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Abstract

In this paper the linear bottleneck assignment problem and the linear sum
assignment problem with interval costs are examined. In order to calculate the
optimal solution to these problems one of the robust criteria, called the minimax
regret, is adopted. It is shown that the robust linear bottleneck assignment prob-
lem can be solved in polynomia time while the robust linear sum assignment
problem is A'P-hard. For the robust linear sum assignment problem a mixed
integer model is proposed and some computational experiments are presented.
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1 Introduction

Assignment problem belongs to the class of matching problems in which we wish
to find the best way to pair objects to achieve a desired goal. For a full review of
assignment models we refer the reader to [9]. In the assignment problem the objects
are separated into two groups W and V and we wish to assign the objects from V to the
objects fromW. A typical example is the assignment of n jobs to n machines or n tasks
to n workers. For each i € V and j € W there is given a cost ¢;; of assigning i to j. We
seek an assignment for which the sum of costs or the maximal cost is minimal. The first
objective function corresponds to the linear sum assignment problem, while the second
one corresponds to the linear bottleneck assignment problem. The assignment problem
can be modeled as the weighted matching problem in a bipartite graph. Due to its
special structure, some polynomial algorithms have been developed, which can solve
the problem very efficiently. Several algorithms have been proposed for the linear sum
assignment problem. The oldest one is the Hungarian algorithm with time complexity
0(n®) developed by Kuhn [16]. A wide review of different algorithms for that problem
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can be found in [1] and [9]. The linear bottleneck assignment problem was introduced
by Fulkerson et al. [10]. Gabow and Tarjan [11] constructed an algorithm for that
problem with time complexity O(m+/nlogn), where m is the number of edges in the
corresponding bipartite graph.

Linear assignments problems establish a class of well known and efficiently solv-
able problems. In the classical problems it is assumed that all the costs are precisely
known. This assumption may be often a serious restriction since for many real-world
processes the exact values of the costs are not known in advance. In the industrial
applications the costs often vary and it is more convenient to define them as inter-
vals (ranges of possible values) rather than exact values. If the costs are not precisely
known, then the value of the objective function is also imprecise and an additional cri-
terion is required to calculate the optimal solution. In the paper we adopt an approach
to modeling the imprecision, called the robust approach. A comprehensive treatment
of the state of art in robust optimization can be found in [15]. In the robust approach
the set of all the possible realizations of costs, called scenarios, is given. The objective
is to find a solution which minimizes the “worst-case” performance over all scenarios.
When choosing among robust solutions, several criteria can be used. Kouvelis and
Yu [15] studied three robustness criteria, namely absolute robustness, robust deviation
and relative robustness. In this paper we apply the robust deviation criterion called
also the minimax regret. Using this criterion we seek a solution for which the maximal
possible deviation from optimum is minimal.

The minimax regret approach has been already applied to some combinatorial op-
timization problems with interval parameters. In [2], [3] and [20] it has been applied
to the minimal spanning tree problem, in [18] to the shortest path problem and in [7]
and [8] to some location problems. There are also some results on sequencing (see [5],
[14] and [15]). In [13] the minimax regret approach to the linear programming prob-
lem with interval cost coefficients is presented. Most of these papers have appeared
recently so the minimax regret approach to optimization is relatively new. It seems to
be an interesting alternative to some other methods of dealing with imprecision, es-
pecially to the stochastic approach. In the stochastic approach the parameters of the
problem are modeled as random variables. But it is often expensive or even impossible
to assume any specific probability distribution for the unknown parameters. In such a
situation it may be more convenient to define the parameters as intervals and apply the
minimax regret criterion, which has simple and natural interpretation.

This paper is organized as follows. In Section 2 we present the formulation of
the problem. In Section 3 we show that the linear bottleneck assignment problem
with the minimax regret criterion can by solved in a polynomial time. In Section 4
we study the linear sum assignment problem with the minimax regret criterion. We
prove that this problem is AP-hard. A consequence of this result is that the linear
sum transportation problem with the minimax regret criterion is also A P-hard. In the
next part of this section we propose the mixed integer model for the robust linear sum
assignment problem and we carry out some computational experiments.



