table 11. Notice that for the
class La — n the random and perturbed versions of the iterative improvement
algorithm are equivalent.

Table 11 The minimum (min), average (av.) and maximum (max) percent deviation from
optimum reported for the hard instances in the class La-n by using different versions of the
iterative improvement algorithm and the tabu search.

Tabu search
min av. max t(s.)

Sng.-run
min av. max

Mult.-run rand. (pert.)

Class min _av. max t(s.)

La-30
La-40
La-50
La-60
La-70
La-80
La-90

La-100

12.50 22.23 28.57
15.15 20.40 26.67
17.07 19.24 23.08
18.37 21.68 28.89
15.52 20.24 25.93
16.42 21.53 23.81
17.33 19.77 22.22
15.29 17.25 20.99

8.33 15.85 23.81
9.38 15.40 20.00
12.20 15.52 17.95
14.29 18.39 24.44
15.79 17.82 22.22
13.43 18.92 22.22
14.67 17.77 19.44
12.94 15.94 18.52

0.80
1.68
3.80
5.26
10.07
12.71
20.06
29.25

0.00 2.73
0.00 0.31
0.00 1.01
0.00 1.94
0.00 1.24
0.00 0.00
0.00 0.27
0.00 1.07

9.52
3.13
2.56
6.67
3.57
0.00
1.37
3.53

0.81
1.67
3.03
5.31
8.32
11.77
17.28
25.98

Now an important question arises how far the reference solutions from the

corresponding global optima are. We tried to provide an answer by performing
an additional experiment in which we computed lower bounds for all the hard
instances. Notice that a trivial lower bound can be obtained by using the
algorithm AM. If this algorithm returns a spanning tree T" with a maximal
regret equal to Z(T'), then the lower bound is Z(T')/2. This lower bound can
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be improved by executing the branch and bound algorithm proposed in [5].
We implemented a slightly modified version of this algorithm and applied it to
all the hard instances. For each instance we executed the branch and bound
algorithm for 30 seconds and reported the lower bound obtained. The assumed
running time of the branch and bound algorithm seems to be small. However,
increasing it does not significantly increase the lower bounds obtained but
significantly increases the computer resources required. Notice that in [5] the
branch and bound algorithm was executed for small graphs (with up to 40
nodes). For graphs having more than 40 nodes the algorithm converges very
slowly and consumes a lot of computer memory to store a search tree (in fact,
without a sophisticated implementation, the memory is quickly exhausted).
The results are shown in Table 12.

For each class of graphs we computed the minimum, average and maximum
gap, i.e. the quantity (Z(T) — LB)/LB), where T is the reference solution and
LB is the lower bound. The largest gaps, which are close the the trivial gap
100%, were reported for the class Ya(l,u)-n. For the remaining classes the test
confirmed a good performance of the tabu search algorithm for the graphs with
up to 40 nodes (for the class Mo(0.15)-n this performance was good for all
the graphs in this class). In particular, the gaps equal to 0 mean that the tabu
search found an optimal solution for some (or all) instances within a class. For
the graphs with more than 40 nodes the gaps are larger which, however, may
be a consequence of the weak lower bounds returned by the branch and bound
algorithm.

After analyzing the results of the tests presented in this section, we conjec-
ture that the reference solutions for the hard instances are nearly optimal (or
even optimal in many cases). For the hard instances the tabu search algorithm
is still very fast. It finds a reference solution usually in a few seconds. It clearly
outperforms CPLEX and is much easier to implement than the branch and
bound algorithm.

5.5.1 A comparison with the simulated annealing algorithm

In [26] a simulated algorithm for the minmax regret minimum spanning tree
problem has been constructed which can also quickly provide solutions for
large instances. We now compare the results obtained in [26] with the results
obtained by our algorithm. In order to do this, we performed similar exper-
iments as in [26]. In [26] only one class of graphs was considered, namely
Ya(20,40)-n. For each n € {5,10,15,20} we have generated 10 instances and
for each instance we have executed the tabu search algorithm 10 times, each
time starting from a different random spanning tree. Hence, for each n we
obtained 100 solutions. We performed two experiments. In the first one the
algorithm terminated after performing 40 iterations and in the second the al-
gorithm terminated after performing 1000 iterations. The remaining settings
are the same as in the previous sections. The obtained results are shown in
Table 13.
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Table 12 The gaps for the hard instances.