2 Problem formulation

Let G = (V,W;E) be a bipartite graph, where the vertex sets V and W have n vertices
and |[E| = m. An assignment A is a perfect matching in G, i.e. A is a subset of the
edges of G such that each element inV is paired with exactly one element in W (see
Figure 1). We will denote by @ the set of all the assignments in G. For each edge
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Figure 1: An example of the assignment

e € E there is given an interval [c,,Te], Which expresses an uncertain cost associated
with the edge e. A cost scenario (shortly scenario) S is a particular realization of the
costs ¢S € [Cq,Cel, € € E. We will denote by I the set of all the possible scenarios in
the problem. Let F(A,S) denote the cost of an assignment A under scenario S € T".
In this paper we consider the following two cost functions:
BA: F(A,S) = maxeca{cS}, )
LA:  F(A,S) = TecaCs. 2
The cost function BA corresponds to the linear bottleneck assignment problem, while
the cost function LA corresponds to the linear sum assignment problem. Let us define:

F*(S) = minF(A.9), )

thus F*(S) is the cost of an optimal assignment under a fixed scenario S. Let us define:

Z(A) = max{F(A,S) —F"(5)}. 4)
The value of Z(A) is called the maximal regret for the assignment A. The scenario
SO e I' which maximizes the right hand side of (4) is called the worst case scenario

for A and the optimal assignment A* € ® for the scenario S is called the worst case
alternative for A. Thus, the maximal regret for A can be also expressed as follows:

Z(A) = F(A,8%) —F(A*,S°). (5)
In the paper we focus on the following optimization problem:
min{Z(A) : A € ®}, (6)

so we look for an assignment for which the maximal regret is minimal. The opti-
mization problem (6) is called the robust assignment problem and the optimal solution



of (6) is called the optimal robust assignment. The problem with the cost function
of form (1) is called the robust linear bottleneck assignment problem (RLBA) and the
problem with the cost function of form (2) is called the robust linear sum assignment
problem (RLSA). The robust assignment problem can be viewed as a generalization
of the classical assignment problem. If all costs are deterministic (i.e. ¢, = T, for all
e € E), then there is only one scenario S and problem (6) reduces itself to the calcula-
tion of the optimal assignment for scenario S.

3 Therobust linear bottleneck assignment problem

In this section we propose a polynomial time algorithm for solving the problem RLBA.
Let A € @ be a given assignment and let S € " be a given scenario. Anedge f € A'is
called critical in A under S if

cf =maxcS=F(A,S).
ecA

Thus, the edge f has the greatest cost in A under S. Let S€, e € E, denote the scenario in
which the cost of the edge e is equal to Te and the costs of all the other edges g € E \ {e}
are equal to c4. The following proposition characterizes the worst case scenario for a
given assignment A:

Proposition 1. For every assignment A there exists an edge f € A such that
1. scenario S is the worst case scenario for A,

2. the edge f is critical in A under S'.

Proof. Let SO be a worst case scenario for A and let f € A be a critical edge in A under
SO. Let A* be the worst case alternative for A under S°. From (5) we have the maximal
regret for A

Z(A) = F(A,S%) — F(A*,5%) =¢f — F(A*,S0). (7)

Consider the scenario ST. We see at once that the edge f is also critical in A under
Sf, since we increase the cost of the critical edge f and decrease the costs of all the
other edges in S°. It remains to show that S is the worst case scenario for A. This
follows immediately from the fact that value F(A,S°) — F(A*,S°) cannot decrease if
we replace S° with ST (see (7)). O

Let A be a given assignment and let ST, f € E, be the worst case scenario for A,
which satisfies Conditions 1-2 of Proposition 1. Since f is critical in A under ST we
have F(A,S") =ty, and since ST is the worst case scenario for A we obtain:

Z(A) =F(A,S") —F*(s") =c; —F*(s"). (8)
Proposition 2. The maximal regret for A can be expressed as follows:

Z(A) = max{Ce— F*($9)}.



Proof. From (8) we get:
Z(A) < ma%{ce— F*(S°). 9
ec

Suppose by contradiction that there exists g € A such that Z(A) < Tg— F*(S9). Since
F(A,S9) >ty we see that Z(A) < F(A,S9) — F*(S9) which contradicts the definition
of Z(A). We thus get that in (9) the equality must hold and the proof is completed. O

Accordingly, let us define c; =Te— F*(S€), e € E. Observe that the value of ¢, does
not depend on assignment A. Thus, the optimal robust assignment can be determined
by solving the following optimization problem:

min{TeeR({c;} . Ae D} (10)

Problem (10) is the classical linear bottleneck assignment problem. For the given
costs ¢, e € E, it can be solved in O(my/nlogn) time [11]. Hence, the calculation of
all the cost c, e € E, is more time consuming since we have to execute the algorithm
calculating F*(S®) for each e € E, which takes O(m?,/nlogn) time.

Now we show how to reduce the complexity of the calculations. Let S be the
scenario in which the costs of all the edges e € E are equal to their lower bounds, i.e.
cg = c, for e € E. Let A be the optimal assignment under S i.e. F*(S) = F(A,S). The
following proposition is true:

Proposition 3. For every edge e € E \ A equality F*(S€) = F*(S) holds.

Proof. From the definitions of S and S€ and the fact that the costs of all the edges in
S are not greater than in S€, e € E, we get F*(S€) > F*(S). Since e ¢ A, we conclude
that F*(S®) < F(A,S®) =F(A,S) = F*(S), and thus F*(S®) = F*(S). This completes
the proof. O

Proposition 3 allows to decrease the complexity of the algorithm for solving the
problem RLBA. In order to determine cg, for each e € E, one need not calculate the
value of F*(S€) for each e € E. It is enough to calculate the value of F*(S) and the
values of F*(S€) for e € A. Therefore, the algorithm for solving problem RLBA requires
O(nmy/nTogn) time instead of O(m?y/nTogn). Its implementation is presented in the
form of Algorithm 1.

4 Therobust linear sum assignment problem

In this section we consider the problem RLSA, i.e. the robust assignment problem with
the cost function of form (2). The following proposition characterizes the worst case
scenario for a given assignment A in this problem:

Proposition 4. For every assignment A there exists a worst case scenario, such that
under this scenario:

1. the costs of all the edges e € A are equal to Ce,

2. the cost of all the edges e € E \ A are equal to C..



Algorithm 1 Algorithm for solving the problem RLBA
Require: G = (V,W;E), [c.,Ce| foreache € E
Ensure: The optimal robust assignment A
1: Solve the bottleneck assignment problem for scenario S. Denote the optimal solu-

tion as A and denote the cost of A under S by C.
forallec E\Ado

Ce+TCe—C
end for
forallee Ado

compute F*(S€) by solving the bottleneck assignment for scenario S€.

Cs + Ce—F*(S%)
end for
Solve the bottleneck assignment problem for G = (V,W; E) with the costs ¢}, e €
E. Denote the optimal solution by A.
return A

=
Q

Proof. Let SO be a worst case scenario for a given assignment A. Let A* be the worst
case alternative for A under S°. It holds:

Z(A) = Z S - Z\ cs. (11)
ecA\A* ecA*\A

Consider the scenario S in which c3 = ¢, for all e € A and c5 = ¢, for all e € E\ A.
Note, that S fulfills Conditions 1 and 2 of the proposition. What is left is to show that
S is the worst case scenario for A. From (11) we obtain:

Z(A)S Z Ce— z ge:F(A,S)—F(A*,S)SF(A,S)—F*(S),
ecA\A* ecA*\A

and thus S is the worst case scenario for A. O

Let A be a given assignment and let S be the worst case scenario for A such that
SA satisfies Conditions 1 and 2 of Proposition 4. The maximal regret for A can be
expressed as follows:

Z(A) =F(A,SM —F*(s") = ZAce— F*(SM). (12)

Equality (12) allows to calculate the value of the maximal regret for a given assignment
A in polynomial time. The value of F*(SA) can be determined by solving the classical
linear sum assignment problem for the fixed scenario SA.