Class % min % av %max||Class % min % av. %max
Ya(10,10)-30 78.83 89.12 95.70 || Ya(15,15)-30 36.24 79.36 92.76
Ya(10,10)-40 84.44 89.31 94.83 || Ya(15,15)-40 83.06 87.97 92.49
Ya(10,10)-50 86.03 90.59 96.70 || Ya(15,15)-50 84.85 89.34 92.26
Ya(10,10)-60 84.41 89.54 91.99 (|Ya(15,15)-60 85.14 88.29 90.11
Ya(10,10)-70 86.20 90.21 94.17 || Ya(15,15)-70 86.16 88.52 92.76
Ya(10,10)-80 83.05 89.19 94.09 || Ya(15,15)-80 84.07 88.15 91.18
Ya(10,10)-90 84.93 88.22 92.30 || Ya(15,15)-90 84.57 88.58 93.95
Ya(10,10)-100 86.09 88.68 93.55 || Ya(15,15)-100 87.57 89.21 92.28
Ya(20,20)-30 81.77 91.87 99.74||Ya(10,20)-30 84.08 92.48 97.56
Ya(20,20)-40 74.58 89.65 97.24 (|Ya(10,20)-40 83.08 89.42 96.42
Ya(20,20)-50 74.58 89.65 97.24 (|Ya(10,20)-50 83.87 89.62 94.30
Ya(20,20)-60 88.76 90.92 95.11 (| Ya(10,20)-60 83.39 87.54 92.54
Ya(20,20)-70 82.01 89.73 94.85||Ya(10,20)-70 81.73 87.84 92.23
Ya(20,20)-80 85.32 88.26 91.74 || Ya(10,20)-80 85.70 88.36 92.73
Ya(20,20)-90 84.77 87.99 92.20 (|Ya(10,20)-90 81.37 87.44 90.86
Ya(20,20)-100 81.82 86.96 94.89 || Ya(10,20)-100 86.90 90.21 95.29
Ya(15,30)-30 81.19 86.90 89.66 || Ya(20,40)-30 73.80 87.64 93.05
Ya(15,30)-40 82.18 88.47 94.19 (| Ya(20,40)-40 83.54 87.86 91.28
Ya(15,30)-50 83.37 89.11 94.44 || Ya(20,40)-50 85.42 89.32 93.32
Ya(15,30)-60 86.12 90.70 96.93 || Ya(20,40)-60 86.89 90.70 95.41
Ya(15,30)-70 83.66 88.09 92.62 (|Ya(20,40)-70 83.72 88.86 93.78
Ya(15,30)-80 84.40 89.30 94.32 (| Ya(20,40)-80 82.38 87.77 92.56
Ya(15,30)-90 82.05 87.83 93.24||Ya(20,40)-90 83.97 87.46 91.67
Ya(15,30)-100 86.77 89.99 94.00 || Ya(20,40)-100 83.42 88.39 91.36

Hel-20 0.00 0.00 0.00 |[He2-40 12.62 43.24 69.65
Hel-30 0.00 10.25 37.66 ||He2-50 33.97 65.16 89.91
Hel-40 34.03 47.03 74.83 ||He2-60 65.01 86.38 97.27
Hel-50 60.64 79.40 97.73 ||He2-70 66.11 90.07 96.48
Hel-60 85.61 93.01 98.38 [|He2-80 88.51 94.48 98.44
Hel-70 91.41 94.61 97.38 ||He2-90 89.27 93.70 96.57
Hel-80 90.91 96.23 98.40 ||He2-100 90.89 93.39 97.25
Hel-90 84.85 94.72 98.40