4.1 The computational complexity of RLSA

In this section, we prove that the problem RLSA is A’ P-hard by showing that a decision
problem related to it is A’P-complete. The robust linear sum assignment decision
problem, Decision-RLSA, is defined as follows:

INPUT: A bipartite graph G = (V,W,E), [V| = |W| = n, costs associated with the edges
e € E are determined by means of intervals [c,,Te] (with integer bounds), ¢, > 0, and
a nonnegative integer D.



QUESTION: Is there an assignment A in G such that Z(A) < D?

Our proof of the A_P-completeness of Decision-RLSA consists in reducing to it a
certain modified PARTITION problem, called MPARTITION.

The MPARTITION problem is defined as follows:
INPUT: A finite set 4 of positive integers, 4 = {as,...,aq}, having the overall sum of
2b and a positive integer K < g.
QUESTION: Is there a subset 4’ C 4 that sums up exactly to b and | 4'| = K?

It is well known that MPARTITION is A P-complete (see for instance [12] and
comments on PARTITION given there).

Theorem 1. Decision-RLSA is A\ P-complete.

Proof. Suppose that we are given an instance of MPARTITION. We show a polyno-
mial time reduction to an instance of Decision-RLSA, such that the answer for the
instance of Decision-RLSA is “yes” if and only if the answer for the corresponding
instance of MPARTITION is also “yes”.

The reduction proceeds as follows. To each instance of MPARTITION, we as-
sociate a graph G' = (V',W',E’). The graph G consists of one “gadget” G() =
vOWD ED vO cv Wb cw' ED c E', pereach elementa; € 4,i=1,...,q.
See Figure 2a for gadget G corresponding to a; € 4. The edge costs are intervals.

a) ViL_ [o,inf] W1 b) vig

Figure 2: Gadget G{) corresponding to element a; € 4.

The one-point intervals are presented in Figure 2a as precise numbers. M is a num-
ber such that M > 2b, set M = 2b+ 1, inf is a large number such that M < inf, set
inf = g*M. The white nodes belong to V() and black ones belong to W (). It is clear
that the gadget G() is a bipartite graph. The interval costs are chosen in such a way
that G() has the following property.

Property 1. Let A®) be an assignment in G(). 1f A() contains an edge with Te = inf
then Z(AM) > inf. Otherwise Z(A()) = a; + M.

Moreover, there exist only two assignments in G() with the maximal regret equal
to a; + M. See Figure 2b, ¢ for these two assignments marked with a dashed line and
their worst case scenarios.

_Graph G’ consists of nested gadgets G, j =1,...,9. Wedenote by vij node j in set
V() and by w;j node j in set W () in gadget G To each element a; € 4, we associate
gadget G i=1,...,q (see Figure 3) and then we link them together as follows. For
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Figure 3: Graph G’



i=1,...,9—1, weadd edges (Vi2,Wi+11), (Via,Wit+15) with costs of [0, inf]. Finally, we
add edges (vo1,W11), (Vq2,Wo2), (Vga, Woa), (Vos, W1s) with interval costs [0, inf], edges
(V01,W03), (VOZ,W03), (V03,W04), (Vo3,W05) with interval cost [0, O], edges (VOQ,WOQ),
(Voa,Woq) With interval cost [2gM,2gM], and edges (Voz,Wo1) and (Vos,Wos) having
interval costs [(q— K)M +b,inf] and [KM + b, inf], respectively. This completes the
definition of the graph G’ = (V',W',E). The white and black nodes belong to V' and
W', respectively. It is easily seen that G is a bipartite graph. The construction of G’ is
done in time bounded by a polynomial in the size of MPARTITION. The parameter D
is set to be 4gM.

Note that only nodes wiz, Vi2, Vis and wis of gadget G are connected with the
other nodes of graph G' by only four edges having interval costs [0,inf] (see Figure 3).
This and Property 1 lead to the following property.

Property 2. Any assignment A in G such that Z(A) < inf must use either edges
(Viz,Wiz), (Vi2,Wi1), (Vi3,Wis) (Via,Wi2), (Vis,Wia) (see Figure 2b) or edges (vi1,Wi2),
(Viz,Wi3), (Viz,Wia), (Via,Wis), (Vis,Wi1) (see Figure 2c), fori=1,...,q.

Now we prove that there exists a subset 4" C 4 which sums up exactly to b and
|4'| = K if and only if there exists an assignment A in G’ such that Z(A) < 4qM.

— Assume that there exists a subset 4' C 4 that sums up exactly to b and |4'| = K.
We will construct an assignment A with Z(A) = 4gM.

From the construction of G', it follows that each element a; € 4, i = 1,...,q,
corresponds to gadget G() (see Figure 3). If a; € 4', then we include edges (Vi1, Wi3),
(Viz,Wi1), (Viz,Wis) (Via,Wi2), (Vis,Wisq) in assignment A (see Figure 2b). Otherwise
(ai € 4\ 4), we include edges (Viz,Wiz), (Viz,Wiz), (Viz,Wia), (Via,Wis), (Vis,Wi1) in
the assignment A (see Figure 2c). To complete A we add edges (Voz,Woz), (Voa, Woa),
(Vos,Wot), (Voz,Wos), (Vo3,Wos).

Consider scenario S° determined according to Proposition 4. We claim that cost
F(A,S°) of assignment A is 5qM 4+ 2b. Indeed, each element a;, i = 1,...,q, belongs
either to 4’ orto 4\ 4. Subsets 4' and 4\ 4  sum up exactly to b and |4'| = K
and |4\ 4’| = q— K. So, the constructed assignment A uses K times the dashed edges
shown in Figure 2b, this gives KM + b and q — K times the dashed edges shown in
Figure 2c, this gives (q— K)M +b. The cost of edges (vo2,Wo2), (Voa, Woa), (Vos, Wo1),
(Voz,Wo3), (Voz,Wos) under scenario S is equal to 4gM. Hence, cost F (A,S®) = 5qM +
2b.

Now we show that the rest of assignments in G’ have costs at least gM + 2b under
S0, To do this, assume to the contrary that there exists an assignment A’ such that
F(A',S°) < qM +2b. Therefore, A’ does not contain edges (Vg2,Woz) and (Vos, Wos)
having costs 2gM (M > 2b) and in consequence it contains either (Voz,Wos), (Vo3, Wo4),
(Vos, Wos) and (Vos,Wor) Or (Voz,Wos), (Vo2,Wor), (Vos, Wos) and (Voa, Woz).

Consider the first case. The costs of edges (Vo2,Wo3), (Vos,Wo4), (Vos,Wos) and
(Vos, Wo1) sum up to KM + b under S°. From the construction of G and the fact that
A’ is an assignment in G, it follows that A" must use edges (Vo1,W11), (Vaz, Woz), edges
(Viz, Wi3), (Via,Wia), (Vis,Wis), for i = 1,...,q,, and edges (vi_12,W;1) fori=2,...q,
with the costs of zero at their lower bounds (A" is marked with a bold line in Figure 3).
Assignment A" must also contain edges (Vit,Wi2), i = 1,...,q, with the edge costs K
times at their lower bounds equal to a;j, when the corresponding element a; belongs to
4, and g — K times at their upper bounds equal to M, when the corresponding element



a; belongs to ﬂl\ﬂl'. Since 4’ sums up to b, the sum of these edges costs equals
(g— K)M + b. Hence, the cost of A’ is gM + 2b. This contradicts our assumption.