Hel-100 90.09 94.73 97.95

Mo(0.15)-30 0.00 0.00 0.00 [[Mo(0.50)-30 0.00 0.99 9.90
Mo(0.15)-40 0.00 0.00 0.00 |[Mo(0.50)-40 0.00 26.60 43.21
Mo(0.15)-50 0.00 0.00 0.00 [|Mo(0.50)-50  28.41 41.74 65.40
Mo(0.15)-60 0.00 0.00 0.00 [|Mo(0.50)-60  38.54 70.78 99.59
Mo(0.15)-70 0.00 0.00 0.00 [|Mo(0.50)-70  62.27 88.42 99.28
Mo(0.15)-80 0.00 3.89 19.05||Mo(0.50)-80  83.33 93.00 99.39
Mo(0.15)-90 0.00 7.93 41.83||Mo(0.50)-90  84.60 92.58 98.28
Mo(0.15)-100 0.00 6.59 28.83||Mo0(0.50)-100 92.67 95.90 98.46

Mo(0.85)-30 17.14 42.32 75.26 [[La-30 44.83 56.55 65.52
Mo(0.85)-40  65.67 85.60 97.65 ||La-40 53.85 61.54 69.23
Mo(0.85)-50  84.14 91.07 93.81 ||La-50 59.18 63.67 67.35
Mo(0.85)-60  83.88 92.30 97.59 ||La-60 52.54 61.69 66.10
Mo(0.85)-70  85.95 91.92 97.95 ||La-70 56.52 63.77 68.12
Mo(0.85)-80  86.75 93.13 97.22||La-80 59.49 62.53 69.62
Mo(0.85)-90  88.99 92.37 95.41 ||La-90 61.80 65.13 68.54
Mo(0.85)-100 89.17 93.17 96.79 ||La-100 63.64 68.89 71.72

We calculated the number S; of successful runs, i.e. when the tabu search
found the optimal solution, and the number S5 of satisfactory runs, when the
relative error of the obtained solution is not greater than 5%. The percent
of the successful and satisfactory runs is denoted by P. We also measured
the average computation times 7 for each n. As we can see in Table 13, our
algorithm outperforms the simulated annealing for the tested instances. It
found an optimal solution in each run (with only 1 exception) even if the
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Table 13 A comparison with the simulated annealing algorithm proposed in [26].

Tabu Search 40 iter. | Tabu Search 1000 iter. | Simulated Annealing

S1 Sa T P S1 Sa T P S1 S2 T P
Ya(20,40)-5 | 100 0.002 100% 100 O 0.01 100% |82 10 0.030 92%
Ya(20,40)-10 | 99 0.005 100% {100 O 0.06 100% |10 48 0.065 58%
Ya(20,40)-15 | 100 0.012 100% {100 O 0.22 100% |12 66 0.220 78%
Ya(20,40)-20 | 100 0.020 100% |100 O 0.42 100% | 8 56 0.410 64%

o oo

number of iterations was 40. Our algorithm also returns good solutions for
other classes of graphs, not discussed in [26].

6 Conclusions

In this paper, we have discussed the minmax regret version of the minimum
spanning tree problem, in which the uncertain edge costs are modeled by closed
intervals. We have defined a natural neighborhood function and investigated
its theoretical properties. We have proposed an algorithm based on the idea of
tabu search, which is an alternative method for the exact algorithms proposed
in the existing literature. These exact algorithms seem to be inefficient for large
graphs, having more than 40 nodes. The proposed tabu search algorithm is fast
and the computational tests presented suggest that it outputs the solutions of
good quality even for large graphs. We conjecture that the performance of the
tabu search will be quite good for most of the problems arising in practice.
Finding a hard class of graphs for the tabu search algorithm is an interesting
subject of further research. We also concluded that for the classes of graphs
discussed previously in the literature the iterative improvement algorithms
also return good solutions. For many instances even the single-run iterative
improvement returns an optimal or nearly optimal solution.
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