The second case, when A" uses (Vo1,Wo3), (Vo2,Wo1), (Voz,Wos) and (Vos,Wgz) is
similar. Now A’ is symmetrical to the assignment considered in the first case and also
its cost is @M + 2b. This contradicts our assumption.

We have thus proved that all the assignments in G' have costs at least qM + 2b
under S°. In particular, the assignment marked with a bold line in Figure 3, let us
denote it by A*, has cost of exactly gM + 2b under SO, i.e. F(A*,S%) = qM +2b. Thus,
Z(A) = F(A,S%) — F(A*,S0) = 4gM.
<= Let A be an assignments such that Z(A) = F(A,S?) — F(A*,S%) < 4gM. The
scenario S° is the worst case scenario for A determined by means of Proposition 4.
We determine a subset 4 C A, |ﬂl'| = K, and show that it sums up exactly to b.
From Property 2 and the construction of G', we deduce that the assignment A uses
edges (Voz,Wo2), (Voa,Woa), (Vos,Wo1), (Vo1,Wos), (Vos,Wos) and either edges (viz,wis),
(Vi2, Wi1), (Vi3,Wis) (Via, Wi2), (Vis, Wia) OF (Vi1,Wi2), (Vi2,Wi3), (Vi3, Wia), (Via,Wi5), (Vis, Wi1),
for i =1,...,0. So, under scenario S°, the assignment A has cost F(A,S°) equal to
5gM + 2b. Since F(A,S%) — F(A*,S%) < 4qM, the cost of the optimal assignment A*
under SC is at least qM + 2b.

Now we give a property of assignment A.

Property 3. The costs of edges (vi1,wiz) and (viz,wi1), i = 1,...,q, such that either
(Viz,Wi2) or (Vi2,wi1) belong to A have the overall sum of (q — K)M +b under S°.

In order to prove Property 3, suppose to the contrary that the sum of costs is less
than (q — K)M +b. Therefore, the sum of costs of edges (vis,Wis), if (Viz,Wj1) €
A, or (vig,wis), if (vi1,wi2) € A, i=1,...,q, is greater than KM + b. This implies
the existence of an assignment A" such F(A',SO) < M + 2b. See Figure 3 for such
assignment marked with a bold line. In consequence Z(A) > 4gM. This contradicts
our assumption. Similarly, assume that the costs of edges (vii,wiz) and (Viz,Wi1),
i=1,...,q, such that either (vi1,W;i2) or (vi2,wi1) belong to A is greater than KM + b.
The sum of costs of edges (vis,Wis), if (Vi2,Wi1) € A, or (Vig,Wis), if (Vi1,wiz) € A,
i=1,...,q, is less than KM +b. So, it follows that there exists an assignment A"
such F(A",S%) < qM + 2b. This assignment A" is symmetrical to A". We arrive to a
contradiction , since Z(A) > 4gM and the proof of Property 3 is complete.

We return to the main proof. Let us determine a subset 4. If assignment A uses
(V,il,Wi3), (Viz,Wi1), (Viz,Wis) (Via,Wi2), (Vis,Wis) (See Figure 2b) then a; is included in
A,i=1,...,q. Otherwise (it uses (vir,Wiz), (Vi2,Wia), (Vi3,Wia), (Via, Wis), (Vis, Wi1),
see Figure 2c) a; is included in 2\ 4. From Property 3, we obtain that the costs of
edges (vi1,Wiz) and (viz,Wi1), i =1,...,q, such that either (vi1,w;i2) or (vi2,wi1) belong
to A sum up to (q— K)M +b, under S°, M is a number such that M > 5! | a;, and
only edges (vi1,wi2) have costs M, i=1,...,q. Thus, the assignment A must use g — K
times (vj1,wiz) with the cost of M and K times (vi2, wi1) with the cost of a;. This gives
A =Kand 3 qeq 1cicq @ = b

It remains to prove that Decision-RLSA is in AP. A nondeterministic Turing
machine first “guesses” a matching A and then verifies A, i.e. it checks: whether A is
a perfect matching (assignment) in G and F(S°,A) — F(S°,A*) < D (Z(A) < D) in the
worst case scenario SO determined as in Proposition 4. The verification can be done in

10



time bounded by a polynomial in the size of G as it amounts to solving the classical
assignment problem in G where the edge costs are determined by scenario S°. Thus,
Decision-RLSA is A P-Complete. O

From Theorem 1 we immediately obtain the computational complexity of RLSA.

Corollary 1. RLSA is AP-hard.

4.2 The robust linear sum transportation problem - a generalization of
RLSA

The problem RLSA is a basic combinatorial problem which turns out to be A P-hard. It
follows immediately that all the generalizations of RLSA are also A/ P-hard. Consider
the following linear sum transportation problem. We are given m suppliers Vy,...,Vn.
Each supplier V; has s; units of goods. These goods must be delivered to n customers
Wi, ..., W, where each customer Wj requires d; units of goods. For each supplier V;
and customer W; there is given a cost c;j of sending one unit of good from V; to W;.
The solution to this problem can be represented by a matrix X = [Xij]mxn, Where Xij
denotes the amount of goods sent from V; to Wj. We seek a solution X = [X;j]mxn for
which the value of F(X) = 3 57, cijxij is minimal. The problem can be efficiently
solved and some polynomial algorithms can be found in [1].

The linear sum transportation problem can be modeled as a network flow problem
in a bipartite graph G = (V,W;E), where V represents the set of suppliers and W
represents the set of customers. With each edge e = (i, j) € E we associate cost Ce = Cjj.
Note that the linear sum assignment problem can be viewed as a special case of the
linear sum transportation problem inwhichn=m,sj=1andd;j=1foralli=1,...,n.

Assume now, that the costs in the problem may be imprecise and they are given as
intervals [c,,Ce|, € € E. For a given cost scenario S € I the value of F(S,X) denotes
the cost of solution X under S and the value of F*(S) denotes the cost of the optimal
solution under S. The maximal regret for X is defined as follows:

Z(X) = max{F(s,X) - F*(S)}.
The robust linear sum transportation problem, shortly RLST, consists in calculating
solution X for which the value of maximal regret Z(X) is minimal.
Theorem 2. The problem RLST is A/ P-hard

Proof. Ifwesetn=m,sij=1anddi=1foralli=1,...,n, inthe problem RLST, then
we get the problem RLSA as the special case. Since the problem RLSA is A P-hard it
follows immediately that the more general problem RLST is also A’ P-hard. O

4.3 The MIXIP model for RLSA

The problem RLSA can be formulated as a mixed integer model (MIXIP). Assume
that all the elements in set W (and similarly in V) are numbered from 1 to n. Let
us introduce binary variables x;; € {0,1}, i=1,...,n, j=1,...,n, such that x;; = 1
if and only if element i € W is assigned to element j € V. Each assignment A can be
represented as a matrix X = [Xij]nxn, whose elements fulfill the assignment constraints.
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For a given scenario S € I' the optimal assignment corresponds to the optimal solution
of the following problem:

Zin:]. Z?:l CﬁX” — mln

Sitixij=1 for j=1,...,n,
Sieaxij=1 for i=1,...,n, (13)
xij €{0,1} for i,j=1,...,n.

It is well known that the following model has the same minimal objective value as (13):

n n Sy.. )
2i=12 j=1CijXij — min

Sitixij=1 for j=1,...,n,
Sieaxij=1 for i=1,...,n, (14)
Xij >0 for i,j=1,...,n.

The dual model to (14) contains 2n unrestricted variables and takes the following form:

320 yi — max

yi+Yn+j SCﬁ for iaj:]-a"'ana (15)

The minimal objective value of (14) (as well as (13)) equals the maximal objective
value of (15). Assume that an assignment A is represented by a given matrix X =
[Xijlnxn. Let SA be the worst case scenario for A (see Proposition 4). Then, it holds:

F(A,SP) = ;g

From (15) and the definition of SA it follows that the value of F*(SA) is the maximal
objective value of the following problem:

32N yi — max
Yi+ Yntj §Cijxij+gij(1—xij) for i,j=1,...,n.

Assignment A which minimizes the value of Z(A) = F(A,S?) — F*(S?) can be then
obtained by means of the following MIXIP model:

n n 2n H
2i=12j=1CijXij — Xi=1Yi = min

Siaxij=1 for j=1,...,n,

Siaxij=1 for i=1,. ,n, (16)
Yi+Yntj <TijXij+6(1—xj)  for i,j=1,..

Xij € {0,1} for i,j=1,..

Assume that (X,y) is an optimal solution of (16). Then, X represents the optimal robust
assignment and the value of the objective function of (16) is equal to the value of the
maximal regret for the optimal assignment. Model (16) contains n? binary variables
and 2n unrestricted real variables. If we replace the constraints x;j € {0,1} with xj; >0
in (16), then we get the relaxation of the problem, which can be efficiently solved.
Solving the relaxation we get the lower bound for the optimal robust assignment.
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4.4 Some computational experiments

In order to solve the mixed integer model (16) we have used the commercial solver
ILOG OPL Studio 3.6.1 (http://www.ilog.com) and a computer equipped with Pen-
tium 111 866MHz processor, 2GB RAM. We have computed the optimal robust assign-
ment for n=20, 50, 80, 110, 140, 160, 180, 200. The interval costs are generated as
follows: for each edge e € E the value of ¢, is uniformly distributed in the interval
[0,C] and Te is uniformly distributed in the interval [c.,C.+C]. The fixed param-
eter C specifies the variability of the costs in the problem. For each problem size
n, we have generated six sets of problems Sg, in which the value of C is equal to
10, 30, 50, 70, 100 and 150 respectively. Each set S{, C € {10, 30,50, 70,100,150},
n € {20,50,80,110,140,160,180,200} contains five randomly generated problems.
The average computational times in CPU seconds for each set S are presented in Ta-
ble 1. It is easy to observe that the average computational time strongly depends on
the value of C. The greater is the variability of the costs C the longer is the average
computational time.

C\n 20 50 80 110 140 160 180 200
10 13 101 47 135 231 42.2 55.7 65.9
30 16 370 1379 2426 2998 4434 4198 400.0
50 12 436 203.8 5190 1309.7 14955 13053 1316.5
70 19 540 2559 5129 20298 20055 2689.6 3978.1

100 15 614 1957 4903 16449 51338 51784  8689.2
150 14 681 2454 9379 16047 37477 71069 11665.2

Table 1: The results of the experiments (the average computational times in CPU
seconds for each set of problems).

5 Conclusions

In this paper, we have examined the linear assignment problems with interval costs. In
order to calculate the optimal solution we have applied the robust criterion (the min-
imax regret criterion). We have shown that the robust version of problem with the
bottleneck objective function (RLBA) can be solved in O(nmy/nlogn) time. We have
also proven that the robust linear sum assignment problem (RLSA) is A P-hard. As a
consequence the robust linear sum transportation problem, being the generalization of
RLSA, turns out to be A_P-hard. We have formulated a mixed integer model (MIXIP)
for the problem RLSA and we have carried out some computational experiments. The
next subject of research would involve the development of efficient algorithms for
problem RLSA. The MIXIP model (16) can be a good starting point for some algo-
rithms based on the branch and bound method.
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